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PREFACE 


T HIS book is intended to form a companion volume to my edition of the treatise of Apollonius on Conic Sections lately 
published. If it was worth while to attempt to make the work of “the great geometer” accessible to the mathematician of to¬ 
day who might not be able, in consequence of its length and of its form, either to read it in the original Greek or in a Latin 
translation, or, having read it, to master it and grasp the whole scheme of the treatise, I feel that I owe even less of an apology 
for offering to the public a reproduction, on the same lines, of the extant works of perhaps the greatest mathematical genius that 
the world has ever seen. 

Michel Chasles has drawn an instimetive distinction between the predominant features of the geometry of Archimedes and 
of the geometry which we find so highly developed in Apollonius. Their works may be regarded, says Chasles, as the origin 
and basis of two great inquiries which seem to share between them the domain of geometry. Apollonius is concerned with the 
Geometry of Forms and Situations, while in Archimedes we find the Geometry of Measurements dealing with the quadrature 
of curvilinear plane figures and with the quadrature and cubature of curved surfaces, investigations which “gave birth to the 
calculus of the infinite conceived and brought to perfection successively by Kepler, Cavalieri, Fermat, Leibniz, and Newton.” 
But whether Archimedes is viewed as the man who, with the limited means at his disposal, nevertheless succeeded in 
performing what are really integrations for the purpose of finding the area of a parabolic segment and a spiral, the surface and 
volume of a sphere and a segment of a sphere, and the volume of any segments of the solids of revolution of the second degree, 
whether he is seen finding the centre of gravity of a parabolic segment, calculating arithmetical approximations to the value of 
7i, inventing a system for expressing in words any number up to that which we should write down with 1 followed by 80,000 
billion ciphers, or inventing the whole science of hydrostatics and at the same time carrying it so far as to give a most complete 
investigation of the positions of rest and stability of a right segment of a paraboloid of revolution floating in a fluid, the 
intelligent reader cannot fail to be struck by the remarkable range of subjects and the mastery of treatment. And if these are such 
as to create genuine enthusiasm in the student of Archimedes, the style and method are no less irresistibly attractive. One 
feature which will probably most impress the mathematician accustomed to the rapidity and directness secured by the 
generality of modem methods is the deliberation with which Archimedes approaches the solution of any one of his main 
problems. Yet this very characteristic, with its incidental effects, is calculated to excite the more admiration because the 
method suggests the tactics of some great strategist who foresees everything, eliminates everything not immediately conducive 
to the execution of his plan, masters every position in its order, and then suddenly (when the very elaboration of the scheme has 
almost obscured, in the mind of the spectator, its ultimate object) strikes the final blow. Thus we read in Archimedes 
proposition after proposition the bearing of which is not immediately obvious but which we find infallibly used later on; and 
we are led on by such easy stages that the difficulty of the original problem, as presented at the outset, is scarcely appreciated. 
As Plutarch says, “it is not possible to find in geometry more difficult and troublesome questions, or more simple and lucid 
explanations.” But it is decidedly a rhetorical exaggeration when Plutarch goes on to say that we are deceived by the easiness 
of the successive steps into the belief that anyone could have discovered them for himself. On the contrary, the studied 
simplicity and the perfect finish of the treatises involve at the same time an element of mystery. Though each step depends upon 
the preceding ones, we are left in the dark as to how they were suggested to Archimedes. There is, in fact, much truth in a 
remark of Wallis to the effect that he seems “as it were of set purpose to have covered up the traces of his investigation as if he 
had grudged posterity the secret of his method of inquiry while he wished to extort from them assent to his results.” Wallis 
adds with equal reason that not only Archimedes but nearly all the ancients so hid away from posterity their method of Analysis 
(though it is certain that they had one) that more modem mathematicians found it easier to invent a new Analysis than to seek 
out the old. This is no doubt the reason why Archimedes and other Greek geometers have received so little attention during the 
present century and why Archimedes is for the most part only vaguely remembered as the inventor of a screw, while even 
mathematicians scarcely know him except as the discoverer of the principle in hydrostatics which bears his name. It is only of 
recent years that we have had a satisfactory edition of the Greek text, that of Heiberg brought out in 1880-1, and I know of no 
complete translation since the German one of Nizze, published in 1824, which is now out of print and so rare that I had some 
difficulty in procuring a copy. 

The plan of this work is then the same as that which I followed in editing the Conics of Apollonius. In this case, however, 
there has been less need as well as less opportunity for compression, and it has been possible to retain the numbering of the 
propositions and to enunciate them in a manner more nearly approaching the original without thereby making the enunciations 
obscure. Moreover, the subject matter is not so complicated as to necessitate absolute uniformity in the notation used (which is 
the only means whereby Apollonius can be made even tolerably readable), though I have tried to secure as much uniformity as 
was fairly possible. My main object has been to present a perfectly faithful reproduction of the treatises as they have come 
down to us, neither adding anything nor leaving out anything essential or important. The notes are for the most part intended to 
throw light on particular points in the text or to supply proofs of propositions assumed by Archimedes as known; sometimes I 
have thought it right to insert within square brackets after certain propositions, and in the same type, notes designed to bring out 



the exact significance of those propositions, in cases where to place such notes in the Introduction or at the bottom of the page 
might lead to their being overlooked. 

Much of the Introduction is, as will be seen, historical; the rest is devoted partly to giving a more general view of certain 
methods employed by Archimedes and of their mathematical significance than would be possible in notes to separate 
propositions, and partly to the discussion of certain questions arising out of the subject matter upon which we have no positive 
historical data to guide us. In these latter cases, where it is necessary to put forward hypotheses for the purpose of explaining 
obscure points, I have been careful to call attention to their speculative character, though I have given the historical evidence 
where such can be quoted in support of a particular hypothesis, my object being to place side by side the authentic information 
which we possess and the inferences which have been or may be drawn from it, in order that the reader may be in a position to 
judge for himself how far he can accept the latter as probable. Perhaps I may be thought to owe an apology for the length of one 
chapter on the so-called vevaets, or inclinationes, which goes somewhat beyond what is necessary for the elucidation of 
Archimedes; but the subject is interesting, and I thought it well to make my account of it as complete as possible in order to 
round off, as it were, my studies in Apollonius and Archimedes. 

I have had one disappointment in preparing this book for the press. I was particularly anxious to place on or opposite the 
title-page a portrait of Archimedes, and I was encouraged in this idea by the fact that the title-page of Torelli’s edition bears a 
representation in medallion form on which are endorsed the words Archimedis effigies marmorea in veteri anaglypho Romae 
asservato. Caution was however suggested when I found two more portraits wholly unlike this but still claiming to represent 
Archimedes, one of them appearing at the beginning of Peyrard’s French translation of 1807, and the other in Gronovius’ 
Thesaurus Graecarum Antiquitatum; and I thought it well to inquire further into the matter. I am now informed by Dr A. S. 
Murray of the British Museum that there does not appear to be any authority for any one of the three, and that writers on 
iconography apparently do not recognise an Archimedes among existing portraits. I was, therefore, reluctantly obliged to give 
up my idea. 

The proof sheets have, as on the former occasion, been read over by my brother, Dr R. S. Heath, Principal of Mason 
College, Birmingham; and I desire to take this opportunity of thanking him for undertaking what might well have seemed, to any 
one less genuinely interested in Greek geometry, a thankless task. 


March, 1897. 


T. L. HEATH. 
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INTRODUCTION 


CHAPTER L 

ARCHIMEDES. 

A life of Archimedes was written by one Heracleides*, but this biography has not survived, and such particulars as are 
known have to be collected from many various sourcesf. According to Tzetzesf he died at the age of 75, and, as he perished in 
the sack of Syracuse (b.c. 212), it follows that he was probably born about 287 b.c. He was the son of Pheidias the 
astronomer§, and was on intimate terms with, if not related to, king Hieron and his son Gelon. It appears from a passage of 
Diodorus* that he spent a considerable time at Alexandria, where it may be inferred that he studied with the successors of 
Euclid. It may have been at Alexandria that he made the acquaintance of Conon of Samos (for whom he had the highest regard 
both as a mathematician and as a personal friend) and of Eratosthenes. To the former he was in the habit of communicating his 
discoveries before their publication, and it is to the latter that the famous Cattle-problem purports to have been sent. Another 
friend, to whom he dedicated several of his works, was Dositheus of Pelusium, a pupil of Conon, presumably at Alexandria 
though at a date subsequent to Archimedes’ sojourn there. 

After his return to Syracuse he lived a life entirely devoted to mathematical research. Incidentally he made himself famous 
by a variety of ingenious mechanical inventions. These things were however merely the “diversions of geometry at play f ,” and 
he attached no importance to them. In the words of Plutarch, “he possessed so high a spirit, so profound a soul, and such 
treasures of scientific knowledge that, though these inventions had obtained for him the renown of more than human sagacity, he 
yet would not deign to leave behind him any written work on such subjects, but, regarding as ignoble and sordid the business of 
mechanics and every sort of art which is directed to use and profit, he placed his whole ambition in those speculations in 
whose beauty and subtlety there is no admixture of the common needs of life J.” In fact he wrote only one such mechanical 
book, On Sphere-making §, to which allusion will be made later. 

Some of his mechanical inventions were used with great effect against the Romans during the siege of Syracuse. Thus he 
contrived catapults so ingeniously constructed as to be equally serviceable at long or short ranges, machines for discharging 
showers of missiles through holes made in the walls, and others consisting of long moveable poles projecting beyond the walls 
which either dropped heavy weights upon the enemy’s ships, or grappled the prows by means of an iron hand or a beak like 
that of a crane, then lifted them into the air and let them fall again*. Marcellus is said to have derided his own engineers and 
artificers with the words, “Shall we not make an end of fighting against this geometrical Briareus who, sitting at ease by the 
sea, plays pitch and toss with our ships to our confusion, and by the multitude of missiles that he hurls at us outdoes the 
hundred-handed giants of mythology?!”; but the exhortation had no effect, the Romans being in such abject terror that “if they 
did but see a piece of rope or wood projecting above the wall, they would cry ‘there it is again/ declaring that Archimedes 
was setting some engine in motion against them, and would turn their backs and run away, insomuch that Marcellus desisted 
from all conflicts and assaults, putting all his hope in a long siege J.” 

If we are rightly informed, Archimedes died, as he had lived, absorbed in mathematical contemplation. The accounts of the 
exact circumstances of his death differ in some details. Thus Livy says simply that, amid the scenes of confusion that followed 
the capture of Syracuse, he was found intent on some figures which he had drawn in the dust, and was killed by a soldier who 
did not know who he was §. Plutarch gives more than one version in the following passage. “Marcellus was most of all 
afflicted at the death of Archimedes; for, as fate would have it, he was intent on working out some problem with a diagram and, 
having fixed his mind and his eyes alike on his investigation, he never noticed the incursion of the Romans nor the capture of 
the city. And when a soldier came up to him suddenly and bade him follow to Marcellus, he refused to do so until he had 
worked out his problem to a demonstration; whereat the soldier was so enraged that he drew his sword and slew him Others 
say that the Roman ran up to him with a drawn sword offering to kill him; and, when Archimedes saw him, he begged him 
earnestly to wait a short time in order that he might not leave his problem incomplete and unsolved, but the other took no notice 
and killed him Again there is a third account to the effect that, as he was carrying to Marcellus some of his mathematical 
instruments, sundials, spheres, and angles adjusted to the apparent size of the sun to the sight, some soldiers met him and, being 
under the impression that he carried gold in the vessel, slew him*.” The most picturesque version of the story is perhaps that 
which represents him as saying to a Roman soldier who came too close, “Stand away, fellow, from my diagram,” whereat the 
man was so enraged that he killed himf. The addition made to this story by Zonaras, representing him as saying napd xepaXdv 
KaC prj napd ypappdv, while it no doubt recalls the second version given by Plutarch, is perhaps the most far-fetched of the 
touches put to the picture by later hands. 

Archimedes is said to have requested his friends and relatives to place upon his tomb a representation of a cylinder 
circumscribing a sphere within it, together with an inscription giving the ratio which the cylinder bears to the sphere J; from 


which we may infer that he himself regarded the discovery of this ratio [On the Sphere and Cylinder, I. 33, 34] as his greatest 
achievement. Cicero, when quaestor in Sicily, found the tomb in a neglected state and restored it§. 

Beyond the above particulars of the life of Archimedes, we have nothing left except a number of stories, which, though 
perhaps not literally accurate, yet help us to a conception of the personality of the most original mathematician of antiquity 
which we would not willingly have altered. Thus, in illustration of his entire preoccupation by his abstract studies, we are told 
that he would forget all about his food and such necessities of life, and would be drawing geometrical figures in the ashes of 
the fire, or, when anointing himself, in the oil on his body*. Of the same kind is the well-known story that, when he discovered 
in a bath the solution of the question referred to him by Hieron as to whether a certain crown supposed to have been made of 
gold did not in reality contain a certain proportion of silver, he ran naked through the street to his home shouting eUprjjca 
eU/waf. 

According to Pappus } it was in connexion with his discovery of the solution of the problem To move a given weight by a 
given force that Archimedes uttered the famous saying, “Give me a place to stand on, and I can move the earth {dog poi noz or 
u KaL Kivw rf\v yyv).” Plutarch represents him as declaring to Hieron that any given weight could be moved by a given force, 
and boasting, in reliance on the cogency of his demonstration, that, if he were given another earth, he would cross over to it and 
move this one. “And when Hieron was struck with amazement and asked him to reduce the problem to practice and to give an 
illustration of some great weight moved by a small force, he fixed upon a ship of burden with three masts from the king’s 
arsenal which had only been drawn up with great labour and many men; and loading her with many passengers and a full 
freight, sitting himself the while far off, with no great endeavour but only holding the end of a compound pulley {noXbonamg) 
quietly in his hand and pulling at it, he drew the ship along smoothly and safely as if she were moving through the sea§.” 
According to Proclus the ship was one which Hieron had had made to send to king Ptolemy, and, when all the Syracusans with 
their combined strength were unable to launch it, Archimedes contrived a mechanical device which enabled Hieron to move it 
by himself, insomuch that the latter declared that “from that day forth Archimedes was to be believed in everything that he 
might say||.” While however it is thus established that Archimedes invented some mechanical contrivance for moving a large 
ship and thus gave a practical illustration of his thesis, it is not certain whether the machine used was simply a compound 
pulley ( 710 X 6 Kozog) as stated by Plutarch; for Athenaeus*, in describing the same incident, says that a helix was used. This term 
must be supposed to refer to a machine similar to the Ko/Xlag described by Pappus, in which a cog-wheel with oblique teeth 
moves on a cylindrical helix turned by a handle f. Pappus, however, describes it in connexion with the fXapovXKog of Heron, 
and, while he distinctly refers to Heron as his authority, he gives no hint that Archimedes invented either the fapovXxog or the 
particular KoyXiag on the other hand, the noXboiraxog is mentioned by Galen J, and the zpLonaozog (triple pulley) by 
Oribasius§, as one of the inventions of Archimedes, the zpLvnaozog being so called either from its having three wheels 
(Vitruvius) or three ropes (Oribasius). Nevertheless, it may well be that though the ship could easily be kept in motion, when 
once started, by the xpionaoxog or noXvonaaxog, Archimedes was obliged to use an appliance similar to the xo/Xlag to give 
the first impulse. 

The name of yet another instrument appears in connexion with the phrase about moving the earth. Tzetzes’ version is, “Give 
me a place to stand on (is. /to), and I will move the whole earth with ay«p/ortftw||”; but, as in another passaged]! he uses the 
word Tpumamg, it may be assumed that the two words represented one and the same thing**. 

It will be convenient to mention in this place the other mechanical inventions of Archimedes. The best known is the water- 
screw* (also called Ko/Xlag) which was apparently invented by him in Egypt, for the purpose of irrigating fields. It was also 
used for pumping water out of mines or from the hold of ships. 

Another invention was that of a sphere constructed so as to imitate the motions of the sun, the moon, and the five planets in 
the heavens. Cicero actually saw this contrivance and gives a description of it f , stating that it represented the periods of the 
moon and the apparent motion of the sun with such accuracy that it would even (over a short period) show the eclipses of the 
sun and moon. Hultsch conjectures that it was moved by water $. We know, as above stated, from Pappus that Archimedes 
wrote a book on the construction of such a sphere (nepi o^aipojtoLiag), and Pappus speaks in one place of “those who 
understand the making of spheres and produce a model of the heavens by means of the regular circular motion of water.” In any 
case it is certain that Archimedes was much occupied with astronomy. Livy calls him “unicus spectator caeli siderumque.” 
Hipparchus says§, “From these observations it is clear that the differences in the years are altogether small, but, as to the 
solstices, I almost think ( o6k OLksXklCco) that both I and Archimedes have erred to the extent of a quarter of a day both in the 
observation and in the deduction therefrom.” It appears therefore that Archimedes had considered the question of the length of 
the year, as Ammianus also states ||. Macrobius says that he discovered the distances of the planets ]). Archimedes himself 
describes in the Sand-reckoner the apparatus by which he measured the apparent diameter of the sun, or the angle subtended by 
it at the eye. 

The story that he set the Roman ships on fire by an arrangement of burning-glasses or concave mirrors is not found in any 
authority earlier than Lucian*; and the so-called loculus Archi- medius, which was a sort of puzzle made of 14 pieces of ivory 


of different shapes cut out of a square, cannot be supposed to be his invention, the explanation of the name being perhaps that it 
was only a method of expressing that the puzzle was cleverly made, in the same way as the npdpXrjpa ‘A pxipf\Ssiov came to 
be simply a proverbial expression for something very difficult!• 


* Eutocius mentions this work in his commentary on Archimedes’ Measurement of the circle, COs (frrjmv MpaxXsidous € v T V ApyipV\3ovg He alludes to it 
again in his commentary on Apollonius’ Conics (ed. Heiberg, Vol. n. p. 168), where, however, the name is wrongly given as ‘H pdxXsiog. This Heracleides is perhaps the 
same as the Heracleides mentioned by Archimedes himself in the preface to his book On Spirals. 

t An exhaustive collection of the materials is given in Heiberg’s Quaestiones Archimedeae (1879). The preface to Torelli’s edition also gives the main points, and the 
same work (pp. 363—370) quotes at length most of the original references to the mechanical inventions of Archimedes. Further, the article Archimedes (by Hultsch) in 
Pauly-Wissowa’s Real-Encyclopadie der classischen Altertumswissenschaften gives an entirely admirable summary of all the available information. See also Susemihl’s 
Geschichte der griechischen Litteratur in der Alexandrinerzeit, I. pp. 723—733. 

% Tzetzes, Chiliad ., II. 35, 105. 

§ Pheidias is mentioned in the Sand-reckoner of Archimedes, zQyo npox^pcov GLozpoXdycov E 63o&v... @sSCa 3£ to g &poy nazpos (the last words being the 
correction of Blass for xoj’ Axodnazpog , the reading of the text). Cf. Schol. Clark, in Gregor. Nazianz. Or. 34, p. 355 a Morel. T>si3iag zd pgv ygvog V\u EvpaxOmog 
GLozpoXdyog o ’Apyipf\dovg 7xaxf\p. 

* Diodorus v. 37, 3, odg [to Us Koyklag] 'Apyipf\Srjg o E vpaxomog sVpsv, dzsnap^faXsv sLg Alyvnzov 


t Plutarch, Marcellus , 14. 

t ibid. 17. 

§ Pappus VIII. p. 1026 (ed Hultsch). Y&pnog 3£ nod </>rjam o 'Avzioysdg ’ Apxipf\3rj zov Zvpaxomov £u povov fhfXCov aovzszay^vai prjyavixov zd xazd zf\v 
a^aiponoiiav, t£iv 3£ QLXXcdv od3£v f\&cox£vai aovzdcai. xaizoi napCL zo%g noXXo%g £ttL pr/yavifcfj dodaaOsLg xai psyaXXoc/)vf\g zig ysvopsvog 6 Oavpamog ^xs^vog, 
(jJazs 3iaps%vai napd n'Hoiv GLvOpddnoig dnspfaXXovzcog dpvodpsvog z&v zs nporjyop^vcov yscopszpuajg xai dpiOprjzix^g ^yop^vcov Oscoplag zd fpaydzaza 3oxy 
vza sivai anovdalcog crvv^zypafisv 3g Qalvexai zdg siprjp^vag £nicrcV\pag odzcog dyanf\oag (I)g prjS^v ££coOsv dnop^vsiv adzafg ^nsiadysiv. 

* Polybius, Hist. viii. 7—8; Livy xxiv. 34; Plutarch, Marcelluss, 15—17. 

| Plutarch, Marcellus , 17. 

% ibid. 

§ Livy xxv. 31. Gum multa irae, multa auaritiae foeda exempla ederentur, Archimedem memoriae proditum est in tanto tumultu, quantum pauor captae urbis in discursu 
diripientium militum ciere poterat, intentum formis, quas in puluere descripserat, ab ignaro milite quis esset interfectum; aegre id Marcellum tulisse sepulturaeque curam 
habitam, et propinquis etiam inquisitis honori praesidioque nomen ac memoriam eius fuisse. 

* Plutarch, Marcellus, 19. 

t Tzetze, Chil. II. 35, 135; Zonaras IX. 5. 

t Plutarch, Marcelllus, 17 ad fin. 

§ Cicero, Tusc. v. 64 sq. 

* Plutarch, Ma rcellus, 17. 

t Vitruvius, Architect, IX. 3. For an explanation of the manner in which Archimedes probably solved this problem, see the note following On floating bodies , I. 7 (p. 
259 sq.). 

t Pappus VIII. p. 1060. 

§ Plutarch, Marcellus , 14. 

|| Proclus, Comm, on Eucl. I., p. 63 (ed. Friedlein). 

* Athenaeus v. 207 a-b, xazaaxsvdaag ydp £Xixa zd zrjXixoyZOV <rxd(pog sig zf\v QdXooav xazf\yays. nzftzog 3 ’Ay oyipV\3r\g sdps zf\v zi}g £Xixog xaza(7xsvf\v. To 
the same effect is the statement of Eustathius ad II. in. p. 114 (ed. Stallb.) X^yszai 3£ £Xi£xal zi prjyavijg siSog, 3 npQzog sdpUJv o ’Apyipf\3rjg sddoxlprjo£, (fram, 3i ’ 
adzoy. 

t Pappus VIII. pp. 1066, 1108 sq. 

J Galen, in Hippocr. De artic , IV. 47 (= XVII. p. 747, ed. Kuhn). 

§ Oribasius, Coll, med ., XLIX. 22 (IV. p. 407, ed. Bussemaker), ' AnsXXldovg i} ’ Apyipf\3ovg zplonacrzov , described in the same passage as having been invented 
TTpog zdg rftv nXolcov xaOoXxdg. 

|| Tzetzes, Chil. II. 130. 

If Ibid., III. 61, b yijv OlvaanQv prjyavrj zi} zpiondozxp fioQv ona xai aaXsdaco nV\v yOova. 

** Heiberg compares Simplicius, Comm, in Aristot. Phys. (ed. Diels, p. 1110, 1. 2), zadzrj 3£ zi} dvaXoyLa zofi xmoyvzog xai zoy xivovpgvov xai zoy 
3mcrzV\pazog zd ozaQpiozixov 3pyavov zov xaXodpsvov yapiazicova ovcxV\cag o Apyipf\3rjg d)gp£xP l ^cuvzog zi}g CLvaXoylag npoxcopodarjg ^xopnasv ^xs%vo rdft P 
w KaL aaXsdaco zf\v y£v. 

* Diodorus I. 34, v. 37; Vitruvius x. 16 (11); Philo III. p. 330 (ed. Pfeiffer); Strabo XCII. p. 807; Athenaeus v. 208 f. 

f Cicero, De rep., I. 21-22; Tusc, I. 63; De nat. deor., II. 88. Cf. Ovid, Fasti, VI. 277; Lactantius, Instit., II. 5, 18; Martianus Capella, II. 212, VI. 583 sq.; Claudian, 
Epigr. 18 ; Sextus Empiricus, p. 416 (ed. Bekker). 

J Zeitschrift f. Math. u. Physik (hist litt. Abth.), XXII. (1877), 106 sq. 

§ Ptolemy, odvza^ig, I. p. 153. 

|| Ammianus Marcell., XXVI. i. 8. 

| Macrobius, in Somn. Scip., II. 3. 

* The same story is told of Proclus in Zonaras XIV. 3. For the other references on the subject see Heiberg’s Quaestiones Archimedeae, pp. 39-41. 

f Cf. also Tzetzes, Chil. XII. 270, rftv 'Apyipf\3ovgprjxav&v ypstav qX<x>- 


CHAPTER H 


MANUSCRIPTS AND PRINCIPAL EDITIONS—ORDER OF COMPOSITION—DIALECT—LOST WORKS. 

The sources of the text and versions are very fully described by Heiberg in the Prolegomena to Vo\. hi. of his edition of 
Archimedes, where the editor supplements and to some extent amends what lie had previously written on the same subject in 
his dissertation entitled Quaestiones Archimedeae (1879). It will therefore suffice here to state briefly the main points of the 
discussion. 

The MSS. of the best class all had a common origin in a MS. which, so far as is known, is no longer extant. It is described 
in one of the copies made from it (to be mentioned later and dating from some time between a.d. 1499 and 1531) as ‘most 
ancient’ (naXaioxCtxov;), and all the evidence goes to show that it was written as early as the 9th or 10th century. At one time it 
was in the possession of George Valla, who taught at Venice between the years 1486 and 1499; and many important inferences 
with regard to its readings can be drawn from some translations of parts of Archimedes and Eutocius made by Valla himself 
and published in his book entitled de expetendis et fugiendis rebus (Venice, 1501). It appears to have been carefully copied 
from an original belonging to some one well versed in mathematics, and it contained figures drawn for the most part with great 
care and accuracy, but there was considerable confusion between the letters in the figures and those in the text. This MS., after 
the death of Valla in 1499, became the property of Albertus Pius Carpensis (Alberto Pio, prince of Carpi). Part of his library 
passed through various hands and ultimately reached the Vatican ; but the fate of the Valia MS. appears to have been different, 
for we hear of its being in the possession of Cardinal Rodolphus Pius (Rodolfo Pio), a nephew of Albertus, in 1544, after 
which it seems to have disappeared. The three most important MSS. extant are: 

F (= Codex Florentinus bibliothecae Laurentianae Mediceae plutei xxviii. 4 to.). 

B (= Codex Parisinus 2360, olimMediceus). 

C (= Codex Parisinus 2361, Fonteblandensis). 

Of these it is certain that B was copied from the Yalla MS. This is proved by a note on the copy itself, which states that the 
archetype formerly belonged to George Valla and afterwards to Albertus Pius. From this it may also be inferred that B was 
written before the death of Albertus in 1531; for, if at the date of B the Valla MS. had passed to Rodolphus Pius, the name of 
the latter would presumably have been mentioned. The note referred to also gives a list of peculiar abbreviations used in the 
archetype, which list is of importance for the purpose of comparison with F and other MSS. 

From a note on C it appears that that MS. was written by one Christophorus Auverus at Rome in 1544, at the expense of 
Georgius Armagniacus (Georges d’Armagnac), Bishop of Rodez, then on a mission from King Francis I. to Pope Paul III. 
Further, a certain Guilelmus Philander, in a letter to Francis I. published in an edition of Vitruvius (1552), mentions that he was 
allowed, by the kindness of Cardinal Rodolphus Pius, acting at the instance of Georgius Armagniacus, to see and make extracts 
from a volume of Archimedes which was destined to adorn the library founded by Francis at Fontainebleau. He adds that the 
volume had been the property of George Valla. We can therefore hardly doubt that C was the copy which Georgius 
Armagniacus had made in order to present it to the library at Fontainebleau. 

Now F, B and C all contain the same works of Archimedes and Eutocius, and in the same order, viz. (1) two Books de 
sphaera et cylindro, (2) de dimensione circuli, (3) de conoidibus, (4) de lineis spiralibus, (5) de plants aeque ponder 
antibus, (6) arenarius , (7) quadratura parabolae, and the commentaries of Eutocius on (1) (2) and (5). At the end of the 
quadratura parabolae both F and B give the following lines: 

eUxvyoldc X^ov yeCipexpa 

noXXoUg elgXvK&fia\’To.g ioig noX() <j)(Xxaxe poOaaig. 

F and C also contain mensurae from Heron and two fragments nepC axaOp&v and Trcpt nepi pgcpcov, the order being the same 
in both and the contents only differing in the one respect that the last fragment nepi p^xpcov is slightly longer in F than in C. 

A short preface to C states that the first page of the archetype was so rubbed and worn with age that not even the name of 
Archimedes could be read upon it, while there was no copy at Rome by means of which the defect could be made good, and 
further that the last page of Heron’s de mensuris was similarly obliterated. Now in F the first page was apparently left blank at 
first and afterwards written in by a different hand with many gaps, while in B there are similar deficiencies and a note attached 
by the copyist is to the effect that the first page of the archetype was indistinct. In another place (p. 4 of Yol. hi., ed. Heiberg) 
all three MSS. have the same lacuna, and the scribe of B notes that one whole page or even two are missing. 

Now C could not have been copied from F because the last page of the fragment nepl pgxpcov is perfectly distinct in F; and, 
on the other hand, the archetype of F must have been illegible at the end because there is no word at the end of F, nor any other 
of the signs by which copyists usually marked the completion of their task. Again, Valla’s translations show that his MS. had 
certain readings corresponding to correct readings in B and C instead of incorrect readings given by F. Hence F cannot have 



been Valla’s MS. itself. 

The positive evidence about F is as follows. Valla’s translations, with the exception of the few readings just referred to, 
agree completely with the text of F. From a letter written at Venice in 1491 by Angelus Politianus (Angelo Poliziano) to 
Laurentius Mediceus (Lorenzo de’ Medici), it appears that the former had found a MS. at Venice containing works by 
Archimedes and Heron and proposed to have it copied. As G. Valla then lived at Venice, the MS. can hardly have been any 
other but his, and no doubt F was actually copied from it in 1491 or soon after. Confirmatory evidence for this origin of F is 
found in the fact that the form of most of the letters in it is older than the 15th century, and the abbreviations etc., while they all 
savour of an ancient archetype, agree marvellously with the description which the note to B above referred to gives of the 
abbreviations used in Valla’s MS. Further, it is remarkable that the corrupt passage corresponding to the illegible first page of 
the archetype just takes up one page of F, no more and no less. 

The natural inference from all the evidence is that F, B and C all had their origin in the Yalla MS.; and of the three F is the 
most trustworthy. For (1) the extreme care with which the copyist of F kept to the original is illustrated by a number of 
mistakes in it which correspond to Valla’s readings but are corrected in B and C, and (2) there is no doubt that the writer of B 
was somewhat of an expert and made many alterations on his own authority, not always with success. 

Passing to other MSS., we know that Pope Nicholas V had a MS. of Archimedes which he caused to be translated into 
Latin. The translation was made by Jacobus Cremonensis (Jacopo Cas- siani*), and one copy of this was written out by 
Joannes Regiomontanus (Johann Muller of Konigsberg, near Hassfurt, in Franconia), about 1461, who not only noted in the 
margin a number of corrections of the Latin but added also in many places Greek readings from another MS. This copy by 
Regiomontanus is preserved at Niimberg and was the source of the Latin translation given in the editio princeps of Thomas 
Gechauff Venatorius (Basel, 1544); it is called N b by Heiberg. (Another copy of the same translation is alluded to by 
Regiomontanus, and this is doubtless the Latin MS. 327 of 15th c. still extant at Venice.) From the fact that the translation of 
Jacobus Cremonensis has the same lacuna as that in F, B and C above referred to (\bl. hi., ed. Heiberg, p. 4), it seems clear 
that the translator had before him either the Valla MS. itself or (more likely) a copy of it, though the order of the books in the 
translation differs in one respect from that in our MSS., viz. that the arenarius comes after instead of before the quadratura 
parabolae. 

ft is probable that the Greek MS. used by Regiomontanus was V (= Codex Venetus Marcianus cccv. of the 15th c.), which 
is still extant and contains the same books of Archimedes and Eutocius with the same fragment of Heron as F has, and in the 
same order. If the above conclusion that F dates from 1491 or thereabouts is correct, then, as V belonged to Cardinal 
Bessarione who died in 1472, it cannot have been copied from F, and the simplest way of accounting for its similarity to F is to 
suppose that it too was derived from Valla’s MS. 

Regiomontanus mentions, in a note inserted later than the rest and in different ink, two other Greek MSS., one of which he 
calls “exemplar veins apud magistrum Paulum” Probably the monk Paulus (Albertini) of Venice is here meant, whose date was 
1430 to 1475; and it is possible that the “exemplar vetus” is the MS. of .Valla. 

The two other inferior MSS., viz. A (= Codex Parisinus 2359, olim Mediceus) and D (=Cod. Parisinus 2362, 
Fonteblandensis), owe their origin to V. 

It is next necessary to consider the probabilities as to the MSS. used by Nicolas Tartaglia for his Latin translation of 
certain of the works of Archimedes. The portion of this translation published at Venice in 1543 contained the books de centris 
gravium vel de aequerepentibus I — II, tetragonismus [parabolae ], dimensio circuli and de insidentibus aquae /; the rest, 
consisting of Book II de insidentibus aquae, was published with Book I of the same treatise, after Tartaglia’s death in 1557, 
by Troianus Curtius (Venice, 1565). Now the last-named treatise is not extant in any Greek MS. and, as Tartaglia adds it, 
without any hint of a separate origin, to the rest of the books which he says he took from a mutilated and almost illegible Greek 
MS., it might easily be inferred that the Greek MS. contained that treatise also. But it is established, by a letter written by 
Tartaglia himself eight years later (1551) that he then had no Greek text of the Books de insidentibus aquae, and it would be 
strange if it had disappeared in so short a time without leaving any trace. Further, Commandinus in the preface to his edition of 
the same treatise (Bologna, 1565) shows that he had never heard of a Greek text of it. Hence it is most natural to suppose that it 
reached Tartaglia from some other source and in the Latin translation only*. 

The fact that Tartaglia speaks of the old MS. which he used as “fracti et qui vix legi poterant libri,” at practically the same 
time as the writer of the preface to C was giving a similar description of Valla’s MS., makes it probable that the two were 
identical; and this probability is confirmed by a considerable agreement between the mistakes in Tartaglia and in Valla’s 
versions. 

But in the case of the quadratura parabolae and the dimensio circidi Tartaglia adopted bodily, without alluding in any 
way to the source of it, another Latin translation published by Lucas G-auricus “Iuphanensis ex regno Neapolitano “ (Luca 
Gaurico of Gif uni) in 1503, and he copied it so faithfully as to reproduce most obvious errors and perverse punctuation, only 
filling up a few gaps and changing some figures and letters. This translation by Gauricus is seen, by means of a comparison 
with Valla’s readings and with the translation of Jacobus Cremonensis, to have been made from the same MS. as the latter, viz. 


that of Pope Nicolas V. 

Even where Tartaglia used the Valla MS. he does not seem to have taken very great pains to decipher it when it was not 
easily legible—it may be that he was unused to deciphering MSS.—and in such cases he did not hesitate to draw from other 
sources. In one place ( de planor. equilib. n. 9) he actually gives as the Archimedean proof a paraphrase of Eutocius somewhat 
retouched and abridged, and in many other instances he has inserted corrections and interpolations from another Greek MS. 
which he once names. This MS. appears to have been a copy made from F, with interpolations due to some one not unskilled in 
the subject-matter; and this interpolated copy of F was apparently also the source of the Niimberg MS. now to be mentioned. 

N a (= Codex Norimbergensis) was written in the 16th century and brought from Rome to Niimberg by Wilibald 
Pirckheymer. It contains the same works of Archimedes and Eutocius, and in the same order, as F, but was evidently not copied 
from F direct, while, on the other hand, it agrees so closely with Tartaglia’s version as to suggest a common origin. N a was 
used by Venatorius in preparing the editio princeps, and Venatorius corrected many mistakes in it with his own hand by notes 
in the margin or on slips attached thereto; he also made many alterations in the body of it, erasing the original, and sometimes 
wrote on it directions to the printer, so that it was probably actually used to print from The character of the MS. shows it to 
belong to the same class as the others; it agrees with them in the more important errors and in having a similar lacuna at the 
beginning. Some mistakes common to it and F alone show that its source was F, though at second hand, as above indicated. 

It remains to enumerate the principal editions of the Greek text and the published Latin versions which are based, wholly 
or partially, upon direct collation of the MSS. These are as follows, in addition to Gaurico’s and Tartaglia’s translations. 

1. The editio princeps published at Basel in 1544 by Thomas Gechauff Venatorius under the title Archimedis opera quae 
quidem exstant omnia nunc primum graece et latine in lucem edita. Adiecta quoque sunt Eutocii Ascalonitae commentaria 
item graece et latine nunquam antea excusa. The Greek text and the Latin version in this edition were taken from different 
sources, that of the Greek text being N a , while the translation was Joannes Regiomontanus’ revised copy (N b ) of the Latin 
version made by Jacobus Cremonensis from the MS. of Pope Nicolas Y. The revision by Regiomontanus was effected by the 
aid of (1) another copy of the same translation still extant, (2) other Greek MSS., one of which was probably Y, while another 
may have been Yalla’s MS. itself. 

2. A translation by F. Commandinus (containing the following works, circuli dirnensio, de lineis spiralibus, quadratura 
parabolae, de conoidibus et sphaeroidibus , de arenae numero ) appeared at Yenice in 1558 under the title Archimedis opera 
nonnulla in latinum conversa et commentariis illustrata. For this translation several MSS. were used, among which was Y, 
but none preferable to those which we now possess. 

3. D. Rivault’s edition, Archimedis opera quae exstant graece et latine novis demonstr. et comment, illustr. (Paris, 
1615), gives only the propositions in Greek, while the proofs are in Latin and somewhat retouched. Rivault followed the Basel 
editio princeps with the assistance ofB. 

4. Torelli’s edition (Oxford, 1792) entitled ' P^p/ipf\Sovc xOt acoCopr.va pexOt x5>v EUr okLov ’AoKalcovLxov (tnopvqp&xcov, 
Archimedis quae supersunt omnia cum Eutocii Ascalonitae commentariis ex recensione J. Torelli Veronensis cum nova 
versione latina. Accedunt lectiones variantes ex codd. Mediceo et Parisiensibus. Torelli followed the Basel editio princeps 
in the main, but also collated V The book was brought out after Torelli’s death by Abram Robertson, who added the collation 
of five more MSS., F, A, B, C, D, with the Basel edition. The collation however was not well done, and the edition was not 
properly corrected when in the press. 

5. Last of all comes the definitive edition of Heiberg {Archimedis opera omnia cum commentariis Eutocii. E codice 
Florentino recensuit, Latine uertit notisque illustrauit J. L. Heiberg. Leipzig 1880—1). 

The relation of all the MSS. and the above editions and translations is well shown by Heiberg in the following scheme 
(with the omission, however, of his own edition): 


Codex Uallae saec. ix—x 


Cod. Nicolai V 
C- 1453 


F 

c. 1491 


Cod. Tartaleae ir 

1 

K* sacc. xvi 

I 

Ed. Basil. 1544 


TartaL«a 
A. 1543 


Gauricus 


Cremouemia c. 1460 

____* 


Cod. t'euet. 327 
saec, xv 


V 

sacc. xv 


B C 

c. 1300 A. 1544 


Ed. Riualti 
a. 1615 


A. D 
saec. xvi 


Conunandmus 

1556 


Torellnis 1792 


N 6 , c. 1461 



The remaining editions which give portions of Archimedes in Greek, and the rest of the translations of the complete works 
or parts of them which appeared before Heiberg’s edition, were not based upon any fresh collation of the original sources, 
though some excellent corrections of the text were made by some of the editors, notably Wallis and Nizze. The following books 
may be mentioned. 

Joh. Chr. Sturm, Des unvergleichlichen Archimedis Kunstbucher, ubersetzt und erlautert (Niirnberg, 1670). This 
translation embraced all the works extant in Greek and followed three years after the same author’s separate translation of the 
Sand-reckoner. It appears from Sturm’s preface that he principally used the edition of Rivault. 

Is. Barrow, Opera Archimedis, Apollonii Pergaei conicorum libri, Theodosii sphaerica methodo novo illustrata et 
demonstrata (London 1675). 

Wallis, Archimedis arenarius et dimensio circuit, Eutocii in hanc commentarii cum versione et notis (Oxford, 1678), 
also given in Wallis’ Opera, Vol. III. pp. 509—546. 

Karl Friedr. Hauber, Archimeds zwei Bucher iiher Kugel und Cylinder. Ebendesselben Kreismessung. Uebersetzt mit 
Anmerkungen u. 8. w. begleitet (Tubingen, 1798). 

F. Peyrard, ((Euvres d’ Archimede, traduites litteralement, avec un commentaire, suivies d’un memoire du traducteur, 
sur un nouveau miroir ardent, et d’un autre memoire de M. Delambre, sur Varith-metique des Grecs . (Second edition, 
Paris, 1808.) 

Ernst Nizze, Archimedes von Syrakus vorhandene Werke, (aus dem Griechischen ubersetzt und mit erlauternden und 
kritischen Anmer- kungen begleitet (Stralsund, 1824). 

The MSS. give the several treatises in the following order. 

1. nepl (j(f>oXpo.g Kal KvXlvSpov a two Books On the Sphere and Cylinder. 

2. kUkXov pgipqcng*, Measurement of a Circle. 

3. nepl Kcovoeibgov Kal crtpaipeiSgcov, On Conoids and Spheroids. 

4. nepl gXlncov, On Spirals. 

5. gningdcov iooppom&v a' ft' f , two Books On the Equilibrium of Planes. 

6. i//app(zi]c The Sand-reckoner. 

7. zexpaycoviapdg napafioXfjq (a name substituted later for that given to the treatise by Archimedes himself, which must 

undoubtedly have been zezpaycoviapdg ztfg zoi opdoycovlov KiAvov zoprji J), Quadrature of the Parabola. 

To these should be added 

8. nepl d/ovpgvcov §, the Greek title of the treatise On floating bodies, only preserved in a Latin translation. 

The books were not, however, written in the above order; and Archimedes himself, partly through his prefatory letters and 
partly by the use in later works of properties proved in earlier treatises, gives indications sufficient to enable the chronological 
sequence to be stated approximately as follows : 

1. On the equilibrium of planes, I. 

2. Quadrature of the Parabola. 

3. On the equilibrium of planes, II. 

4. On the Sphere and Cylinder, I, II. 

5. On Spirals. 

6. On Conoids and Spheroids. 

7. On floating bodies, I, II. 

8. Measurement of a circle. 

9. The Sand-reckoner. 

It should however be observed that, with regard to (7), no more is certain than that it was written after (6), and with regard 
to (8) no more than that it was later than (4) and before (9). 

In addition to the above we have a collection of Lemmas (Liber Assumptorum ) which has reached us through the Arabic. 
The collection was first edited by S. Foster, Miscellanea (London, 1659), and next by Borelli in a book published at Florence, 
1661, in which the title is given as Liber assumptorum Archimedis interprete Thebit ben Kora et exponente doctore 
Almochtasso Abilhasan. The Lemmas cannot, however, have been written by Archimedes in their present form, because his 
name is quoted in them more than once. The probability is that they were propositions collected by some Greek writer* of a 
later date for the purpose of elucidating some ancient work, though it is quite likely that some of the propositions were of 
Archimedean origin, e.g. those concerning the geometrical figures called respectively 0t pfiqXog f (literally‘shoemaker’s 


knife’) and oOthvov (probably a ‘salt-cellar’ *), and Prop. 8 which bears on the problem of trisecting an angle. 

Archimedes is further credited with the authorship of the Cattle-problem enunciated in the epigram edited by Lessing in 
1773. According to the heading prefixed to the epigram it was communicated by Archimedes to the mathematicians at 
Alexandria in a letter to Eratosthenes*. There is also in the Scholia to Plato’s Charmides 165 E a reference to the problem 
“called by Archimedes the Cattle-problem” (ro rckrjOgv U7i’ ' ApyipfSovc (iosiKov npdpXqpa). The question whether 
Archimedes really propounded the problem, or whether his name was only prefixed to it in order to mark the extraordinary 
difficulty of it, has been much debated. A complete account of the arguments for and against is given in an article by 
Krumbiegel in the Zeitschrift fur Mathematik und Physik (Hist. litt. Abtheilung) xxv. (1880), p. 121 sq., to which Amthor 
added (ibid. p. 153 sq.) a discussion of the problem itself. The general result of Krumbiegel’s investigation is to show (1) that 
the epigram can hardly have been written by Archimedes in its present form, but (2) that it is possible, nay probable, that the 
problem was in substance originated by Archimedes. Hultsch* has an ingenious suggestion as to the occasion of it. It is known 
that Apollonius in his GJkvtokiov had calculated a closer approximation to the value of n than that of Archimedes, and he must 
therefore have worked out more difficult multiplications than those contained in the Measurement of a circle. Also the other 
work of Apollonius on the multiplication of large numbers, which is partly preserved in Pappus, was inspired by the Sand- 
reckoner of Archimedes; and, though we need not exactly regard the treatise of Apollonius as polemical, yet it did in fact 
constitute a criticism of the earlier book. Accordingly, that Archimedes should then reply with a problem which involved such 
a manipulation of immense numbers as would be difficult even for Apollonius is not altogether outside the bounds of 
possibility. And there is an unmistakable vein of satire in the opening words of the epigram “Compute the number of the oxen 
of the Sun, giving thy mind thereto, if thou hast a share of wisdom,” in the transition from the first part to the second where it is 
said that ability to solve the first part would entitle one to be regarded as “not unknowing nor unskilled in numbers, but still not 
yet to be numbered among the wise,” and again in the last lines. Hultsch concludes that in any case the problem is not much 
later than the time of Archimedes and dates from the beginning of the 2nd century b.c. at the latest. 

Of the extant books it is certain that in the 6th century a.d. only three were generally known, viz. On the Sphere and 
Cylinder, the Measurement of a circle, and On the equilibrium ofplanes. Thus Eutocius of Ascalon who wrote commentaries 
on these works only knew the Quadrature of the Parabola by name and had never seen it nor the book On Spirals. Where 
passages might have been elucidated by references to the former book, Eutocius gives explanations derived from Apollonius 
and other sources, and he speaks vaguely of the discovery of a straight line equal to the circumference of a given circle “by 
means of certain spirals,” whereas, if he had known the treatise On Spirals, he would have quoted Prop. 18. There is reason to 
suppose that only the three treatises on which Eutocius commented were contained in the ordinary editions of the time such as 
that of Isidorus of Miletus, the teacher of Eutocius, to which the latter several times alludes. 

In these circumstances the wonder is that so many more books have survived t(5 the present day. As it is, they have lost to 
a considerable extent their original form Archimedes wrote in the Doric dialect*, but in the best known books (On the Sphere 
and Cylinder and the Measurement of a circle ) practically all traces of that dialect have disappeared, while a partial loss of 
Doric forms has taken place in other books, of which however the Sand-reckoner has suffered least. Moreover in all the 
books, except the Sand-reckoner, alterations and additions were first of all made by an interpolator who was acquainted with 
the Doric dialect, and then, at a date subsequent to that of Eutocius, the book On the Sphere and Cylinder and the 
Measurement of a circle were completely recast. 

Of the lost works of Archimedes the following can be identified. 

1. Investigations relating to polyhedra are referred to by Pappus who, after alluding (v. p. 352) to the five regular 
polyhedra, gives a description of thirteen others discovered by Archimedes which are semi-regular, being contained by 
polygons equilateral and equiangular but not similar. 

2. A book of arithmetical content, entitled Ctpyof Principles and dedicated to Zeuxippus. We learn from Archimedes 
himself that the book dealt with the naming of numbers (KaiovopoCiq r&v QLpiOp&v) f and expounded a system of expressing 

numbers higher than those which could be expressed in the ordinary Greek notation. This system embraced all numbers up to 
the enormous figure which we should now represent by a 1 followed by 80,000 billion ciphers; and, in setting out the same 
system in the Sand-reckoner, Archimedes explains that he does so for the benefit of those who had not had the opportunity of 
seeing the earlier work addressed to Zeuxippus. 

3. nepi Cvy&v, On balances or levers, in which Pappus says (viii. p. 1068) that Archimedes proved that “greater circles 
overpower ( KaraKparoim ) lesser circles when they revolve about the same centre.” It was doubtless in this book that 
Archimedes proved the theorem assumed by him in the Quadrature of the Parabola, Prop. 6, viz. that, if a body hangs at rest 
from a point, the centre of gravity of the body and the point of suspension are in the same vertical line. 

4. Ksvzpofp i kQL, On centres of gravity. This work is mentioned by Simplicius on Aristot. de caelo II. (Scholia in Arist. 
508 a 30). Archimedes may be referring to it when he says (On the equilibrium of planes I. 4) that it has before been proved 
that the centre of gravity of two bodies taken together lies on the line joining the centres of gravity of the separate bodies. In the 


treatise On floating bodies Archimedes assumes that the centre of gravity of a segment of a paraboloid of revolution is on the 
axis of the segment at a distance from the vertex equal to |rds of its length. This may perhaps have been proved in the 
KevtpofpiKCL, if it was not made the subject of a separate work. 

Doubtless both the nspl CvyQv and the KerpofapiKO. preceded the extant treatise On the equilibrium of planes. 

5. KarompiKd, an optical work, from which Theon (on Ptolemy, Synt. I. p. 29, ed. Halma) quotes a remark about 
refraction. Cf. Olympiodorus in Aristot Meteor., n. p. 94, ed. Ideler. 

6. nepi o^aiponodac. On sphere-making, a mechanical work on the construction of a sphere representing the motions of 
the heavenly bodies as already mentioned (p. XXI). 

7. gfioSiov, a Method, noticed by Suidas, who says that Theodosius wrote a commentary on it, but gives no further 
information about it. 

8. According to Hipparchus Archimedes must have written on the Calendar or the length of the year (cf. p. XXI). 

Some Arabian writers attribute to Archimedes works (1) On a heptagon in a circle, (2) On circles touching one another, 
(3) On parallel lines, (4) On triangles, (5) On the properties of rightangled triangles, (6) a book of Data; but there is no 
confirmatory evidence of his having written such works. A book translated into Latin from the Arabic by Gongava (Louvain, 
1548) and entitled antiqui scriptoris de speculo comburente concavitatis parabolae cannot be the work of Archimedes, since 
it quotes Apollonius. 

* Tiraboschi, Storia delta Letteratura Italiana , Vol. vi. Pt. 1 (p. 358 of the edition of 1807). Cantor (Vorlesungen lib. Gesch. d. Math , II. p. 192) gives the full name 
and title as Jacopo da S. Gassiano Cremonese canonico regolare. 

* The Greek fragment of Book I., nspl r&v OSazi ^fizap^vcov 7} nspl rftv d/ovpgvcov, edited by A. Mai from two Vatican MSS. ( Classici auct. I. p. 426-30 ; Vol. 

II. of Heiberg’s edition, pp. 356-8), seems to be of doubtful authenticity. Except for the first proposition, it contains enunciations only and no proofs. Heiberg is inclined to 
think that it represents an attempt at retranslation into Greek made by some mediaeval scholar, and he compares the similar attempt made by Rivault. 

* Pappus alludes (i. p. 312, ed. Hultsch) to the xbxkov p^zpqoig in the words £v nspl zrjg zo g xOxXov nspuf)spsCag. 

t Archimedes himself twice alludes to properties proved in Book I. as demonstrated gv zo%g pri/avino^ (Quadrature of the Parabola , Props. 6, 10). Pappus (viii. p. 
1034) quotes zd ’Apxipf\Sovg nspl ioopponi&v. The beginning of Book i. is also cited by Proclus in his Commentary on Eucl. I., p. 181, where the reading should be zofi 
d loopponiftv, and not zftv dviooppom&v (Hultsch). 

{ The name ‘parabola’ was first applied to the curve by Apollonius. Archimedes always used the old term * section of a right-angled cone.’ Cf. Eutocius (Heiberg, vol. 

III. , p. 342) S^Ssixzai £v nspl zijg zoy SpOoycovlov xCdvov zopvjg. 

§ This title corresponds to the references to the book in Strabo I. p. 54 fApxipf\Sqg £v zo%g nspl zQv o/ovp^vcov) and Pappus p. 1024 (6Jc 'Ap/ippf\Srjg oyovp^ 
voiq). The fragment edited by Mai has a longer title ,nspl zQv uSazi ^lozap^vcov i} nspl rftv S/ovp^vcov, where the first part corresponds to Tartaglia’s version, de 
insidentibus aquae , and to that of Commandinus, de Us quae vehuntur in aqua. But Archimedes intentionally used the more general word Uypov (fluid) instead oj 
DScop; and hence the shorter title nspl d/ovp^vcov, de iis quae in humido vehuntur (Torelli and Heiberg), seems the better. 

* It would seem that the compiler of the Liber Assumptorum must have drawn, to a considerable extent, from the same sources as Pappus. The number of 
propositions appearing substantially in the same form in both collections is, I think, even greater than has yet been noticed. Tannery (La Geometric grecque, p. 162) 
mentions, as instances, Lemmas 1, 4, 5, 6; but it will be seen from the notes in this work that there are several other coincidences. 

f Pappus gives (p. 208) what he calls an ‘ancient proposition’ (OLpyala npozaoif) about the same figure, which he describes as xcopiov, S Sri xako yoiv appq^ov. Cf. 
the note to Prop. 6 (p. 308). The meaning of the word is gathered from the Scholia to Nicander, Theriaca, 423: dpfqkoi kgyovzai zd xvxkozsprj oiSv\pia, ol 

oxzozopoi z^pvovoi xal fbovoi zd S^ppaza. Cf. Hesychius, dvdpfrjka, zd pV\ £csop£va S^ppaza dpfrjXoi ydp zd opikia. 

* The best authorities appear to hold that in any case the name odhvov was not applied to the figure in question by Archimedes himself but by some later writer. 
Subject to this remark, I believe odhvov to be simply a Graecised form of the Latin word salinum. We know that a salt-cellar was an essential part of the domestic 
apparatus in Italy from the early days of the Eoman Republic. “All who were raised above poverty had one of silver which descended from father to son (Hor., Carrn. n. 
16, 13, Liv. xxvi. 36), and was accompanied by a silver patella which was used together with the saltcellar in the domestic sacrifices (Pers. ra. 24, 25). These two articles 
of silver were alone compatible with the simplicity of Roman manners in the early times of the Republic (Plin., H. N. XXXIII. § 153, Val. Max. iv. 4, § 3). ...In shape the 
salinum was probably in most cases a round shallow bowl” [Diet, of Greek and Roman Antiquities , article salinum]. Further we have in the early chapters of 
Mommsen’s History of Rome abundant evidence of similar transferences of Latin words to the Sicilian dialect of Greek. Thus (Book i., eh. XIII.) it is shown that, in 
consequence of Latino-Sicilian commerce, certain words denoting measures of weight, libra , triens , quadransy sextans , uncia , found their way into the common speech 

of Sicily in the third century of the city under the forms Xlzpa, zpigq, zszpgq, ££ag, oOyxla. Similarly Latin law-terms (eh. XI.) were transferred; thus mutuum (a form of 
loan) became po^zov, career (a prison) xdpxapov. Lastly, the Latin word for lard, arvina , became in Sicilian Greek &pflvq, and patina (a dish) nazdvrj The last word is 

as close a parallel for the supposed transfer of salinum as could be wished. Moreover the explanation of odhvov as salinum has two obvious advantages in that (1) it 
does not require any alteration in the word, and (2) the resemblance of the lower curve to an ordinary type of salt-cellar is evident. I should add, as confirmation of my 
hypothesis, that Dr A. S. Murray, of the British Museum, expresses the opinion that we cannot be far wrong in accepting as a salinum one of the small silver bowls in the 
Roman ministerium at the Museum which was found at Chaourse (Aisne) in France and is of a section sufficiently like the curve in the Salinon. 



The other explanations of g&Xivov which have been suggested are as follows. 

(1) Cantor connects it with od/og, “das Schwanken des hohen Meeres,” and would presumably translate it as wave-line. But the resemblance is not altogether 
satisfactory, and the termination -ivov would need explanation. 

(2) Heiberg says the word is “sine dubio ab Arabibus deprauatum,” and suggests that it should be a^Xivov, parsley (“ex similitudine frondis apii”). But, whatever may 
be thought of the resemblance, the theory that the word is corrupted is certainly not supported by the analogy of CLpfirjXoq which is correctly reproduced by the Arabs, as 
we know from the passage of Pappus referred to in the last note. 

(3) Dr Gow suggests that aCLXivov may be a ‘sieve,’ comparing od/ac. But this guess is not supported by any evidence. 

* The heading is, TJpofXrjpa Snsp "Ap/ip^Srjg ^v ^niypppoaoiv eUpCJv zo%q £y ’AXs^avSpeia ns pi za £j za npaypazepop^voiq Oin^ozsiXsv £v zfj npog 

EpazoaO^vrjv zov Kvprjva^ov ^mazoXrj. Heiberg translates this as “the problem which Archimedes discovered and sent in an epigram... in a letter to Eratosthenes.” He 
admits however that the order of words is against this, as is also the use of the plural ^niypdtppamv. It is clear that to take the two expressions ^v ^niyp&ppamv and dv ^ 
mozoXrj as both following ^niazsiXsv is very awkward. In fact there seems to be no alternative but to translate, as Krumbiegel does, in accordance with the order of the 

words, “a problem which Archimedes found among (some) epigrams and sent... in his letter to Eratosthenes”; and this sense is certainly unsatisfactory. Hultsch remarks 
that, though the mistake npay pazovp^voig for npayzsvop^voig and the composition of the heading as a whole betray the hand of a writer who lived some centuries after 
Archimedes, yet he must have had an earlier source of information, because he could hardly have invented the story of the letter to Eratosthenes. 

* Pauly-Wissowa’s Real-Encyclopadie , n. 1, pp. 534, 5. 

* Thus Eutocius in his commentary on Prop. 4 of Book II. On the Sphere and Cylinder speaks of the fragment, which he found in an old book and which appeared to 
him to be the missing supplement to the proposition referred to, as “preserving in part Archimedes’ favourite Doric dialect” (^v \i£psi zf\v ’Ap/ipf\Ssi QiXrjp Acoplda yXQ 
ooav (pr^ooECov). From the use of the expression £p p^psi Heiberg concludes that the Doric forms had by the time of Eutocius begun to disappear in the books which 
have come down to us no less than in the fragment referred to. 

f Observing that in all the references to this work in the Sand-reckoner Archimedes speaks of the naming of numbers or of numbers which are names or have 
their names (QLpiOpoC xazcovopaap^voi, z& ovopaza ^yovzsg, z&v xazovopadiav ^yovzsg), Hultsch (Pauly-Wissowa’s Real-Encyclopadie , n. 1, p. 511) speaks of 
xaovopa&g rftv OLpiOpQv as the name of the work; and he explains the words xivdg xftv ^v QLpyalq <&pi0pQv> r&v xazovopadfav Qfvzaw as meaning “some of the 
numbers mentioned at the beginning which have a special name,” where “at the beginning ” refers to the passage in which Archimedes first mentions xftvU^’ dg£iv 
xazcovopaopgvcov d piOp&v xai £v5sSop£vcov £v xo£g ttozL ZzV&ttttov ysypapp^yoig. But ^v dp%a£g seems a less natural expression for “at the beginning” than ^v 
apyr} or Kax’ dpydg would have been. Moreover, there being no participial expression except xazovopadfav ^yovzcov to be taken with ^v OLpya^q in this sense, the 
meaning would be unsatisfactory; for the numbers are not named at the beginning, but only referred to , and therefore some word like eir|pf|vcDV should have been used. 
For these reasons I think that Heiberg, Cantor and Susemihl are right in taking OLpyai to be the name of the treatise. 




CHAPTER III 


THE RELATION OF ARCHIMEDES TO HIS PREDECESSORS. 

An extraordinarily large proportion of the subject matter of the writings of Archimedes represents entirely new 
discoveries of his own. Though his range of subjects was almost encyclopaedic, embracing geometry (plane and solid), 
arithmetic, mechanics, hydrostatics and astronomy, he was no compiler, no writer of textbooks; and in this respect he differs 
even from his great successor Apollonius, whose work, like that of Euclid before him, largely consisted of systematising and 
generalising the methods used, and the results obtained, in the isolated efforts of earlier geometers. There is in Archimedes no 
mere working-up of existing materials; his objective is always some new thing, some definite addition to the sum of 
knowledge, and his complete originality cannot fail to strike any one who reads his works intelligently, without any 
corroborative evidence such as is found in the introductory letters prefixed to most of them These introductions, however, are 
eminently characteristic of the man and of his work; their directness and simplicity, the complete absence of egoism and of any 
effort to magnify his own achievements by comparison with those of others or by emphasising their failures where he himself 
succeeded : all these things intensify the same impression. Thus his manner is to state simply what particular discoveries made 
by his predecessors had suggested to him the possibility of extending them in new directions; e.g. he says that, in connexion 
with the efforts of earlier geometers to square the circle and other figures, it occurred to him that no one had endeavoured to 
square a parabola, and he accordingly attempted the problem and finally solved it. In like manner, he speaks, in the preface of 
his treatise On the Sphere and Cylinder, of his discoveries with reference to those solids as supplementing the theorems about 
the pyramid, the cone and the cylinder proved by Eudoxus. He does not hesitate to say that certain problems baffled him for a 
long time, and that the solution of some took him many years to effect; and in one place (in the preface to the book On Spirals ) 
he positively insists, for the sake of pointing a moral, on specifying two propositions which he had enunciated and which 
proved on further investigation to be wrong. The same preface contains a generous eulogy of Conon, declaring that, but for his 
untimely death, Conon would have solved certain problems before him and would have enriched geometry by many other 
discoveries in the meantime. 

In some of his subjects Archimedes had no fore-runners, e.g. in hydrostatics, where he invented the whole science, and (so 
far as mathematical demonstration was concerned) in his mechanical investigations. In these cases therefore he had, in laying 
the foundations of the subject, to adopt a form more closely resembling that of an elementary textbook, but in the later parts he 
at once applied himself to specialised investigations. 

Thus the historian, of mathematics, in dealing with Archimedes’ obligations to his predecessors, has a comparatively easy 
task before him. But it is necessary, first, to give some description of the use which Archimedes made of the general methods 
which had found acceptance with the earlier geometers, and, secondly, to refer to some particular results which he mentions as 
having been previously discovered and as lying at the root of his own investigations,’ or which he tacitly assumes as known. 

§ 1. Use of traditional geometrical methods. 

In my edition of the Conics of Apollonius*, I endeavoured, following the lead given in Zeuthen’s work, Die Lehre von den 
Kegelschnitten im Altertum, to give some account of what has been fitly called the geometrical algebra which played such an 
important part in the works of the Greek geometers. The two main methods included under the term were (1) the use of the 
theory of proportions, and (2) the method of application of areas, and it was shown that, while both methods are fully 
expounded in the Elements of Euclid, the second was much the older of the two, being attributed by the pupils of Eudemus 
(quoted by Proclus) to the Pythagoreans. It was pointed out that the application of areas, as set forth in the second Book of 
Euclid and extended in the sixth, was made by Apollonius the means of expressing what he takes as the fundamental properties 
of the conic sections, namely the properties which we express by the Cartesian equations 

referred to any diameter and the tangent at its extremity as axes; and the latter equation was compared with the results obtained 
in the 27th, 28th and 29th Props, of Euclid’s Book vi, which are eiquivalent to the solution, by geometrical means, of the 
quadratic equations 

ax + - sc* D, 

— c 

It was also shown that Archimedes does not, as a rule, connect his description of the central conics with the method of 
application of areas, as Apollonius does, but that Archimedes generally expresses the fundamental property in the form of a 


proportion 


and, in the case of the ellipse, 


f ^ y'* 

x. ^ x’ .of ’ 

y* _V 

x . ajj et a * 


where x, Xj are the abscissae measured from the ends of the diameter of reference. 

It results from this that the application of areas is of much less frequent occurrence in Archimedes than in Apollonius. It is 
however used by the former in all but the most general form The simplest form of “applying a rectangle” to a given straight 
line which shall be equal to a given area occurs e.g. in the proposition On the equilibrium of Planes n. 1; and the same mode 
of expression is used (as in Apollonius) for the property y 2 =px in the parabola, px being described in Archimedes’ phrase as 
the rectangle “applied to” ( napalmmov nap Ot) a line equal to p and “having at its width” (nAtitmg f/ov) the abscissa (x). Then 
in Props. 2, 25, 26, 29 of the book On Conoids and Spheroids we have the complete expression which is the equivalent of 
solving the equation 


ax + x 2 = b 1 , 

“let a rectangle be applied (to a certain straight line) exceeding by a square figure ( napansnTcoKgcco y/opiov VnepfiaXXov siSsi 
rerpayCdvco) and equal to (a certain rectangle).” Thus a rectangle of this sort has to be made (in Prop. 25) equal to what we 
have above called x. x x in the case of the hyperbola, which is the same thing as x(a + x) or ax + x 2 , where a is the length of the 
transverse axis. But, curiously enough, we do not find in Archimedes the application of a rectangle ‘ falling short by a square 
figure,” which we should obtain in the case of the ellipse if we substituted x(a - x) for x. Xj. In the case of the ellipse the area 
x. X, is represented (On Conoids and Spheroids, Prop. 29) as a gnomon which is the difference between the rectangle h. /q 
(where h, hi are the abscissae of the ordinate bounding a segment of an ellipse) and a rectangle applied to /q-/z and exceeding 
by a square figure whose side is h -x; and the rectangle h. /q is simply constructed from the sides h, /q. Thus Archimedes 
avoids* the application of a rectangle falling short by a square, using for x.X] the rather complicated form 

h. hi - {(hi - h) (h~x) + (h— x) 2 }. 

It is easy to see that this last expression is equal to x. x, for it reduces to 

h . - {Aj (h — x) — x (h — x)} 

= ® (A,.* A) — X s , 

-ax — X s , since h x ¥h^a, 

— x . x lt 

It will readily be understood that the transformation of rectangles and squares in accordance with the methods of Euclid, 
Book 11, is just as important to Archimedes as to other geometers, and there is no need to enlarge on that form of geometrical 
algebra. 

The theory of proportions, as expounded in the fifth and sixth Books of Euclid, including the transformation of ratios 
(denoted by the terms componendo, dividendo, etc.) and the composition or multiplication of ratios, made it possible for the 
ancient geometers to deal with magnitudes in general and to work out relations between them with an effectiveness not much 
inferior to that of modem algebra. Thus the addition and subtraction of ratios could be effected by procedure equivalent to what 
we should in algebra call bringing to a common denominator. Next, the composition or multiplication of ratios could be 
indefinitely extended, and hence the algebraical operations of multiplication and division found easy and convenient 
expression in the geometrical algebra. As a particular case, suppose that there is a series of magnitudes in continued proportion 
(i.e. in geometrical progression) as a 0 , a h a 2 , ... a n , so that 

®o __ ®i _ _ 

®1 **2 


We have then, by multiplication, 





It is easy to understand how powerful such a method as that of proportions would become in the hands of an Archimedes, 
and a few instances are here appended in order to illustrate the mastery with which he uses it. 


1. A good example of a reduction in the order of a ratio after the manner just shown is furnished by On the equilibrium of 
Planes II. 10. Here Archimedes has a ratio which we will call a 2 lb 3 where a 2 lb 1 = c/d; and he reduces the ratio between cubes 
to a ratio between straight lines by taking two lines x, y such that 

c x _ d 
x d y' 


It follows from this that 


/ e \ 2 _ c _ ra s 

W 


or 


a c 


and hence 


o s /cV c x d c 
¥ = \x) = x'd'y~y' 


2. In the last example we have an instance of the use of auxiliary fixed lines for the purpose of simplifying ratios and 
thereby, as it were, economising power in order to grapple the more successfully with a complicated problem With the aid of 
such auxiliary lines or (what is the same thing) auxiliary fixed points in a figure, combined with the use of proportions, 
Archimedes is able to effect some remarkable eliminations. 

Thus in the proposition On the Sphere and Cylinder II. 4 he obtains three relations connecting three as yet undetermined 
points, and proceeds at once to eliminate two of the points, so that the problem is then reduced to finding the remaining point by 
means of one equation. Expressed in an algebraical form, the three original relations amount to the three equations 

3a — x _ y \ 

2a— x x 

a + x _ z 
x 2a — x k ’ 

V_ » 

% n j 

and the result, after the elimination of v and z, is stated by Archimedes in a form equivalent to 

m + n a+ x _ 4a 1 

n. * « (2a —x) 2 ' 

Again the proposition On the equilibrium of Planes II. 9 proves by the same method of proportions that, if a , b, c, d, x, y, 
are straight lines satisfying the conditions 

a b c , l jA 
- — - = (a>b>c>d) 

b e a K 

d x 

a — d~ (a - c) 1 f 

2a + 46 + 6c + _ y 

and 5a + 1Q& + 10e + 5d a — c > / 

then * + % = !'«• 

The proposition is merely brought in as a subsidiary lemma to the proposition following, and is not of any intrinsic importance; 
but a glance at the proof (which again introduces an auxiliary line) will show that it is a really extraordinary instance of the 
manipulation of proportions. 

3. Yet another instance is worth giving here. It amounts to the proof that, if 



A, A' are the points of contact of two parallel tangent planes to a spheroid; the plane of the paper is the plane through and 
the axis of the spheroid, and PP' is the intersection of this plane with another plane at right angles to it (and therefore parallel 
to the tangent planes), which latter plane divides the spheroid into two segments whose axes are AN, A'N. Another plane is 
drawn through 



the centre and parallel to the tangent plane, cutting the spheroid into two halves. Lastly cones are drawn whose bases are the 
sections of the spheroid by the parallel planes as shown in the figure. 

Archimedes’ proposition takes the following form [On Conoids and Spheroids, Props. 31, 32], 

APP' being the smaller segment of the two whose common base is the section through PP', and x, y being the coordinates of 
P, he has proved in preceding propositions that 


(volume of) segment APP' _ 2a + x 
(volume of) cone APP' a + x 


.-■*<“)> 


anc j half spheroid ABB' 9 
cone ABB' 

and he seeks to prove that 
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segment A 'PP ' 2a —x 
cone A!PP' a — x 


The method is as follows. 

cone ABB' 


We have 
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cone APP" a-xy* a — x‘ a? ~ oc 1 ' 


If we suppose - — 


a a — x 
the ratio of the cones becomes 
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Next, by hypothesis (a), 


Therefore, ex aequali, 


cone APP' _ a + x 
segmt. APP'~ 2a + x' 


cone ABB' za 

segmt. APP' ~ (a - ac) (2a + x) * 


spheroid 42a 

segmt. APP’ (a — *) (2ct + x) ’ 


It follows from (P) that 






























whence 


segmt, A’PP' 4za — (a — a:) (2 a + a:) 
segmt. APP‘ (a — x) (2<z + x) 


_ z (2a-x)+(2a+x)(z-a — x) 

(a — x) (2a + x) 

Now we have to obtain the ratio of the segment A'PP' to the cone A'PP', and the comparison between the segment APP' and the 
cone A'PP' is made by combining two ratios ex aequali. Thus 


segmt, APP' _2a + x 
cone APP ' a + x 


, by H 


and 


cone APP' a — x 


con t>A’PP' a + x' 

Thus combining the last three proportions, ex aequali, we have 

segmt. A'PP' _ z(2a — x) + {2a + x) (z - a — x) 


cone A'PP ' 


a * + 2ax + x 1 


z(2a — x) + (2a + x) (z—a — x) 
z(a- x) + (2a + x)x 


since 


a 2 = z(a ~x), by (y). 


[The object of the transformation of the numerator and denominator of the last fraction, by which z (2a - x) and z (a-x) are 

2a — x 

made the first terms, is now obvious, because -—- is the fraction which Archimedes wishes to arrive at, and, in order to 


a — x 


prove that the required ratio is equal to this, it is only necessary to show that 

2a — x z — {a—x) 
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Now 


2a —x , a 
-= 1 +- 

a—x a—x 


1 by (y), 


a + z 


a 

z — (a — x) 
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( dividendo ), 


so that 


segmt. A'PP' 2a — x 
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4. One use by Euclid of the method of proportions deserves mention because Archimedes does not use it in similar 
circumstances. Archimedes (Quadrature of the Parabola, Prop. 23) sums a particular geometric series 

ft+ a(^)+ «(!)* + ... + 

in a manner somewhat similar to that of our text-books, whereas Euclid (IX. 35) sums any geometric series of any number of 
terms by means of proportions thus. 

Suppose a h a 2 , ... a n , a n+x to be (n+ 1) terms of a geometric series in which a n+l is the greatest term. Then 


"H + l 




a% 

a, H 


Therefore 


«„ — a. 






& 




a 2 — 

a. 


Adding all the antecedents and all the consequents, we have 
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which gives the sum of n terms of the series. 

§ 2. Earlier discoveries affecting quadrature and cuba-ture. 

Archimedes quotes the theorem that circles are to one another as the squares on their diameters as having being proved 
by earlier geometers, and he also says that it was proved by means of a certain lemma which he states as follows: “Of unequal 
lines, unequal surfaces, or unequal solids, the greater exceeds the less by such a magnitude as is capable, if added [continually] 
to itself, of exceeding any given magnitude of those which are comparable with one another (rev npdq OiXXqXa Xeyopgvcov).” 
We know that Hippocrates of Chios proved the theorem that circles are to one another as the squares on their diameters, but no 
clear conclusion can be established as to the method which he used. On the other hand, Eudoxus (who is mentioned in the 
preface to The Sphere and Cylinder as having proved two theorems in solid geometry to be mentioned presently) is generally 
credited with the invention of the method of exhaustion by which Euclid proves the proposition in question in XII. 2. The 
lemma stated by Archimedes to have been used in the original proof is not however found in that form in Euclid and is not used 
in the proof of XII. 2, where the lemma used is that proved by him in X. 1, viz. that “Given two unequal magnitudes, if from the 
greater [a part] be subtracted greater than the half, if from the remainder [a part] greater than the half be subtracted, and so on 
continually, there will be left some magnitude which will be less than the lesser given magnitude.” This last lemma is 
frequently assumed by Archimedes, and the application of it to equilateral polygons inscribed in a circle or sector in the 
manner of XII. 2 is referred to as having been handed down in the Elements *, by which it is clear that only Euclid’s Elements 
can be meant. The apparent difficulty caused by the mention of two lemmas in connexion with the theorem in question can, 
however, I think, be explained by reference to the proof of X. 1 in Euclid. He there takes the lesser magnitude and says that it is 
possible, by multiplying it, to make it some time exceed the greater, and this statement he clearly bases on the 4th definition of 
Book V to the effect that “magnitudes are said to bear a ratio to one another, which can, if multiplied, exceed one another.” 
Since then the smaller magnitude in X. 1 may be regarded as the difference between some two unequal magnitudes, it is clear 
that the lemma first quoted by Archimedes is in substance used to prove the lemma in X. 1 which appears to play so much 
larger a part in the investigations in quadrature and cubature which have come down to us. 

The two theorems which Archimedes attributes to Eudoxus by namet f are 

(1) that any pyramid is one third part of the prism which has the same base as the pyramid and equal height, and 

(2) that any cone is one third part of the cylinder which has the same base as the cone and equal height. 

The other theorems in solid geometry which Archimedes quotes as having been proved by earlier geometers are*: 

(3) Cones of equal height are in the ratio of their bases, and conversely. 

(4) If a cylinder be divided by a plane parallel to the base, cylinder is to cylinder as axis to axis. 

(5) Cones which have the same bases as cylinders and equal height with them are to one another as the cylinders. 

(6) The bases of equal cones are reciprocally proportional to their heights, and conversely. 

(7) Cones the diameters of whose bases have the same ratio as their axes are in the triplicate ratio of the diameters of 
their bases. 

In the preface to the Quadrature of the Parabola he says that earlier geometers had also proved that 

(8) Spheres have to one another the triplicate ratio of their diameters; and he adds that this proposition and the first of 
those which he attributes to Eudoxus, numbered (1) above, were proved by means of the same lemma, viz. that the difference 
between any two unequal magnitudes can be so multiplied as to exceed any given magnitude, while (if the text of Heiberg is 
right) the second of the propositions of Eudoxus, numbered (2), was proved by means of “a lemma similar to that aforesaid.” 
As a matter of fact, all the propositions (1) to (8) are given in Euclid’s twelfth Book, except (5), which, however, is an easy 
deduction from (2); and (1), (2), (3), and (7) all depend upon the same lemma [X. 1] as that used in Eucl. XII. 2. 

The proofs of the above seven propositions, excluding (5), as given by Euclid are too long to quote here, but the following 
sketch will show the line taken in the proofs and the order of the propositions. Suppose ABCD to be a pyramid with a 
triangular base, and suppose it to be cut by two planes, one bisecting AB, AC, AD in F, G, E respectively, and the other 
bisecti ng BC, BD, BA in H, K, F respectively. These planes are then each parallel to one face, and they cut off two pyramids 
each similar to the original pyramid and equal to one another, while the remainder of the pyramid is proved to form two equal 
prisms which, taken together, are greater than one half of the original pyramid [XII. 3]. It is next proved [XII. 4] that, if there 
are two pyramids with triangular bases and equal height, and if they are each divided in the manner shown into two equal 
pyramids each similar to the whole and two prisms, the sum of the prisms in one pyramid is to the sum of the prisms in the 
other in the ratio of the bases of the whole pyramids respectively. Thus, if we divide in the same manner the two pyramids 
which remain in each, then all the pyramids which remain, and so on continually, it follows on the one hand, by X. 1, that we 
shall ultimately have pyramids remaining which are together less than any assigned solid, while on the other hand the sums of 




all the prisms resulting from the successive subdivisions are in the ratio of the bases of the original pyramids. Accordingly 
Euclid is able to use the regular method of exhaustion exemplified in XII. 2, and to establish the proposition [XII. 5] that 
pyramids with the same height and with triangular bases are to one another as their bases. The proposition is then extended 
[XII. 6] to pyramids with the same height and with polygonal bases. Next [XII. 7] a prism with a triangular base is divided into 
three pyramids which are shown to be equal by means of XII. 5; and it follows, as a corollary, that any pyramid is one third 
part of the prism which has the same base and equal height. Again, two similar and similarly situated pyramids are taken and 
the solid parallelepipeds are completed, which are then seen to be six times as large as the pyramids respectively; and, since 
(by XI. 33) similar parallelepipeds are in the triplicate ratio of corresponding sides, it follows that the same is true of the 
pyramids [XII. 8], A corollary gives the obvious extension to the case of similar pyramids with polygonal bases. The 
proposition [XII. 9] that, in equal pyramids with triangular bases, the bases are reciprocally proportional to the heights is 
proved by the same method of completing the parallelepipeds and using XI. 34; and similarly for the converse. It is next proved 
[XII. 10] that, if in the circle which is the base of a cylinder a square be described, and then polygons be successively 
described by bisecting the arcs remaining in each case, and so doubling the number of sides, and if prisms of the same height as 
the cylinder be erected on the square and the polygons as bases respectively, the prism with the square base will be greater 
than half the cylinder, the next prism will add to it more than half of the remainder, and so on. And each prism is triple of the 
pyramid with the same base and altitude. Thus the same method of exhaustion as that in XII. 2 proves that any cone is one third 
part of the cylinder with the same base and equal height. Exactly the same method is used to prove [XII. 11] that cones and 
cylinders which have the same height are to one another as their bases, and [XII. 12] that similar cones and cylinders are to one 
another in the triplicate ratio of the diameters of their bases (the latter proposition depending of course on the similar 
proposition XII. 8 for pyramids). The next three propositions are proved without fresh recourse to X. 1. Thus the criterion of 
equimultiples laid down in Def. 5 of Book V is used to prove [XII. 13] that, if a cylinder be cut by a plane parallel to its 
bases, the resulting cylinders are to one another as their axes. It is an easy deduction [XII. 14] that cones and cylinders which 
have equal bases are proportional to their heights, and [XII. 15] that in equal cones and cylinders the bases are reciprocally 
proportional to the heights, and, conversely, that cones or cylinders having this property are equal. Lastly, to prove that spheres 
are to one another in the triplicate ratio of their diameters [XII. 18], a new procedure is adopted, involving two preliminary 
propositions. In the first of these [XII. 16] it is proved, by an application of the usual lemma X. 1, that, if two concentric 
circles are given (however nearly equal), an equilateral polygon can be inscribed in the outer circle whose sides do not touch 
the inner; the second proposition [XII. 17] uses the result of the first to prove that, given two concentric spheres, it is possible 
to inscribe a certain polyhedron in the outer so that it does not anywhere touch the inner, and a corollary adds the proof that, if 
a similar polyhedron be inscribed in a second sphere, the volumes of the polyhedra are to one another in the triplicate ratio of 
the diameters of the respective spheres. This last property is then applied [XII. 18] to prove that spheres are in the triplicate 
ratio of their diameters. 
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§ 3. Conic Sections. 

In my edition of the Conics of Apollonius there is a complete account of all the propositions in conics which are used by 
Archimedes, classified under three headings, (1) those propositions which he expressly attributes to earlier writers, (2) those 
which are assumed without any such reference, (3) those which appear to represent new developments of the theory of conics 
due to Archimedes himself. As all these properties will appear in this volume in their proper places, it will suffice here to 
state only such propositions as come under the first heading and a few under the second which may safely be supposed to have 
been previously known. 

Archimedes says that the following propositions “are proved in the elements of conics,” i.e. in the earlier treatises of 
Euclid and Aristaeus. 

1. In the parabola 

(a) if PV be the diameter of a segment and QVq the chord parallel to the tangent at P, then QV= Vq; 



(b) if the tangent at Q meet VP produced in T, then PV = PT; 

(c) if two chords QVq, Q'Vq' each parallel to the tangent at P meet the diameter PV in V, V respectively, 

PV: PV = QV 2 : Q'V 2 . 

2. If straight lines drawn from the same point touch any conic section whatever, and if two chords parallel to the 
respective tangents intersect one another, then the rectangles under the segments of the chords are to one another as the squares 
on the parallel tangents respectively. 

3. The following proposition is quoted as proved “in the conics.” If in a parabola p a be the parameter of the principal 
ordinates, QQ' any chord not perpendicular to the axis which is bisected in V by the diameter PV, p the parameter of the 
ordinates to PV, and if QD be drawn perpendicular to PV, then 

QV 2 :QD 2 =p:p a . 


[On Conoids and Spheroids, Prop. 3, which see.] 

The properties of a parabola, PN 2 =p a ■ A N, and QV 2 = p . PV, were already well known before the time of Archimedes. 
In fact the former property was used by Menaechmus, the discoverer of conic sections, in his duplication of the cube. 

It may be taken as certain that the following properties of the ellipse and hyperbola were proved in the Conics of Euclid. 

1. For the ellipse 

PN 2 : AN. A'N=P'N 2 : AN’. A'N = CB 2 : CA 2 
and QV 2 : PV. P'V= Q'V 2 : PV . P'V = CD 2 : CP 2 . 

(Either proposition could in fact be derived from the proposition about the rectangles under the segments of intersecting chords 
above referred to.) 

2. For the hyperbola 

PN 2 : AN. A'N=P'N 2 : AN’. A'N’ 
and QV 2 :PV.P'V=Q'V 2 :PV .P'V, 

though in this case the absence of the conception of the double hyperbola as one curve (first found in Apollonius) prevented 
Euclid, and Archimedes also, from equating the respective ratios to those of the squares on the parallel semidiameters. 

3. In a hyperbola, if P be any point on the curve and PK, PL be each drawn parallel to one asymptote and meeting the 
other, 

PK. PL = (const.) 

This property, in the particular case of the rectangular hyperbola, was known to Menaechmus. 

It is probable also that the property of the subnormal of the parabola ( NG = |p a ) was known to Archimedes’ predecessors. 
It is tacitly assumed, On floating bodies, II. 4, etc. 

From the assumption that, in the hyperbola, AT < AN (where N is the foot of the ordinate from P, and T the point in which 
the tangent at P meets the transverse axis) we may perhaps infer that the harmonic property 

TP : TP' = PV:P'V, 

or at least the particular case of it, 

TA : TA' = AN: A'N, 

was known before Archimedes’ time. 

Lastly, with reference to the genesis of conic sections from cones and cylinders, Euclid had already stated in his 
Phaenomena that, “if a cone or cylinder be cut by a plane not parallel to the base, the resulting section is a section of an acute- 
angled cone [an ellipse] which is similar to a dvpeogP Though it is not probable that Euclid had in mind any other than a right 
cone, the statement should be compared with On Conoids and Spheroids, Props. 7, 8, 9. 

§ 4. Surfaces of the second degree. 

Prop. 11 of the treatise On Conoids and Spheroids states without proof the nature of certain plane sections of the 


conicoids of revolution. Besides the obvious facts (1) that sections perpendicular to the axis of revolution are circles, and (2) 
that sections through the axis are the same as the generating conic, Archimedes asserts the following. 

1. In a paraboloid of revolution any plane section parallel to the axis is a parabola equal to the generating parabola. 

2. In a hyperboloid of revolution any plane section parallel to the axis is a hyperbola similar to the generating hyperbola. 

3. In a hyperboloid of revolution a plane section through the vertex of the enveloping cone is a hyperbola which is not 
similar to the generating hyperbola. 

4. In any spheroid a plane section parallel to the axis is an ellipse similar to the generating ellipse. 

Archimedes adds that “the proofs of all these propositions are manifest ( <f>avepal ).” The proofs may in fact be supplied as 
follows. 

1. Section of a paraboloid of revolution by a plane parallel to the axis. 

Suppose that the plane of the paper represents the plane section through the axis AN which intersects the given plane 
section at right angles, and let A'O be the line of intersection. Let POP' be any double ordinate to AN in the section through the 
axis, meeting A'O and AN at right angles in O, N respectively. Draw A'M perpendicular to AN. 
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Suppose a perpendicular drawn from O to A'O in the plane of the given section parallel to the axis, and lety be the length 
intercepted by the surface on this perpendicular. 

Then, since the extremity ofy is on the circular section whose diameter is PP', 

y 2 = PO. OP'. 

If A'O = x, and if p is the principal parameter of the generating parabola, we have then 

y* = PN*-ON* 

= PN* — A'M 3 
=p (AN-AM) 

= P%, 

so that the section is a parabola equal to the generating parabola. 

2. Section of a hyperboloid of revolution by a plane parallel to the axis. 

Take, as before, the plane section through the axis which intersects the given plane section at right angles in A'O. Let the 
hyperbola PAP' in the plane of the paper represent the plane section through the axis, and let C be the centre (or the vertex of 
the enveloping cone). Draw CC' perpendicular to CA, and produce OA' to meet it in C'. Let the rest of the construction be as 
before. 





Suppose that 

CA = a, CA' = a',CO = x, 

and let y have the same meaning as before. 

Then y 2 = PO . OP' = PN 2 - AM 2 . 

And, by the property of the original hyperbola, 

PN 2 : CN 2 - CA 2 = A'M 2 : CM 2 - CA 2 (which is constant). 

A'IP : CM*-CA* = PN *: CN*-CA 2 
Thus = PW -A'M 2 : CJV S - CM" 

- y 2 : iP — a'% 

whence it appears that the section is a hyperbola similar to the original one. 

3. Section of a hyperboloid of revolution by a plane passing through the centre (or the vertex of the enveloping cone). 

I think there can be no doubt that Archimedes would have proved his proposition about this section by means of the same 
general property of conics which he uses to prove Props. 3 and 12-14 of the same treatise, and which he enunciates at the 
beginning of Prop. 3 as a known theorem proved in the “elements of conics,” viz. that the rectangles under the segments of 
intersecting chords are as the squares of the parallel tangents. 

Let the plane of the paper represent the plane section through the axis which intersects the given plane passing through the 
centre at right angles. Let CA'O be the line of intersection, C being the centre, and A' being the point where CA'O meets the 
surface. Suppose CAMN to be the axis of the hyperboloid, and POp , P'O'p' two double ordinates to it in the plane section 
through the axis, meeting CA'O in O, O' respectively; similarly let A'M be the ordinate from A'. Draw the tangents at A and A' to 
the section through the axis meeting in T, and let QOq, Q'O'q' be the two double ordinates in the same section which are 
parallel to the tangent at A- and pass through O, O' respectively. 

Suppose, as before, that y, y' are the lengths cut off by the surface from the perpendiculars at O and O' to OC in the plane of 
the given section through CA'O, and that 

CO = x, CO' = x', CA = a, CA' = a'. 


q. 




Then, by the property of the intersecting chords, we have, since QO = Oq, 

PO.Op : Q0 9 =TA* : TA‘* 

= P'0 ', oy : Q'O' 2 . 

Also y 3 ~PO . Op, y' s = P'0'. Oy, 

and, by the property of the hyperbola, 

QO 2 : x 2 - a' 2 = Q'O’ 2 : x' 2 - a' 2 . 

It follows, ex aequali, that 

y 3 i X s — a ' 2 = y ' 3 : x ' 3 — a' s —(a), 

and therefore that the section is a hyperbola. 

To prove that this hyperbola is not similar to the generating hyperbola, we draw CC perpendicular to CA, and CA parallel 
to CA meeting CO ' in C and Pp in U. 

If then the hyperbola (a) is similar to the original hyperbola, it must by the last proposition be similar to the hyperbolic 
section made by the plane through C A U at right angles to the plane of the paper. 

Now CO 3 -CA ,a = ( C'U * - C'A' 3 ) + (CC 1 + OU )* - CC' 3 
>C'U 3 - CA' 3 , 

and PO. Op < PU. Up. 

Therefore PO.Op .CO 2 - CA 2 <PU. Up: CU 2 - CA 2 , 
and it follows that the hyperbolas are not similar*. 

4. Section of a spheroid by a plane parallel to the axis. 

That this is an ellipse similar to the generating ellipse can of course be proved in exactly the same way as theorem (2) 
above for the hyperboloid. 

We are now in a position to consider the meaning of Archimedes’ remark that “the proofs of all these properties are 
manifest.” In the first place, it is not likely that “manifest” means “known” as having been proved by earlier geometers; for 
Archimedes’ habit is to be precise in stating the fact whenever he uses important propositions due to his immediate 
predecessors, as witness his references to Eudoxus, to the Elements [of Euclid], and to the “elements of conics.” When we 
consider the remark with reference to the cases of the sections parallel to the axes of the surfaces respectively, a natural 
interpretation of it is to suppose that Archimedes meant simply that the theorems are such as can easily be deduced from the 
fundamental properties of the three conics now expressed by their equations, coupled with the consideration that the sections 
by planes perpendicular to the axes are circles. But I think that this particular explanation of the “manifest” character of the 
proofs is not so applicable to the third of the theorems stating that any plane section of a hyperboloid of revolution through the 
vertex of the enveloping cone but not through the axis is a hyperbola. This fact is indeed no more “manifest” in the ordinary 
sense of the term than is the like theorem about the spheroid, viz. that any section through the centre but not through the axis is 
an ellipse. But this latter theorem is not given along with the other in Prop. 11 as being “manifest”; the proof of it is included in 
the more general proposition (14) that any section of a spheroid not perpendicular to the axis is an ellipse, and that parallel 
sections are similar. Nor, seeing that the propositions are essentially similar in character, can I think it possible that 
Archimedes wished it to be understood, as Zeuthen suggests, that the proposition about the hyperboloid alone, and not the 
other, should be proved directly by means of the geometrical equivalent of the Cartesian equation of the conic, and not by 
means of the property of the rectangles under the segments of intersecting chords, used earlier [Prop. 3] with reference to the 
parabola and later for the case of the spheroid and the elliptic sections of the conoids and spheroids generally. This is the more 
unlikely, I think, because the proof by means of the equation of the conic alone would present much more difficulty to the 
Greek, and therefore could hardly be called “manifest.” 

It seems necessary therefore to seek for another explanation, and I think it is the following. The theorems, numbered 1, 2, 
and 4 above, about sections of conoids and spheroids parallel to the axis are used afterwards in Props. 15-17 relating to 
tangent planes; whereas the theorem (3) about the section of the hyperboloid by a plane through the centre but not through the 
axis is not used in connexion with tangent planes, but only for formally proving that a straight line drawn from any point on a 
hyperboloid parallel to any transverse diameter of the hyperboloid falls, on the convex side of the surface, without it, and on 
the concave side within it. Hence it does not seem so probable that the four theorems were collected in Prop. 11 on account of 
the use made of them later, as that they were inserted in the particular place with special reference to the three propositions 
(12-14) immediately following and treating of the elliptic sections of the three surfaces. The main object of the whole treatise 



was the determination of the volumes of segments of the three solids cut off by planes, and hence it was first necessary to 
determine all the sections which were ellipses or circles and therefore could form the bases of the segments. Thus in Props. 
12-14 Archimedes addresses himself to finding the elliptic sections, but, before he does this, he gives the theorems grouped in 
Prop. 11 by way of clearing the ground, so as to enable the propositions about elliptic sections to be enunciated with the utmost 
precision. Prop. 11 contains, in fact, explanations directed to defining the scope of the three following propositions rather than 
theorems definitely enunciated for their own sake; Archimedes thinks it necessary to explain, before passing to elliptic 
sections, that sections perpendicular to the axis of each surface are not ellipses but circles, and that some sections of each of 
the two conoids are neither ellipses nor circles, but parabolas and hyperbolas respectively. It is as if he had said, “My object 
being to find the volumes of segments of the three solids cut off by circular or elliptic sections, I proceed to consider the 
various elliptic sections; but I should first explain that sections at right angles to the axis are not ellipses but circles, while 
sections of the conoids by planes drawn in a certain manner are neither ellipses nor circles, but parabolas and hyperbolas 
respectively. With these last sections I am not concerned in the next propositions, and I need not therefore cumber my book 
with the proofs; but, as some of them can be easily supplied by the help of the ordinary properties of conics, and others by 
means of the methods illustrated in the propositions now about to be given, I leave them as an exercise for the reader.” This 
will, I think, completely explain the assumption of all the theorems except that concerning the sections of a spheroid parallel to 
the axis; and I think this is mentioned along with the others for symmetry, and because it can be proved in the same way as the 
corresponding one for the hyperboloid, whereas, if mention of it had been postponed till Prop. 14 about the elliptic sections of 
a spheroid generally, it would still require a proposition for itself, since the axes of the sections dealt with in Prop. 14 make an 
angle with the axis of the spheroid and are not parallel to it. 

At the same time the fact that Archimedes omits the proofs of the theorems about sections of conoids and spheroids parallel 
to the axis as “manifest” is in itself sufficient to raise the presumption that contemporary geometers were familiar with the idea 
of three dimensions and knew how to apply it in practice. This is no matter for surprise, seeing that we find Archytas, in his 
solution of the problem of the two mean proportionals, using the intersection of a certain cone with a curve of double curvature 
traced on a right circular cylinder *. But, when we look for other instances of early investigations in geometry of three 
dimensions, we find practically nothing except a few vague indications as to the contents of a lost treatise of Euclid’s 
consisting of two Books entitled Surface-loci (xOnoi npdq gm</)avsLa) f . This treatise is mentioned by Pappus among other 
works by Aristaeus, Euclid and Apollonius grouped as forming the so-called xOnoq & vaXv6psvo<;%. As the other works in the 
list which were on plane subjects dealt only with straight lines, circles and conic sections, it is a priori likely that the surface- 
loci of Euclid included at least such loci as were cones, cylinders and spheres. Beyond this, all is conjecture based upon two 
lemmas given by Pappus in connexion with the treatise. 

First lemma to the Surface-loci of Euclid*. 

The text of this lemma and the attached figure are not satisfactory as they stand, but they have been explained by Tannery in 
a way which requires a change in the figure, but only the very slightest alteration in the text, as follows f . “If AB be a straight 
line and CD be parallel to a straight line given in position, and if the ratio AD • DB : DC 2 be [given], the point C lies on a 
conic section. If now AB be no longer given in position and A, B be no longer given but lie on straight lines AE, EB given in 
positionj, the point C raised above [the plane containing AE, EB] is on a surface given in position. And this was proved.” 
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According to this interpretation, it is asserted that, if AB moves with one extremity on each of the lines AE, EB which are 
fixed, while DC is in a fixed direction and AD ■ DB : DC 2 is constant, then C lies on a certain surface. So far as the first 
sentence is concerned, AB remains of constant length, but it is not made precisely clear whether, when AB is no longer given in 
position, its length may also vary§. If however AB remains of constant length for all positions which it assumes, the surface 
which is the locus of C would be a complicated one which we cannot suppose that Euclid could have profitably investigated. It 
may, therefore, be that Pappus purposely left the enunciation somewhat vague in order to make it appear to cover several 
surface-loci which, though belonging to the same type, were separately discussed by Euclid as involving in each case 
somewhat different sets of conditions limiting the generality of the theorem. 

It is at least open to conjecture, as Zeuthen has pointed out*, that two cases of the type were considered by Euclid, namely, 
(1) that in which AS remains of constant length while the two fixed straight lines on which A, B respectively move are parallel 



instead of meeting in a point, and (2) that in which the two fixed straight lines meet in a point while AB moves always parallel 
to itself and varies in length accordingly. 

(1) In the first case, where the length of AB is constant and the two fixed lines parallel, we should have a surface 
described by a conic moving bodilyf. This surface would be a cylindrical surface, though it would only have been called a 
“cylinder” by the ancients in the case where the moving conic was an ellipse, since the essence of a “cylinder” was that it 
could be bounded between two parallel circular sections. If then the moving conic was an ellipse, it would not be difficult to 
find the circular sections of the cylinder; this could be done by first taking a section at right angles to the axis, after which it 
could be proved, after the manner of Archimedes, On Conoids and Spheroids, Prop. 9, first that the section is an ellipse or a 
circle, and then, in the former case, that a section made by a plane drawn at a certain inclination to the ellipse and passing 
through, or parallel to, the major axis is a circle. There was nothing to prevent Euclid from investigating the surface similarly 
generated by a moving hyperbola or parabola; but there would be no circular sections, and hence the surfaces might perhaps 
not have been considered as of very great importance. 

(2) In the second case, where AE, BE meet at a point and AB moves always parallel to itself, the surface generated is of 
course a cone. Some particular cases of this sort may easily have been discussed by Euclid, but he could hardly have dealt 
with the general case, where DC has any direction whatever, up to the point of showing that the surface was really a cone in the 
sense in which the Greeks understood the term, or (in other words) of finding the circular sections. To do this it would have 
been necessary to determine the principal planes, or to solve the discriminating cubic, which we cannot suppose Euclid to have 
done. Moreover, if Euclid had found the circular sections in the most general case, Archimedes would simply have referred to 
the fact instead of setting himself to do the same thing in the particular case where the plane of symmetry is given. These 
remarks apply to the case where the conic which is the locus of C is an ellipse ; there is still less ground for supposing that 
Euclid could have proved the existence of circular sections where the conic was a hyperbola, for there is no evidence that 
Euclid even knew that hyperbolas and parabolas could be obtained by cutting an oblique circular cone. 

Second lemma to the Surface-loci. 

In this Pappus states, and gives a complete proof of the proposition, that the locus of a point whose distance from a given 
point is in a given ratio to its distance from a fixed line is a conic section, which is an ellipse, a parabola, or a hyperbola 
according as the given ratio is less than, equal to, or greater than unity*. Two conjectures are possible as to the application 
of this theorem by Euclid in the treatise referred to. 

(1) Consider a plane and a straight line meeting it at any angle. Imagine any plane drawn at right angles to the straight line 
and meeting the first plane in another straight line which we will call X. If then the given straight line meets the plane at right 
angles to it in the point S, a conic can be described in that plane with S for focus and X for directrix; and, as the perpendicular 
on A from any point on the conic is in a constant ratio to the perpendicular from the same point on the original plane, all points 
on the conic have the property that their distances from S are in a given ratio to their distances from the given plane 
respectively. Similarly, by taking planes cutting the given straight line at right angles in any number of other points besides S, 
we see that the locus of a point whose distance from a given straight line is in a given ratio to its distance from a given 
plane is a cone whose vertex is the point in which the given line meets the given plane, while the plane of symmetry passes 
through the given line and is at right angles to the given plane. If the given ratio was such that the guiding conic was an 
ellipse, the circular sections of the surface could, in that case at least, be found by the same method as that used by Archimedes 
(l On Conoids and Spheroids, Prop. 8) in the rather more general case where the perpendicular from the vertex of the cone on 
the plane of the given elliptic section does not necessarily pass through the focus. 

(2) Another natural conjecture would be to suppose that, by means of the proposition given by Pappus, Euclid found the 
locus of a point whose distance from a given point is in a given ratio to its distance from a fixed plane. This would have 
given surfaces identical with the conoids and spheroids discussed by Archimedes excluding the spheroid generated by the 
revolution of an ellipse about the minor axis. We are thus brought to the same point as Chasles who conjectured that the 
Surface-loci of Euclid dealt with surfaces of revolution of the second degree and sections of the same*. Recent writers have 
generally regarded this theory as improbable. Thus Heiberg says that the conoids and spheroids were without any doubt 
discovered by Archimedes himself; otherwise he would not have held it necessary to give exact definitions of them in his 
introductory letter to Dositheus; hence they could not have been the subject of Euclid’s treatise f . I confess I think that the 
argument of Heiberg, so far from being conclusive against the probability of Chasles’ conjecture, is not of any great weight. To 
suppose that Euclid found, by means of the theorem enunciated and proved by Pappus, the locus of a point whose distance from 
a given point is in a given ratio to its distance from a fixed plane does not oblige us to assume either that he gave a name to the 
loci or that he investigated them further than to show that sections through the perpendicular from the given point on the given 
plane were conics, while sections at right angles to the same perpendicular were circles; and of course these facts would 
readily suggest themselves. Seeing however that the object of Archimedes was to find the volumes of segments of each surface, 
it is not surprising that he should have preferred to give a definition of them which would indicate their form more directly than 
a description of them as loci would have done; and we have a parallel case in the distinction drawn between conics as such 


and conics regarded as loci, which is illustrated by the different titles of Euclid’s Conics and the Solid Loci of Aristaeus, and 
also by the fact that Apollonius, though he speaks in his preface of some of the theorems in his Conics as useful for the 
synthesis of ‘solid loci’ and goes on to mention the ‘locus with respect to three or four lines,’ yet enunciates no proposition 
stating that the locus of such and such a point is a conic. There was a further special reason for defining the conoids and 
spheroids as surfaces described by the revolution of a conic about its axis, namely that this definition enabled Archimedes to 
include the spheroid which he calls ‘flat’ {g\nnXar() o(/>aiposid^q), i.e. the spheroid described by the revolution of an ellipse 
about its minor axis, which is not one of the loci which the hypothesis assumes Euclid to have discovered. Archimedes’ new 
definition had the incidental effect of making the nature of the sections through and perpendicular to the axis of revolution even 
more obvious than it would be from Euclid’s supposed way of treating the surfaces; and this would account for Archimedes’ 
omission to state that the two classes of sections had been known before, for there would have been no point in attributing to 
Euclid the proof of propositions which, with the new definition of the surfaces, became self-evident. The further definitions 
given by Archimedes may be explained on the same principle. Thus the axis, as defined by him, has special reference to his 
definition of the surfaces, since it means the axis of revolution, whereas the axis of a conic is for Archimedes a diameter. The 
enveloping cone of the hyperboloid, which is generated by the revolution of the asymptotes about the axis, and the centre 
regarded as the point of intersection of the asymptotes were useful to Archimedes’ discussion of the surfaces, but need not have 
been brought into Euclid’s description of the surfaces as loci. Similarly with the axis and vertex of a segment of each surface. 
And, generally, it seems to me that all the definitions given by Archimedes can be explained in like manner without prejudice 
to the supposed discovery of three of the surfaces by Euclid. 

1 think, then, that we may still regard it as possible that Euclid’s Surface-loci was concerned, not only with cones, 
cylinders and (probably) spheres, but also (to a limited extent) with three other surfaces of revolution of the second degree, 
viz. the paraboloid, the hyperboloid and the prolate spheroid. Unfortunately however we are confined to the statement of 
possibilities; and certainty can hardly be attained unless as the result of the discovery of fresh documents. 


§ 5. Two mean proportionals in continued proportion. 

Archimedes assumes the construction of two mean proportionals in two propositions {On the Sphere and Cylinder 11. 1, 
5). Perhaps he was content to use the constructions given by Archytas, Menaechmus*, and Eudoxus. It is worth noting, 
however, that Archimedes does not introduce the two geometric means where they are merely convenient but not necessary; 

/j8\* 

thus, when {On the Sphere and Cylinder I. 34) he has to substitute for a ratio y-j , where p > y, a ratio between lines, and it 

/B\* 

is sufficient for his purpose that the required ratio cannot be greater than but may be less, he takes two arithmetic means 
between p, y, as 5, e, and then assumes f as a known result that 


J* £ 

S a y ' 


* Apollonius of Perga , pp. ci sqq. 

9 

* The object of Archimedes was no doubt to make the Lemma in Prop. 2 (dealing with the summation of a series of terms of the form a .rx+(rx) , where r 
successively takes the values 1, 2, 3,...) serve for the hyperboloid of revolution and the spheroid as well. 

* On the sphere and Cylinder , 1.6 

f ibid. Preface 

* Lemmas placced between Props. 16 and 17 of Book i. On the Sphere and Cylinder. 

* I think Archimedes is more likely to have used this proof than one on the lines suggested by Zeuthen (p. 421). The latter uses the equation of the hyperbola simply 
and proceeds thus. If y have the same meaning as above, and if the coordinates of P referred to CA , CC as axes be z, x, while those of O referred to the same axes are z, 
x we have, for the point P, 

x^ = k( z^ - a\ 


where k is constant. 

Also, since the angle A'CA is given, x' = az , where a is constant. 

Thus y^ = x^ - x'^ = (k - a^)z^ - k a^. 

CO 

Now z is proportional to CO, being in fact equal to —=r., and the equation becomes 

Vl-brt 2 




l+« s ' 


CO 2 - 


which is clearly a hyperbola, since a 


2 


< K. 







Now, though the Greeks could have worked out the proof in a geometrical form equivalent to the above, I think that it is alien from the manner in which Archimedes 
regarded the equations to central conics. These he always expressed in the form of a proportion 

y 2 y'% r b 2 

= |_=^ in the c » se th& 

and never in the form of an equation between areas like that used by Apollonius, viz. 

y*=pxds 

a 

Moreover the occurrence of the two different constants and the necessity of expressing them geometrically as ratios between areas and lines respectively would have 

2 2 2 

made the proof very long and complicated; and, as a matter of fact, Archimedes never does express the ratio y/(x - a ) in the case of the hyperbola in the form of a 

2 2 

ratio between constant areas like b la . Lastly, when the equation of the given section through CA'O was found in the form (1), assuming that the Greeks had actually 
found the geometrical equivalent, it would still have been held necessary, I think, to verify that 

before it was finally pronounced that the hyperbola represented by the equation and the section made by the plane were one and the same thing. 

* Cf. Eutocius on Archimedes (Vol. III. pp. 98-102), or Apollonius of Perga , pp. xxii.-xxiii. 

t By this term we conclude that the Greeks meant “loci which are surfaces” as distinct from loci which are lines. Cf. Proclus’ definition of a locus as “a position of a 
line or a surf ace involving one and the same property” ( ypajujuijg ij ^m^svsvsCag noioyoa £v xai raUrov oVpnrcopa), p. 394. Pappus (pp. 660-2) gives, quoting 

from the Plane Loci of Apollonius, a classification of loci according to their order in relation to that of which they are the loci. Thus, he says, loci are (1) £/>ekzikoC , i.e. 
fixed , e.g. in this sense the locus of a point is a point, of a line a line, and so on; (2) Sis&SikoL or moving along , a line being in this sense the locus of a point, a surface of 
a line, and a solid of a surface; (3) QLvacrzpo^iKoC, turning backwards , i.e., presumably, moving backwards and forwards, a surface being in this sense the locus of a point, 
and a solid of a line. Thus a surface-locus might apparently be either the locus of a point or the locus of a line moving in space. 

{ Pappus, pp. 634, 636. 

* Pappus, p. 1004. 

t Bulletin des sciences math., 2 e Serie, VI. 149. 

{ The words of the Greek text are y^vrjzai npdq 6£osi sOOslq za AE, EB, and the above translation only requires suOsiaiq instead of sOOs^a. The figure in the 
text is so drawn that ADB, AEB are represented as two parallel lines, and CD is represented as perpendicular to ADB and meeting AEB in E. 

§ The words are simply “if AB be deprived of its position (ozsprjOrj zqq O^ascoq) and the points A, B be deprived of their [character of] being given” {ozsprjpq zoy 
SoO^vzoq sLvai). 

* Zeuthen, Die Lehre von den Kegelschnitten, pp. 425 sqq. 

f This would give a surface generated by a moving line, Sis&diKoq ypapprjq as Pappus it. 

* See Pappus, pp. 1006-1014, and Hultsch’s Appendix, pp. 1270-1273; or cf. Apollonius of Perga , pp. xxxvi-xxxviii. 

* Apergu historique , pp. 273, 4. 

f Litterargeschichtliche Studien iiber Euklid , p. 79. 

* The constructions of Archytas and Menaechmus are given by Eutocius [Archimedes, Vol. III. pp. 92—102]; or see Apollonius of Perga, pp. xix—xxiii. 
t The proposition is proved by Eutocius; see the note to On the Sphere and Cylinder I. 34(p.42). 





CHAPTER IV 


ARITHMETIC IN ARCHIMEDES. 

Two of the treatises, the Measurement of a circle and the Sand-reckoner, are mostly arithmetical in content. Of the Sand- 
reckoner nothing need be said here, because the system for expressing numbers of any magnitude which it unfolds and applies 
cannot be better described than in the book itself; in the Measurement of a circle, however, which involves a great deal of 
manipulation of numbers of considerable size though expressible by means of the ordinary Greek notation for numerals, 
Archimedes merely gives the results of the various arithmetical operations, multiplication, extraction of the square root, etc., 
without setting out any of the operations themselves. Various interesting questions are accordingly involved, and, for the 
convenience of the reader, I shall first give a short account of the Greek system of numerals and of the methods by which other 
Greek mathematicians usually performed the various operations included under the general term XoyioziKt) (the art of 
calculating ), in order to lead up to an explanation (1) of the way in which Archimedes worked out approximations to the 
square roots of large numbers, (2) of his method of arriving at the two approximate values ofVjj which he simply sets down 
without any hint as to how they were obtained*. 

§1. Greek numeral system. 

ft is well known that the Greeks expressed all numbers from 1 to 999 by means of the letters of the alphabet reinforced by 
the addition of three other signs, according to the following scheme, in which however the accent on each letter might be 
replaced by a short horizontal stroke above it, as a. 

a', P', f, 5', e', q', r|', 0' are 1, 2, 3, 4, 5, 6, 7, 8, 9 respectively. 

i', k', V, p', v', £', o', tT, q' .. 10,20,30,.90 

p', a', t', o', 0', %', \|/', cd', v' ” 100, 200, 300,... 900 

Intermediate numbers were expressed by simple juxtaposition (representing in this case addition), the largest number being 
placed on the left, the next largest following it, and so on in order. Thus the number 153 would be expressed by poy' or poy. 
There was no sign for zero, and therefore 780 was \\in', and 306 xq' simply. 

Thousands (jiXidSsg ) were taken as units of a higher order, and 1.0, 2,000, ... up to 9,000 (spoken of as ylkioi, Sioxlkioi, 
k.t.L) were represented by the same letters as the first nine natural numbers but with a small dash in front and below the line; 
thus e.g. S' was 4.0, and, on the same principle of juxtaposition as before, 1,823 was expressed by ,acoicy' or ,acoKy, 1,007 by 
aC,', and so on. 

Above 9,999 came a myriad (juvpdg), and 10,000 and higher numbers were expressed by using the ordinary numerals with 
the substantive pvppdSeg taken as a new denomination (though the words pUpioi, Si-opUpioi, zpiapUpioi, k.z.X. are also 
found, following the analogy ofyiXioi, Siayfoi and so on). Various abbreviations were used for the word pvpidg, the most 
common being M or Mu; and, where this was used, the number of myriads, or the multiple of 10.000, was generally written 
over the abbreviation, though sometimes before it and even after it. Thus 349,450 was ^ $ w '* 

Fractions (Xenzd) were written in a variety of ways. The most usual was to express the denominator by the ordinary 
numeral with two accents affixed. When the numerator was unity, and it was therefore simply a question of a symbol for a 
single word such as zptzov, there was no need to express the numerator, and the symbol was y"; similarly q" = f = ^t_, 
and so on. When the numerator was not unity and a certain number of fourths, fifths, etc., had to be expressed, the ordinary 
numeral was used for the numerator; thus 0' M " — f oa" = In Heron’s Geometry the denominator was written twice in the 

latter class of fractions; thus | (SUo n^pnza) was f s" e", |-|^(ke7iia zemKoozzOzpiza icy' or e iKoaizpia zpiaKoazOzpiza ) was Ky' 
ky" ky”. The sign for ,Jpiov, is in Archimedes, Diophantus and Eutocius L”, in Heron C or a sign similar to a capital S*. 

A favourite way of expressing fractions with numerators greater than unity was to separate them into component fractions 
with numerator unity, when juxtaposition as usual meant addition. Thus was writtenjj'g" = ^ + i . is. was 

C S'Y'ir" = \ + \ + i + Eutocius writes j,"£S" or 4 + / T for an< ^ so on - Sometimes the same fraction was separated into 
several different sums; thus in Heron (p. 119, ed. Hultsch) is variously expressed as 

(a) Ir + 4 + 

W i + ¥ + A + + TTS' 

and (c) $ + £ +A+tA + w- 

Sexagesimal fractions. This system has to be mentioned because the only instances of the working out of some arithmetical 



operations which have been handed down to us are calculations expressed in terms of such fractions; and moreover they are of 
special interest as having much in common with the modern system of decimal fractions, with the difference of course that the 
submultiple is 60 instead of 10. The scheme of sexagesimal fractions was used by the Greeks in astronomical calculations and 
appears fully developed in the oUvzaciq of Ptolemy. The circumference of a circle, and along with it the four right angles 
subtended by it at the centre, are divided into 360 parts ( zpfjpaza or poipai) or as we should say degrees, each poipa into 60 
parts called (first) sixtieths, (np^ra) ^r|Koaxa, or minutes (lenzdt), each of these again into deUzepa ^pKoaxa (seconds), and 
so on. A similar division of the radius of the circle into 60 parts (zpljpaza) was also made, and these were each subdivided 
into sixtieths, and so on. Thus a convenient fractional system was available for general arithmetical calculations, expressed in 
units of any magnitude or character, so many of the fractions which we should represent by so many of those which we 

should write ^ 2 , ^ 2 , and so on any extent, ft is therefore not surprising that Ptolemy should say in one place “In general we 
shall use the method of numbers according to the sexagesimal manner because of the inconvenience of the [ordinary] fractions.” 
For it is clear that the successive submultiples by 60 formed a sort of frame with fixed compartments into which any fractions 
whatever could be located, and it is easy to see that e.g. in additions and subtractions the sexagesimal fractions were almost as 
easy to work with as decimals are now, 60 units of one denomination being equal to one unit of the next higher denomination, 
and “carrying” and “borrowing” being no less simple than it is when the number of units of one denomination necessary to 
make one of the next higher is 10 instead of 60. In expressing the units of the circumference, degrees, ppipai or the symbol p. 
was generally used along with the ordinary numeral which had a stroke above it; minutes, seconds, etc. were expressed by 
one, two, etc. accents affixed to the numerals. Thus p. P = 2°, poipai pfy p" = 47° 42' 40". Also where there was no unit in 
any particular denomination O was used, signifying oUdepia poipa, oUS^v ^pKoaxov and the like; thus O a' P" O'" = 0° V 2" 
O'". Similarly, for the units representing the divisions of the radius the word zpfjpafjpaza or some equivalent was used, and the 
fractions were represented as before; thus zprjpOtzcov If S' ve" = 67 (units) 4' 55". 

§ 2. Addition and Subtraction. 

There is no doubt that, in writing down numbers for these purposes, the several powers of 10 were kept separate in a 
manner corresponding practically to our system of numerals, and the hundreds, thousands, etc., were written in separate 
vertical rows. The following would therefore be a typical form of a sum in addition; 


av K S' = 

> 

1424 

9 y 

103 

M J5vir a! 

12281 

r 

M A' 

30030 

d 


M^ycaX if 

43838 


and the mental part of the work would be the same for the Greek as for us. 
Similarly a subtraction would be represented as follows: 

e 

M^Ar'-93636 

Myv & 23409 

f 

M <r K £ 70227 


§ 3. Multiplication. 

A number of instances are given in Eutocius’ commentary on the Measurement of a circle, and the similarity to our 
procedure is just as marked as in the above cases of addition and subtraction. The multiplicand is written first, and below it the 
multiplier preceded by fii (= “into”). Then the highest power of 10 in the multiplier is taken and multiplied into the terms 
containing the separate multiples of the successive powers of 10, beginning with the highest and descending to the lowest; after 
which the next highest power of 10 in the multiplier is multiplied into the various denominations in the multiplicand in the same 
order. The same procedure is followed where either or both of the numbers to be multiplied contain fractions. Two instances 
from Eutocius are appended from which the whole probedure will be understood. 



( 1 ) 


780 
X 780 


tfnr* 
€7rl ipir 1 


( 2 ) 


MMr' 490000 56000 

M,r,sV 56000 6400 

f 

bfiov M Tjv sum 608400 

jiV L7' 30134 i [— 3013f] 


i S J 1 ifW# 

£7Tt jyty U* 0 

x 3013£ \ 






9,000,000 

30,000 

9,000 1500 

750 

MpJu'/T L" 

30,000 

100 

30 

5 


,0X0V L" UT 

9,000 

30 

9 

u i+* 

tiff i t/nr/tf 

a<p £ a U, o tj 

1,500 

5 

n 

i 

l 

$ 

Vv j8' L" L"S'W" 

750 

2* 

i + i 

i 

1 

TF 


[*po9] MfixirPis-" [9,041,250 + 30,137£ + 9,041 £ + 1506 +£+$+£ 

+ 7 53 + i + | + T V] 


= 9,082,6 89 T y 

One instance of a similar multiplication of numbers involving fractions may be given from Heron (pp. 80, 81). It is only 
one of many, and, for brevity, the Greek notation will be omitted. Heron has to find the product of 4|-| and 7||., and proceeds 
as follows: 


4.7 = 28, 


A 0 2 — 24 B 

4 • ft - 

33 ? __ 231 

n ■' ~ to 


33 0 2 _ 2 0 4 0 

ITT • TFT-FT~ 


1 — 31 i02 

FT - FT + FT ■ 


1 

FT- 


The result is accordingly 

go ,0104.02 1 -Mj.7j. 42 i 42 l 

+ Tr + FT ' FT — + I + FT + FT' FT 

- 35 + * 2 J. 8 2 1 

— + FT ■ FT * FT' 

The multiplication of 37° 4' 55" (in the sexagesimal system) by itself is performed by Theon of Alexandria in his 
commentary on Ptolemy’s cUvxa^ic; in an exactly similar manner. 


§ 4. Division. 

The operation of dividing by a number of one digit only was easy for the Greeks as for us, and what we call “long 
division” was with them performed, mutatis mutandis, in the same way as now with the help of multiplication and subtraction. 
Suppose, for instance, that the operation in the first case of multiplication given above had to be reversed and that ^ , 

(608,400) had to be divided by y/n' (780). The terms involving the different powers of 10 would be mentally kept separate as 
in addition and subtraction, and the first question would be, how many times will 7 hundreds go into 60 myriads, due 
allowance being made for the fact that the 7 hundreds have 80 behind them and that 780 is not far short of 8 hundreds? The 
answer is 7 hundreds or \|/', and this multiplied by the divisor y/n' (780) would give ^ (546,000) which, subtracted from 

v > (608,400), leaves the remainder ^ (62,400). This remainder has then to be divided by 780 or a number approaching 

8 hundreds, and 8 tens or n' would have to be tried. In the particular case the result would then be complete, the quotient being 
y/n' (780), and there being no remainder, since tt' (80) multiplied by y/n' (780) gives the exact figure (62,400). 

An actual case of long division where the dividend and divisor contain sexagesimal fractions is described by Theon. The 
problem is to divide 1515 20' 15" by 25 12' 10", andTheon’s account ofthe process comes to this. 



Divisor 

25 12' 10" 


Dividend 

1515 20' 

25.60— 1500 


15" 


Quotient 
I First term 60 


Remainder 15 = 

900' 


Sum 

920' 


12'. 60 = 

720' 


Remainder 

200' 


10". 60 = 

10' 


Remainder 

190' 

Second term V 

25.7' = 

175' 

15'= 900'' 


Sum 

915" 


12'. V 

84" 


Remainder 

831" 


10". 7' 

1" 10'" 


Remainder 

829" 50"' 

Third term 33" 

25,33" 

825" 


Remainder 

4" 50"' = 290"' 

12'. 33" 

396'" 


(too great by) 106'" 

Thus the quotient is something less than 60 7' 33". It will be observed that the difference between this operation of Theon’s and 

that followed in dividing ^ (608,400) by y/n' (780) as above is that Theon makes three subtractions for one term of the 

quotient, whereas the remainder was arrived at in the other 

case after one subtraction. The result is that, though Theon’s 

method is quite clear, it is longer, and moreover makes it less easy to foresee what will be the proper figure to try in the 


quotient, so that more time would be apt to be lost in making unsuccessful trials. 


§ 5. Extraction of the square root. 

We are now in a position to see how the operation of extracting the square root would be likely to be attacked. First, as in 
the case of division, the given whole number whose square root is required would be separated, so to speak, into 
compartments each containing such and such a number of units and of the separate powers of 10. Thus there would be so many 
units, so many tens, so many hundreds, etc., and it would have to be borne in mind that the squares of numbers from 1 to 9 
would lie between 1 and 99, the squares of numbers from 10 to 90 between 100 and 9900, and so on. Then the first term of the 
square root would be some number of tens or hundreds or thousands, and so on, and would have to be found in much the same 
way as the first term of a quotient in a “long division,” by trial if necessary. If A is the number whose square root is required, 
while a represents the first term or denomination of the square root and x the next term or denomination still to be found, it 
would be necessary to use the identity (a + x) 2 = a 2 + lax + x 2 and to find x so that lax + x 2 might be somewhat less than the 
remainder A - a 2 . Thus by trial the highest possible value ofx satisfying the condition would be easily found. If that value were 
b, the further quantity lab + b 2 would have to be subtracted from the first remainder A - a 2 , and from the second remainder thus 
left a third term or denomination of the square root would have to be derived, and so on. That this was the actual procedure 
adopted is clear from a simple case given by Theon in his commentary on the aUviaaq. Here the square root of 144 is in 
question, and it is obtained by means of Eucl. n. 4. The highest possible denomination (i.e. power of 10) in the square root is 
10 ; 10 2 subtracted from 144 leaves 44, and this must contain not only twice the product of 10 and the next term of the square 
root but also the square of that next term itself. Now, since 2.10 itself produces 20, the division of 44 by 20 suggests 2 as the 
next term of the square root; and this turns out to be the exact figure required, since 

2.20 + 22 = 44. 

The same procedure is illustrated by Theon’s explanation of Ptolemy’s method of extracting square roots according to the 
sexagesimal system of fractions. The problem is to find approximately the square root of 4500 poipai or degrees, and a 
geometrical figure is used which makes clear the essentially Euclidean basis of the whole method. Nesselmann gives a 
complete reproduction of the passage of Theon, but the following purely arithmetical representation of its purport will 
probably be found clearer, when looked at side by side with the figure. 

Ptolemy has first found the integral part of to be 67. Now 67 2 = 4489, so that the remainder is 11. Suppose now that 

the rest of the square root is expressed by means of the usual sexagesimal fractions, and that we may therefore put 



•J 4500 = V67 1 + 1T = 67 + ~ + ^, 

where x, y are yet to be found. Thus x must be such that is somewhat less than 11, or sc must be somewhat less than 

60 

11 or which is at the same time greater than 4. On trial, it turns out that 4 will satisfy the conditions of the problem, 
2,67 67 

namely that ^7 + must be less than 4500, so that a remainder will be left by means of which y may be found. 



67° 

4' 

55" 


4499 

2m 1 
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CO 

00 

0 

CO 

4' 

2t>8' 

16" 


1 

5S" 

S688" 40'" 


X 


Now 71 


2 . 67^4 

60 


_ (— V is the remainder, and this is equal to 
\60/ 

11.60*-2.67.4. 60-16 


60 * 


7424 
60 2 ‘ 


Thus we must suppose that 2 (67 + ~ \ approximates to or that 8048y is approximately equal to 7424. 60. 




Therefore y is approximately equal to 55. We have then to subtract 


( 


2/67 + 



55 

60 J 

■ 60* 


f-Y 

\607 ’ 


'55 \ # 442640 3025 

or „—_—- 4. —— 

60® + 60* 


from the remainder [ above found. 

60’ 

The subtraction of 442640 fi- om 7424 m Ves 2800 or 46 40 . ^ ut xh eon c i oes no t g 0 further and subtract the remaining 

60* 60* 60* 60® 60* 

instead of which he merely remarks that the square of —— approximates to , 40 As a matter of fact, if we deduct 
60* ^ 60 s 60 a 60 s 
the 3025 from ^ 00 ^ so as to obtain the correct remainder, it is found to be 104975 
60* 60 3 60* 

To show the power of this method of extracting square roots by means of sexagesimal fractions, it is only necessary to 
mention that Ptolemy gives + 2^ + as an approximation to ^ 3 , which approximation is equivalent to 1-7320509 in 

the ordinary decimal notation and is therefore correct to 6 places. 

But it is now time to pass to the question how Archimedes obtained the two approximations to the value of ^3 which he 
assumes in the Measurement of a circle. In dealing with this subject I shall follow the historical method of explanation 

adopted by Hultsch, in preference to any of the mostly a priori theories which the ingenuity of a multitude of writers has 

devised at different times. 


§ 6. Early investigations of surds or incommensurables. 

From a passage in Proclus’ commentary on Eucl. I.* we learn that it was Pythagoras who discovered the theory of 
irrationals r^v dkOycov npaypazsLa). Further Plato says ( Theaetetus 147 D), “On square roots this Theodoras [of Cyrene] 
wrote a work in which he proved to us, with reference to those of 3 or 5 [square] feet that they are incommensurable in length 
with the side of one square foot, and proceeded similarly to select, one by one, each [of the other incommensurable roots] as 




















far as the root of 17 square feet, beyond which for some reason he did not go.” The reason why is n °t mentioned as an 
incommensurable square root must be, as Cantor says, that it was before known to be such. We may therefore conclude that it 
was the square root of 2 which was geometrically constructed by Pythagoras and proved to be incommensurable with the side 
of a square in which it represented the diagonal. A clue to the method by which Pythagoras investigated the value of is 
found by Cantor and Hultsch in the famous passage of Plato (Rep. VIII. 546 B, C) about the ‘geometrical’ or ‘nuptial’ number. 
Thus, when Plato contrasts the and apprpog Sidperpog Tfjq nepnttdoq, he is referring to the diagonal of a square whose 
side contains five units of length; the apprpog Sidperpog, or the irrational diagonal, is then Jqq itself, and the nearest rational 
number is which is the Sidperpog. We have herein the explanation of the way in which Pythagoras must have 

made the first and most readily comprehensible approximation to he must have taken, instead of 2, an improper fraction 
equal to it but such that the denominator was a square in any case, while the numerator was as near as possible to a complete 

square. Thus Pythagoras chose lL9, and the first approximation to was accordingly 1, it being moreover obvious that ^2 > 1 

25 5 5 

. Again, Pythagoras cannot have been unaware of the truth of the proposition, proved in Eucl. II. 4, that ( a + b) 2 = a 2 + lab + 

b 2 , where a , b are any two straight lines, for this proposition depends solely upon propositions in Book I. which precede the 
Pythagorean proposition I. 47 and which, as the basis of I. 47, must necessarily have been in substance known to its author. A 
slightly different geometrical proof would give the formula (a - b) 2 = a 2 - lab + b 2 , which must have been equally well known 
to Pythagoras. It could not therefore have escaped the discoverer of the first approximation ^/jjoTTi for that the use of the 

formula with the positive sign would give a much nearer approximation, viz. + _L, which is only greater than to the 

1 2 ^ 

extent of . Thus we may properly assign to Pythagoras the discovery of the fact represented by 

7^-> ^50>7. 

14 

__ 1 _ 

The consequential result that J '2 > _ J 50 — 1 is used by Aristarchus of Samos in the 7th proposition of his work On the 

o 

size and distances of the sun and moon*. 

With reference to the investigations of the values of ^ 3 , ^ 5 , Jq, . Jyj by Theodoras, it is pretty certain that ^3 was 

geometrically represented by him, in the same way as it appears afterwards in Archimedes, as the perpendicular from an 
angular point of an equilateral triangle on the opposite side. It would thus be readily comparable with the side of the “1 square 
foot” mentioned by Plato. The fact also that it is the side of three square feet (xpLnovg Suvapig ) which was proved to be 
incommensurable suggests that there was some special reason in Theodoras’ proof for specifying/eet, instead of units of length 
simply; and the explanation is probably that Theodoras subdivided the sides of his triangles in the same way as the Greek foot 
was divided into halves, fourths, eighths and sixteenths. Presumably therefore, exactly as Pythagoras had approximated to ^2 

by putting 7? for 2, Theodoras started from the identity 3 -1?. It would then be clear that 
35 16 


a/3 


7 


48 + 1 
16 ’ 


i.e. 


4' 


To investigate further, Theodoras would put it in the form j, as Pythagoras put into the form + j, 

the result would be 


and 


V«(=v'49-l)<7-^. 

We know of no further investigations into incommensurable square roots until we come to Archimedes. 

§ 7. Archimedes’ approximations to ^ 3 . 

Seeing that Aristarchus of Samos was still content to use the first and very rough approximation to discovered by 
Pythagoras, it is all the more astounding that Aristarchus’ younger contemporary Archimedes should all at once, without a 
word of explanation, give out that 


1351 p- 265 
780 >V 153’ 


as he does in the Measurement of a circle. 

In order to lead up to the explanation of the probable steps by which Archimedes obtained these approximations, Hultsch 









adopts the same method of analysis as was used by the Greek geometers in solving problems, the method, that is, of supposing 

the problem solved and following out the necessary consequences. To compare the two fractions and 1^.1, we first divide 

153 780 

both denominators into their smallest factors, and we obtain 

780 =2.2.3.5.13, 

153 = 3.3.17. 

We observe also that 2.2.13 = 52, while 3.17 = 51, and we may therefore show the relations between the numbers thus, 

780 = 3.5.52, 

153 = 3.51, 

For convenience of comparison we multiply the numerator and denominator of by 5 ; the two original fractions are then 

153 

1351 , 1325 

15752 awl 15.51 * 

so that we can put Archimedes’ assumption in the form 

1351 __ r = 1325 

--a- > 15v3 > 


and this is seen to be equivalent to 


26 -i=> 15-s/3 > 26 —- r V 

o2 51 


20 _ _! _ / jg* — l + (.— V , and the latter expression is an approximation to J'26 1 -1 .• 

52 V \52/ 


We have then 




As 20 _ 1 was compared with 15^, and we want an approximation to itself, we divide by 15 and so obtain 

52 

BU ' W = a / 6 ^ 1 - a/Ss = ^ md “ follows 

t ^(26-i)># 


The lower limit for was given by 




and a glance at this suggests that it may have been arrived at by simply substituting (52 - 1) for 52. 

Now as a matter of fact the following proposition is true. If a 2 ± b is a whole number which is not a square, while a 2 is the 
nearest square number (above or below the first number, as the case may be), then 

b ) -=—~ b 

2a 2a ± l 

Hultsch proves this pair of inequalities in a series of propositions formulated after the Greek manner, and there can be little 
doubt that Archimedes had discovered and proved the same results in substance, if not in the same form The following 
circumstances confirm the probability of this assumption. 

(1) Certain approximations given by Heron show that he knew and frequently used the formula 


•Ja* + b c\> a + , 


(where the sign ~ denotes “is approximately equal to”). 



Thus he gives 


n/50co7 +~, 
14 


V63 8 - , 

V75 co 8 + J-! . 

16 

(2) The formula ^Ja^+b ooa + - , is used by the Arabian AlkarkhT (11th century) who drew from Greek sources 

2a + 1 

(Cantor, p. 719 sq.). 

It can therefore hardly be accidental that the formula 

b 


a + — > *Ja* + b > a + ^——— 

2a “ “ 2a ± 1 

gives us what we want in order to obtain the two Archimedean approximations to ^ 3 , and that in direct connexion with one 
another*. 

We are now in a position to work out the synthesis as follows. From the geometrical representation of ^3 as the 
perpendicular from an angle of an equilateral triangle on the opposite side we obtain — 1 and, as a first approximation, 

1 


2 —V3. 
4 


Using our formula we can transform this at once into 


V3>2-~ h , or 2-1. 

4 — 1 3 


Archimedes would then square ^2 - 0, or |, and would obtain Zjf, which he would compare with 3, or zl , i.e. he would 
put ^3 = - - an d would obtain 

*(5 + l)W3, U g >.Jt 

To obtain a still nearer approximation, he would proceed in the same manner and compare or with 3, or 

whence it 

would appear that /5 _ /P®*r ^ 

V 225 “’ 

and therefore that --1^26_—^ > Js 

15 V 52/ ^ 1 


225 


225 


that is, 


1351 

'780 


Vs. 


The application of the formula would then give the result 

" rs( 26 -52^i) ’ 

that is, 


/* 1326 — 1 

* > 15.51 ’ 0r 
The complete result would therefore be 


265 
153 ‘ 


1351 ft 265 
780 * Vd> 153’ 


Thus Archimedes probably passed from the first approximation 1 to ®, from 5 to ZZ, and from directly to 1^.1, the 

4 3 : 3 : 15 15 780 

closest approximation of all, from which again he derived the less close approximation The reason why he did not 

153 

proceed to a still nearer approximation than _L___ is probably that the squaring of this fraction would have brought in numbers 

780 

much too large to be conveniently used in the rest of his calculations. A similar reason will account for his having started from 












5 instead of I; if he had used the latter, he would first have obtained, bv the same method, /o_ ~ l, and thence 

3 4 __ 

7 ~ TT > ^ 3 , or ^7 > the squaring of ^ would have given /g _ 1 . and the corresponding approximation would 

4 56 56 56 

have given *^817 , where again the numbers are inconveniently large for his purpose. 

56,194 

§ 8. Approximations to the square roots of large numbers. 

Archimedes gives in the Measurement of a circle the following approximate values: 


(1) 

3013£> »/9082321, 

(2) 

183S^> V3380929, 

(3) 

1009i > ^1018405, 

(4) 

2017^ > \/4069284^, 

(5) 

591| < \/349450, 

(6) 

1172^< Vl373943|f, 

(7) 

2339|<^5472132 i V 


There is no doubt that in obtaining the integral portion of the square root of these numbers Archimedes used the method 
based on the Euclidean theorem ( a + b ) 2 = a 2 + 2ab + b 2 which has already been exemplified in the instance given above from 
Theon, where an approximation to ^ 4500 ' s found in sexagesimal fractions. The method does not substantially differ from that 
now followed; but whereas, to take the first case, <^9082321’ we can once see w hat will be the number of digits in the 
square root by marking off pairs of digits in the given number, beginning from the end, the absence of a sign for 0 in Greek 
made the number of digits in the square root less easy to ascertain because, as written in Greek, the number p TKa ‘ on 'y 

contains six signs representing digits instead of seven. Even in the Greek notation however it would not be difficult to see that, 
of the denominations, units, tens, hundreds, etc. in the square root, the units would correspond to tea ' in the original number, the 
tens to ,Pt, the hundreds to and the thousands to Thus it would be clear that the square root of 9082321 must be of the 

form 

1 OOOx + 100y + 10 z + w, 

wherex, v, z, w can only have one or other of the values 0, 1, 2,... 9. Supposing then thatx is found, the remainder N - 
(lOOOx) 2 , where N is the given number, must next contain 2.1 OOOx. lOOy and (100v) 2 , then 2 (lOOOx + I OOv). lOz and (10) 2 , 
after which the remainder must contain two more numbers similarly formed. 


In the particular case (1) clearlyx = 3. The subtraction of (3000) 2 leaves 82321, which must contain 2. 3000. 100y. But, 
even if y is as small as 1, this product would be 600,000, which is greater than 82321. Hence there is no digit representing 
hundreds in the square root. To find z, we know that 82321 must contain 

2. 3000.lOz + (10z) 2 , 


and z has to be obtained by dividing 82321 by 60,000. Therefore z = 1. Again, to find w, we know that the remainder 

(82321 -2.3000.10- 10 2 ), 


or 22221, must contain 2.3010w + w 2 , and dividing 22221 by 2.3010 we see that w = 3. Thus 3013 is the integral portion of 
the square root, and the remainder is 22221 -(2.3010. 3 + 3 2 ), or 4152. 


The conditions of the proposition now require that the approximate value to be taken for the square root must not be less 
than the real value, and therefore the fractional part to be added to 3013 must be if anything too great. Now it is easy to see that 

the fraction to be added is greater than 1 because 2.3013.^ + is less than the remainder 4152. Suppose then that the 

number required (which is nearer to 3014 than to 3013) is 3014 - and - has to be if anything too small. 

7 ? 

Now (3014)* - (3013)* + 2.3013 + 1 = (3013)* + 6027 
= 9082321 - 4152 + 6027, 

9082321 =(3014) 2 - 1875. 


whence 



^_ l. 

By applying Archimedes’ formula J a * + ft < a + -U we obtain 


3014 - > -s/9082331. 

2 .oU14 

The required value - has therefore to be not greater than . It remains to be explained why Archimedes put for - the 
q 6028 q 

value I which is equal to In the first place, he evidently preferred fractions with unity for numerator and some power of 

4 6028 

2 for denominator because they contributed to ease in working, e.g. when two such fractions, being equal to each other, had to 

be added. (The exceptions, the fractions JL and 1, are to be explained by exceptional circumstances presently to be 

11 6 

mentioned.) Further, in the particular case, it must be remembered that in the subsequent work 2911 had to be added to 3014 - 
P 

- and the sum divided by 780, or 2. 2. 3. 5.13. It would obviously lead to simplification if a factor could be divided out, e.g. 
? 


the best for the purpose, 13. Now, dividing 2911 + 3014, or 5925, by 13, we obtain the quotient 455, and a remainder 10, so 

P P P 

that 10 - - remains to be divided by 13. Therefore - has to be so chosen that 10 q —p is divisible by 13, while - approximates 

q q q 


to, but is not greater than. 


1875 
6028 ‘ 


The solution p = 1, q = 4 would therefore be natural and easy. 


(2) V3380929. 

The usual process for extraction of the square root gave as the integral part of it 1838, and as the remainder 2685. As 
before, it was easy to see that the exact root was nearer to 1839 than to 1838, and that 

V3380929 = 1838* + 2685 = 1839* -2.1838- 1 + 2685 


The Archimedean formula then gave 


= 1839*- 992, 


QQiJ _ 

1839- 9“ 1 g 39 > ^3380929. 


It could not have escaped Archimedes that I was a near approximation to or since I = 1339. an( j 1 wou i c j have 

4 3678 7356 4 7356 4 

satisfied the necessary condition that the fraction to be taken must be less than the real value. Thus it is clear that, in taking JL 

11 

as the approximate value of the fraction, Archimedes had in view the simplification of the subsequent work by the elimination 

P P P 

of a factor. If the fraction be denoted by -, the sum of 1839 - - and 1823, or 3662 - -, had to be divided by 240, i.e. by 6.40. 

^ ^ ^ p 

Division of 3662 by 40 gave 22 as remainder, and then p, q had to be so chosen that 22 - - was conveniently divisible by 40, 

? 

P qqo 

while - was less than but approximately equal to . The solution p-2,q = ll was easily seen to satisfy the conditions. 

7 3678 


( 3 ) ^1018405. 

The usual procedure gave 1018405 = 1009 2 + 324 and the ap proximation 

1009 ^ > \/l018405. 

It was here necessary that the fraction to replace should be greater but approximately equal to it, and \ satisfied the 
conditions while the subsequent work did not require any change in it. 

(4) V46'69284*V 

The usual process gave 4069284^ = 2017* + 995^-’ followed that 

2017 ^VOoi;^ 4969284 *' 

and 2017 i was an obvious value to take as an approximation somewhat greater than the left side of the inequality. 



(5) 7349450. 

In the case of this and the two following roots an approximation had to be obtained which was less , instead of greater, than 
the true value. Thus Archimedes had to use the second part of the formula 


* + fa* + b > a + 
2a ^ ~ “ 


2rt + 1' 


In the particular case of 7 , 349450 . the integral part of the root is 591, and the remainder is 169. This gave the result 

169 169 


591 + 


^349450 >591 


2.591' . ..''2.591+ 1’ 

and since 169 = 13 2 , while 2.591 + 1 = 7.13 2 , it resulted without further calculation that 

7349450 > 59If 

Why then did Archimedes take, instead of this approximation, another which was not so close, viz. 591 *.? The answer 
which the subsequent working and the other approximations in the first part of the proof suggest is that he preferred, for 

convenience of calculation, to use for his approximations fractions of the form 7. only. But he could not have failed to see that 

2 * 

to take the nearest fraction of this form, 1 , instead of i might conceivably affect his final result and make it less near the truth 

8 7 

than it need be. As a matter of fact, as Hultsch shows, it does not affect the result to take 591 and to work onwards from that 
figure. Hence we must suppose that Archimedes had satisfied himself, by taking 591 ^ and proceeding on that basis for some 
distance, that he would not be introducing any appreciable error in taking the more convenient though less accurate 
approximation 59 If 

(6) 7l373943g. 

In this case the integral portion of the root is 1172, and the remainder 359 « 1 . Thus, if R denote the root, 


J?»1172 + 


359|| 


9.1172 + 1 
359 




Now 2.1172 + 1 = 2345; the fraction accordingly becomes and _ 

must be approximately equal to, but not greater than, the given fraction. Here again Archimedes would have taken 1172| as the 
approximate value but that, for the same reason as in the last case, 1172^ was more convenient. 

( 7 ) 75472132J*. 

The integral portion ofthe root is here 2339, and the remainder 1211so that, iff? is the exact root, 

1211 » 


H” 


359 \ 


satisfies the necessary conditions, viz. that it 


H >2339 + 


IL 


2.2339+ 1 
> 2339|, a fortiori. 

A few words may be added concerning Archimedes’ ultimate reduction ofthe inequalities 

284£ 


o 667 £ * 

3 + 4673£ >,r>3 + 


20171 


to the simpler result 


„ 1 . 10 
3 7 >7r>3 71 * 


As a matter of fact ^ so the first fraction it was only necessary to make the small change of diminishing the 

denominator by 1 in order to obtain the simple 31 . 



tyflAt 11S7 

As regards the lower limit for n, we see that_7 = ; and Hultsch ingeniously suggests the method of trying the 

s 2017$ 8060 > 5 3 55 3 5 

1 I OT 

effect of increasing the denominator of the latter fraction by 1. This produces _ ( 

8070 

quotient is between 7 and 8, so that 

1 379 1 

7 > 2690 ^ 8' 

Now it is a known proposition (proved in Pappus VII. p. 689) that, if - > -, then 

b d 

Similarly it may be proved that 

a + c c 
bTd > d' 

It follows in the above case that 

379 379+1 1 

2690 ^ 2690T8 > 8 1 

which exactly gives 12 - I 

71 8’ 

and 1$ very much nearer to _5 than 1 is. 

n 2690 8 


; and if we divide 2690 by 379, the 

2690 


a a + c 
b b + d 


Note on alternative hypotheses with regard to the approximations to ^ 3 . 

For a description and examination of all the various theories put forward, up to the year 1882, for the purpose of explaining 
Archimedes’ approximations to ^3 the reader is referred to the exhaustive paper by Dr Siegmund Gunther, entitled Die 
qicadratischen Irrationalitaten der Alten und deren Entwickelungsmethoden (Leipzig, 1882). The same author gives further 
references in his Abriss der Geschichte der Mathematik und der Natur-wissenschaften im Altertum forming an Appendix to 
Vol. v. Pt. 1 of I wan von Muller’s Handbuch der klassischen Altertums-wissenschaft (Munchen, 1894). 

Gunther groups the different hypotheses under three general heads: 

( 1 ) those which amount to a more or less disguised use of the method of continued fractions and under which are included 
the solutions of De Lagny, Mollweide, Hauber, Buzengeiger, Zeuthen, P. Tannery (first solution), Heilermann; 

( 2 ) those which give the approximations in the form of a series of fractions such as a + — + —- + —1 -: under this 

class come the solutions of Kadicke, v. Pessl, Kodet (with reference to the (mlvaslltras), Tannery (second solution); 

(3) those which locate the incommensurable surd between a greater and lesser limit and then proceed to draw the limits 
closer and closer. This class includes the solutions of Oppermann, Alexejeff, Schonborn, Hunrath, though the first two are also 
connected by Gunther with the method of continued fractions. 

Of the methods so distinguished by Gunther only those need be here referred to which can, more or less, claim to rest on a 
historical basis in the sense of representing applications or extensions of principles laid down in the works of Greek 
mathematicians other than Archimedes which have come down to us. Most of these quasi-historical solutions connect 
themselves with the system of side- and diagonal-numbers (nX^vpiKoi and diapgzpvcoi aiOpoi) explained by Theon of Smyrna 
(c. 130 A.D.) in a work which was intended to give so much of the principles of mathematics as was necessary for the study of 
the works of Plato. 

The side- and diagonal-numbers are formed as follows. We start with two units, and ( a ) from the sum of them, ( b ) from the 
sum of twice the first unit and once the second, we form two new numbers; thus 

1. 1 + 1=2, 2.1 + 1=3. 

Of these numbers the first is a side- and the second a diagonal-number respectively, or (as we may say) 

a 2 = 2, d 2 = 3. 

In the same way as these numbers were formed fromaj = 1, d x = 1, successive pairs of numbers are formed froma 2 , d 2 , and so 
on, in accordance with the formula 

a n+\ ‘hi ^n+1 -hi ^rp 



whence we have 


a i =I.2+3=5, 
e*4=l.5+7-12, 


rf 3 = 2. 2+3=7, 
^4=2.5+7 = 17, 


and so on. 

Theon states, with reference to these numbers, the general proposition which we should express by the equation 

d 2 = 2a 2 ± 1 

u n z ' w « 1 • 

The proof (no doubt omitted because it was well-known) is simple. For we have 

d*- 2a n 2 ={2a* _ j + a ) s - 2 (ct m _ 1 + d n _ x ) 2 

= — i® — dn— 

= + - 2a n _;j 2 ), and so on, 

while d 2 - 2a 2 = - 1 ; whence the proposition is established. 

Cantor has pointed out that any one familiar with the truth of this proposition could not have failed to observe that, as the 
numbers were successively formed, the value of d 2 /a 2 would approach more and more nearly to 2 , and consequently the 
successive fractions d n la n would give nearer and nearer approximations to the value of or in other words that 

1 3 7 17 41 
r 2’ 5’ 12 ’ 29”"*'‘ 

are successive approximations to It is to be observed that the third of these approximations, 1, is the Pythagorean 

o 

approximation which appears to be hinted at by Plato, while the above scheme of Theon, amounting to a method of finding all 
the solutions in positive integers of the indeterminate equation 

2 x 2 ~y 2 = ± 1 

and given in a work designedly introductory to the study of Plato, distinctly suggests, as Tannery has pointed out, the 
probability that even in Plato’s lifetime the systematic investigation of the said equation had already begun in the Academy. In 
this connexion Proclus’ commentary on Eucl. I. 47 is interesting. It is there explained that in isosceles right-angled triangles “it 
is not possible to find numbers corresponding to the sides; for there is no square number which is double of a square except in 
the sense of approximately double, e.g. 7 2 is double of 5 2 less 1.” When it is remembered that Theon’s process has for its 
object the finding of any number of squares differing only by unity from double the squares of another series of numbers 
respectively, and that the sides of the two sets of squares are called diagonal- and swfe-numbers respectively, the conclusion 
becomes almost irresistible that Plato had such a system in mind when he spoke of ^r|T^ Si djugrpogiirational diagonal) as 
compared with appproq Si&gszpoq {irrational diagonal) TtepTt&doq (cf. p. lxxviii above). 

One supposition then is that, following a similar line to that by which successive approximations to could be obtained 

from the successive solutions, in rational numbers, of the indeterminate equations 2x 2 -y 2 = ±1, Archimedes set himself the 
task of finding all the solutions, in rational numbers, of the two indeterminate equations bearing a similar relation to vlz - 

x 2 -3y 2 =l, 
x 2 —3y 3 = - 2. 

Zeuthen appears to have been the first to connect, eo nomine , the ancient approximations to ^3 with the solution of these 
equations, which are also made by Tannery the basis of his first method. But, in substance, the same method had been used as 
early as 1723 by De Lagny, whose hypothesis will be, for purposes of comparison, described after Tannery’s which it so 
exactly anticipated. 

Zeuthen’s solution. 

After recalling the fact that, even before Euclid’s time, the solution of the indeterminate equation x 2 +y 2 =z 2 by means of 
the substitutions 


x =him, 



z= 


mP+n 2 

2 




was well known, Zeuthen concludes that there could have been no difficulty in deducing from Eucl. II. 5 the identity 

„, ,, , (vi*-3n*\* (m* +3 

from which, by multiplying up, it was easy to obtain the formula 

3(2 mn) 2 + (/ m 2 - 3 n 2 ) 2 = (tm 2 + 3 n 2 ) 2 . 

If therefore one solution m 2 - 3 n 2 = 1 was known, a second could at once be found by putting 

x = m 2 + 3 n 2 , y = 2 mn. 


Now obviously the equation 

m 2 — 3 n 2 = 1 

is satisfied by the values m = 2, n = 1; hence the next solution of the equation 

x 2 - 3y 2 = 1 

is x 1 = 2 2 + 3.1=7, y 1 = 2.2.1=4; 

and, proceeding in like manner, we have any number of solutions as 

jf t =7i+3.4*=97» y 2 =2.7.4=56, 

d,' 3 =97 2 + 3.56 ! = 18817, y 3 =2,97.56=10864, 

and so on. 

Next, addressing himself to the other equation 

x 2 - 3y 2 = - 2, 

Zeuthen uses the identity 

(m + 3 n) 2 - 3(m + n) 2 = —(m 2 — 3 n 2 ). 

Thus, if we know one solution of the equation m 2 - 3 n 2 = 1, we can proceet to substitute 

x = m + 3 n, y = m + n. 

Suppose m = 2, n = 1, as before ; we then have 

*i = 5, y\ = 3. 

Ifwe putx 2 = x 1 + 3yj = 14,y 2 = ^i +Ti = 8, we obtain 

_ 14 _ 7 
^■“8 “4 

(and m = 7, n = 4 is seen to be a solution of m 2 - 3 n 2 = 1). 

Starting again fromx 2 , y 2 , we have 


x 3 = 38, = 22, 

and 


x 3 19 

(m = 19, n = 11 being a solution of the equation m 2 - 3 n 2 = -2); 

x 4 =104, y 4 = 60. 


whence 



(and m = 26, n = 15 satisfies m 2 - 3 n 2 = 1), 


x 5 = 284, y 5 = 164. 


or 


x h 71 

Vs 41* 


Similarly = f „ and so on. 

y 0 56’ ih 153 

This method gives all the successive approximations to taking account as it does of both the equations 

x 2 - 3y 2 = 1, 
x 2 - 3y 2 = ~2, 

Tannery’s first solution. 

Tannery asks himself the question how Diophantus would have set about solving the two indeterminate equations. He takes 
the first equation in the generalised form 


x 2 - ay 2 = 1, 


and then, assuming one solution (p, q) of the equation to be known, he supposes 

p l = mx~p, q l =x + q. 


Then p 2 x ~ aq 2 = m 2 x 2 - 2 mpx + p 2 - ax 2 ~2aqx - aq 2 =\, 

whence, since p 2 - aq 2 = 1, by hypothesis, 


x— 2. 


mp+aq 
m 9 -a * 


so that 


Pt 


(w s -1* a)p 4- 2amq _ 2mp + (m 2 + a) q 


nfi—a 


and p 2 - aq 2 = 1. 

The values of p h q x so found are rational but not necessarily integral; if integral solutions are wanted, we have only to put 


p x = ( u 2 + av 2 ) p + lauvq, q j = 2 puv + ( u 2 + av 2 ) q, 

where (u, v) is another integral solution ofx 2 - ay 2 = 1. 

Generally, if ( p, q) be a known solution of the equation 

2 2 
x -ay = r, 

suppose p x = ap + p q, q x = yp + 5q, and “il suffit pour determiner a, p, y, 5 de connaitre les trois groupes de solutions les plus 
simples et de resoudre deux couples d’equations du premier degre a deux inconnues.” Thus (1) for the eauation 

x 2 ~3y 2 =l, 


the first three solutions are 


whence 


(p = 1, q = 0), (p = 2, q = 1), (p = 7 ,q = 4), 

2 = ft l ^ = 2a+/il 

1-4 ® n ' 1 4-2r+8l> 


so that a = 2, p = 3, y = 1,5 = 2, 

and it follows that the fourth solution is given by 


p= 2.7 + 3.4 = 26 , 
q=\ t 7 + 2 . 4 = 15 ; 


(2) for the equation x 2 - 3>’ 2 = - 2, 

the first three solutions being (1, 1), (5, 3), (19, 11), we have 



5=o + /3| 
3—y+ej 


and 


19 — 5fl + 3/3 j 
ll = 5y + 3SJ 5 


whence a = 2, (3 = 3 ,y = 1,8 = 2, and the next solution is given by 

p—2. 19+3.11=71, 

9-1.19+2.11 = 41, 

and so on. 

Therefore, by using the two indeterminate equations and proceeding as shown, all the successive approximations to can 
be found. 

Of the two methods of dealing with the equations it will be seen that Tannery’s has the advantage, as compared with 
Zeuthen’s, that it can be applied to the solution of any equation of the form x 2 - ay 2 = r. 


De Lagny ’s method. 


The argument is this. If ^3 could be exactly expressed by an improper fraction, that fraction would fall between 1 and 2, 
and the square of its numerator would be three times the square of its denominator. Since this is impossible, two numbers have 
to be sought such that the square of the greater differs as little as possible from 3 times the square of the smaller, though it may 
be either greater or less. De Lagny then evolved the following successive relations, 

2«=3.1«+1, 5*=3.3*-2, 72=3.4 2 +l, 19 2 =3.11 s — 2, 

2(^ = 3.15 s 4-1, 71 2 = 3.41® — 2, etc. 

From these relations were derived a series of fractions greater than ^ 3 , viz. ^ f } etc., and another series of fractions 

less than /», viz.!? 1® , etc. The law of formation was found in each case to be that, if - was one fraction in the series 

3’ 11 *41* q 

and the next, then 

q' 

$ p + 2q 


This led to the results 


and 


2 7 26 97 362 _ 1351 _ /5 

T > 4 > 15 > 68 > *» > 780 "* > 3 ’ 

5 19 71 265 9B9 3691 j- 

3 < TT < 41 < 153 < 571 < 2131”' < ' 5 


while the law of formation of the successive approximations in each series is precisely that obtained by Tannery as the result 
of treating the two indeterminate equations by the Diophantine method. 


Heilennanris method. 


This method needs to be mentioned because it also depends upon a generalisation of the system of side- and diagoiial- 
numbers given by Theon of Smyrna. 

Theon’s rule of formation was 


S n ~ S n-l + Ai-I> Ai “ 2S n-l + Ai-1 

and Heilermann simply substitutes for 2 in the second relation any arbitrary number a, developing the following scheme, 


+ Dq, 

Di =■ uSq -f- 3)$ 7 


D.> = aS i + 3^i ? 

C| 

+ 

11 

D§=a&. i +D$ 7 

A = 4- , 

Ai = a $n-i + At-j 


It follows that 


a£„ 2 =a£„_, 2 +2 aS n 1 D a ^+aD n ^\ 
A, 4 =a^.,®+2a*S B _ 1 D ft _ 1 + D n .{K 



By subtraction, A 2 ~ « j S* 2 = (1 - «) {A.- 1 2 - aS*-\) 

=(1 aS n ^), similarly, 

This corresponds to the most general form of the “Pellian” equation 

x 2 - ay 2 = (const.). 

If now we put D Q = S Q = 1, we have 

sj- a+ S? ’ 

from which it appears that, where the fraction on the right-hand side approaches zero as n increases, A? is an approximate 

A 

value for j- 

V u 

Clearly in the case where a = 3, D 0 = 2, S = 1 we have 


A_ 2 n J 6 A_14 _7 A_19 A = 52 _ 26 

A" l 5 A ”3’ A ~ 11 ’ ~ 30 “15’ 

A_ 7i A_ 285 

A ” 41 1 S 6 “112 “56’ S 7 - 153 > 


and so on. 

But the method is, as shown by Heilermann, more rapid if it is used to find, not v /~, but b v '~, where b is so chosen as to 

make b 2 a (which takes the place of a) somewhat near to unity. Thus suppose a = 2 I, so that ^ 3 , and we then have 

25 5 

(putting D 0 = S 0 = 1) 


and 


0 n 52 , 5 26 26 

A = 2 . A^25> anti v 3 co-. —, or 


3 25’ 


15’ 



102 
25 ’ 
208 
25 ’ 


_ 54 + 52 106 . 

25- W an<1 V3 


A 


102.27 106 

25,25 + 25 


5404 
25 ."25 5 


5 106 
3 1 102’ 


or 


265 

163’ 




5404 

257208 



1351 
180 ‘ 


This is one of the very few instances of success in bringing out the two Archimedean approximations in immediate sequence 
without any foreign values intervening. No other methods appear to connect the two values in this direct way except those of 
Hunrath and Hultsch depending on the formula 


a±^->*jd i ±b>a± b . 

2a 2a±l 

We now pass to the second class of solutions which develops the approximations in the form of the sum of a series of 
fractions, and under this head comes 

Tannery’s second method. 

This may be exhibited by means of its application (1) to the case of the square root of a large number, e.g. 
V / 349450 or ^571*+23409’ the first of the kind appearing in Archimedes, (2) to the case of ^ 3 . 

(1) Using the formula 


.. - y 

V« 2 +i» (VJM + g-, 


we try the effect of putting for y'gfp + 23401) the expression 


571 + 


23409 


1142 ' 





It tons out that this gives correctly the integral part of the root, and we now suppose the root to be 


571 ~H20-b— - 
m 


Squaring and regarding JL as negligible, we have 

m - ^ 


1142 40 

57I 3 + 400 + 22840 + + — = 5 71 a 4- 23409, 

m m 


whence 

^-169, 

m 

and 

1 169 1 
wi lies' 5 " 7’ 

so that 

V349450>591^. 

(2) Bearing in mind that 

we have 

V3=V1*+2<>j: 




2a +1* 


2 

'sTT+l 

1 ! 2 5 
~>+3* OT 3- 


Assuming then that ^3 = (- ■+. - V squaring and neglecting _L, we obtain 

\3 m/ 


9 + 3m > 


whence m= 15, and we get as the second approximation 


5 . 1 


26 


3 + 15* ° r 15' 


We have now 26 2 — 3. 15 2 = 1, 

and can proceed to find other approximations by means of Tannery’s first method. 
Or we can also put + -^= 3 , 

and, neglecting , 1 , we get 


26 2 , 52 _ o 
15 2 15 b^ ’ 


whence n = -15.52 = - 780, and 


V ’~( 1+ l + B 



1351\ 

780 ) * 


It is however to be observed that this method only connects with and not with the intermediate approximation 

780 15 153 

to obtain which Tannery implicitly uses a particular case of the formula of Hunrath and Hultsch. 

Rodet ’s method was apparently invented to explain the approximation in the QulvasUtras* 


^~ 1+ S + 3 J 4 


1 

3.4.34’ 


but, given the approximation the other two successive approximations indicated by the formula can be obtained by the 

3 

method of squaring just described* without such elaborate work as that of Rodet, which, when applied to ^ 3 , only gives the 
same results as the simpler method. 

Lastly, with reference to the third class of solutions, it may be mentioned 
(1) that Oppermann used the formula 






a + b f—r 2ab 

- 2 -> V “ 4> S+4- 


which gave successively 


?>*>!• 

97 168 

g g >V3> 97 , 

but only led to one of the Archimedean approximations, and that by combining the last two ratios, thus 


97 + 168_265 
56+97 ~ 153' 


(2) that Schonbom came somewhat near to the formula successfully used by Hunrath and Hultsch when he proved f that 


a±£-> --- 7 =. 

2 « “ " 2 a ±*Jb 


* In writing this chapter I have been under particular obligations to Hultsch’s articles Arithmetica and Archimedes in Pauly-Wissowa’s Real-Encyclopadie , n. 1, as 
well as to the same scholar’s articles (1 ) Die Naherungswerthe irrationaler Quadratwurzeln bei Archimedes in the Nachrichten von der kgl. Gesellschaft der 
Wissenschaften zu Gottingen (1893), pp. 367 sqq., and (2) Zur Kreismessung des Archimedes in the Zeitschrift filr Math. u. Physik (Hist. litt. Abtheilung) xxxix. 
(1894), pp. 121 sqq. and 161 sqq. I have also made use, in the earlier part of the chapter, of Nesselmann’s work Die Algebra der Griechen and the histories of Cantor 
and Gow. 

* Diophantus deno ted m yriads followed by thousands by the ordinary signs for numbers of units, only separating them by a dot from the thousands. Thus for 3,069,000 
he writes xq., 0 and X.,a\\roq for 331,776. Sometimes myriads were represented by the ordinary letters with two dots above, as fi = 100 myriads (1,000,000), and myriads of 
myriads with two pairs of dots, as i for 10 myriad- myriads (1,000,000,000). 

* Diophantus has a general method of expressing fractions which is the exact reverse of modem practice; the denominator is written above the numerator, thus 

y iKG fit - &JK" 

— w — nti and —r—rr - = 1,270,568/10,816. Sometimes he writes down the numerator and then introduces the denominator with jv uopivi/ or uopiov , e.g. 

_^=_5/3 f Ka — 31 j2 5 

xq. ,0 pop . hf . ,a\\roq = 3,069,000/331,776. 

* p. 65 (ed. Friedlein). 

* Part of the proof of this proposition was a sort of foretaste of the first part of Prop. 3 of Archimedes’ Measurement of a circle , and the substance of it is accordingly 
appended as reproduced by Hultsch. 

ABEK is a square, KB a diagonal, ZHBE = J ZKBE, Z.FBE = 3°, andZC is perpendicular to BF so that the triangles ACB, BEF are similar. 

Aristarchus seeks to prove that AB : BC > 18 :1. 

If R denote a right angle, the angles KBE, HBE , FBE are respectively 



Then HE :FE> ZHBE : ZFBE. 

[This is assumed as a known lemma by Aristarchus as well as Archimedes.] 
Therefore HE : FE >■ 15 : 2.*,..... 


»■ 


Now, by construction, BK^= 2BE^. 

Also [Eucl. VI. 3] BK : BE = KH : HE ; 
whence KH = ^J^HE. 

And, since 


V2 




50 - I 
25 


KH.KE >7:5, 

80 that KE : EH > 12 : 

From (a) and (P), ex aequali , 

KE : FE > 18 : 1. 

Therefore, since BF > BE (or KE), 
BF : FE > 18 : 1, 
so that, by similar triangles, 

AB : BC > 18:1. 


-(«• 


* Most of the a priori theories as to the origin of the approximations are open to the serious objection that, as a rule, they give series of approximate values in which the 
two now in question do not follow consecutively, but are separated by others which do not appear in Archimedes. Hultsch’s explanation is much preferable as being free 










from this objection. But it is fair to say that the actual formula used by Hultsch appears in Hunrath’s solution of the puzzle (Die Berechnung irrationaler 
Quadratwurzeln vor der Herrschaft der Decimal-briiche , Kiel, 1884, p. 21; cf. Ueber das Ausziehen der Quadrativurzel bei Griechen und Indern , Hadersleben, 
1883), and the same formula is implicitly used in one of the solutions suggested by Tannery (Sur la mesure du cercle d’Archimede in Memoires de la societe des 

sciences physiques et naturelles de Bordeaux , 2 e serie, IV. (1882), p. 313-337). 

* See Cantor, Vorlesunger iiber Gesch. d. Math. p. 600 sq 

* Cantor had already pointed this out in his first edition of 1880. 

f Zeitschrift fii Math. u. Physik (Hist. litt. Abtheilung) XXVII. (1883), p. 169 sq. 


CHAPTER V 


ON THE PROBLEMS KNOWN AS NETEEIS. 

The word veflau;, commonly inclinatio in Latin, is difficult to translate satisfactorily, but its meaning will be gathered from 
some general remarks by Pappus having reference to the two Books of Apollonius entitled veUo&g (now lost). Pappus says *, 
“A line is said to verge (vgUgi v) towards a point if, being produced, it reach the point,” and he gives, among particular cases of 
the general form of the problem, the following. 

“Two lines being given in position, to place between them a straight line given in length and verging towards a given 
point.” 

“If there be given in position (1) a semicircle and a straight line at right angles to the base, or (2) two semicircles with 
their bases in a straight line, to place between the two lines a straight line given in length and verging towards a corner 
(ycovlav) of a semicircle.” 

Thus a straight line has to be laid across two lines or curves so that it passes through a given point and the intercept on it 
between the lines or curves is equal to a given length f . 

§ 1. The following allusions to particular vgUogig are found in Archimedes. The proofs of Props. 5, 6, 7 of the book On 
Spirals use respectively three particular cases of the general theorem that, if A be any point on a circle and BC any diameter, 
it is possible to draw through A a straight line, meeting the circle again in P and BC produced in R, such that the intercept 
PR is equal to any given length. In each particular case the fact is merely stated as true without any explanation or proof, and 



(1) Prop. 5 assumes the case where the tangent at A is parallel to BC, 

(2) Prop. 6 the case where the points A, P in the figure are interchanged, 

(3) Prop. 7 the case where A, P are in the relative positions shown in the figure. 

Again, (4) Props. 8 and 9 each assume (as before, without proof, and without giving any solution of the implied problem) 
that, if AE, BC be two chords of a circle intersecting at right angles in a point D such that BD > DC, then it is possible to 
draw through A another line ARP, meeting BC in R and the circle again in P, such that PR = DE. 



Lastly, with the assumptions in Props. 5, 6, 7 should be compared Prop. 8 of the Liber Assumptorum, which may well be 
due to Archimedes, whatever may be said of the composition of the whole book. This proposition proves that, if in the first 
figure APR is so drawn that PR is equal to the radius OP, then the arc AB is three times the arc PC. In other words, if an arc 
AB of a circle be taken subtending any angle at the centre O, an arc equal to one-third of the given arc can be found, i.e. the 
given angle can be trisected, if only APR can be drawn through A in such a manner that the intercept PR between the circle 
and BO produced is equal to the radius of the circle. Thus the trisection of an angle is reduced to a vg^yrgig exactly similar to 
those assumed as possible in Props. 6, 7 of the book On Spirals. 









The veQa&g so referred to by Archimedes are not, in general, capable of solution by means of the straight line and circle 
alone, as may be easily shown. Suppose in the first figure that x represents the unknown length OR, where O is the middle point 
of BC, and that k is the given length to which PR is to be equal; also let OD = a, AD = b, BC = 2c. Then, whether BC be a 
diameter or (more generally) any chord of the circle, we have 


A R . RP = BR . RC, 


and therefore £ Jp + (* 

The resulting equation, after rationalisation, is an equation of the fourth degree inx; or, if we denote the length of AR byy, we 
have, for the determination of x and y, the two equations 

ys = (aj - a y + b*\ 

ky = x i ~ c 2 j'”.. 

In other words, if we have a rectangular system of coordinate axes, the values ofx and_y satisfying the conditions of the 
problem can be determined as the coordinates of the points of intersection of a certain rectangular hyperbola and a certain 
parabola. 

In one particular case, that namely in which/) coincides with O the middle point of BC, or in which A is one extremity of 
the diameter bisecting BC at right angles, a = 0, and the equations reduce to the single equation 

y 2 - ky = b 2 + c 2 , 

which is a quadratic and can be geometrically solved by the traditional method of application of areas; for, if it be substituted 
for v - k, so that u = AP. the equation becomes 

u (k + u) = b 2 + c 2 , 


and we have simply “to apply to a straight line of length k a rectangle exceeding by a square figure and equal to a given area 

0 b 2 + c 2 ).” 

The other vefyr&g referred to in Props. 8 and 9 can be solved in the more general form where k, the given length to which 
PR is to be equal, has any value within a certain maximum and is not necessarily equal to DE, in exactly the same manner; and 
the two equations corresponding to (a) will be for the second figure 


y 1 ^ (a ~ x) s + 6* 
ky = c 2 — k* J 




Here, again, the problem can be solved by the ordinary method of application of areas in the particular case where AE is 
the diameter bisecting BC at right angles; and it is interesting to note that this particular case appears to be assumed in a 
fragment of Hippocrates’ Quadrature of lunes preserved in a quotation by Simplicius* from Eudemus’ History of Geometry, 
while Hippocrates flourished probably as early as 450 B.c. 

Accordingly we find that Pappus distinguishes different classes of vgUa&g corresponding to his classification of 
geometrical problems in general. According to him, the Greeks distinguished three kinds of problems, some being plane, others 
solid, and others linear. He proceeds thusf: “Those which can be solved by means of a straight line and a circumference of a 
circle may properly be called plane for the lines by means of which such problems are solved have their origin in a 

plane. Those however which are solved by using for their discovery (gUpeaiv) one or more of the sections of the cone have 
been called solid (oteped); for the construction requires the use of surfaces of solid figures, namely, those of cones. There 
remains a third kind of problem, that which is called linear (ypappixov); for other lines [curves] besides those mentioned are 
assumed for the construction whose origin is more complicated and less natural, as they are generated from more irregular 
surfaces and intricate movements.” Among other instances of the linear class of curves Pappus mentions spirals, the curves 
known as quadratrices, conchoids and cissoids. He adds that “it seems to be a grave error which geometers fall into whenever 
any one discovers the solution of a plane problem by means of conics or linear curves, or generally solves it by means of a 
foreign kind, as is the case, for example, (1) with the problem in the fifth Book of the Conics of Apollonius relating to the 
parabola J, and (2) when Archimedes assumes in his work on the spiral a aig of a solid character with reference to a circle; 
for it is possible without calling in the aid of anything solid to find the [proof of the] theorem given by the latter [Archimedes], 
that is, to prove that the circumference of the circle arrived at in the first revolution is equal to the straight line drawn at right 
angles to the initial line to meet the tangent to the spiral.” 

The “solid vefleug” referred to in this passage is that assumed to be possible in Props. 8 and 9 of the book On Spirals, and 
is mentioned again by Pappus in another place where he shows how to solve the problem by means of conics*. This solution 
will be given later, but, when Pappus objects to the procedure of Archimedes as unorthodox, the objection appears strained if 





we consider what precisely it is that Archimedes assumes. It is not the actual solution which is assumed, but only its 
possibility, and its possibility can be perceived without any use of conics. For in the particular case it is only necessary, as a 
condition of possibility, that DE in the second figure above should not be the maximum length which the intercept PR could 
have as APR revolves about A from the position ADE in the direction of the centre of the circle; and that DE is not the maximum 
length which PR can have is almost self-evident. In fact, if P, instead of moving along the circle, moved along the straight line 
through E parallel to BC, and if ARP moved from the position ADE' in the direction of the centre, the length of PR would 
continually increase, and a fortiori, so long as P is on the arc of the circle cut off by the parallel through E to BC, PR must be 
greater in length than DE\ and on the other hand, as ARP moves further in the direction of B, it must sometime intercept a length 
PR equal to DE before P reaches B, when PR vanishes. Since, then, Archimedes’ method merely depends upon the theoretical 
possibility of a solution of the vefyng, and this possibility could be inferred from quite elementary considerations, he had no 
occasion to use conic sections for the purpose immediately in view, and he cannot fairly be said to have solved a plane 
problem by the use of conics. 

At the same time we may safely assume that Archimedes was in possession of a solution of the vefyng referred to. But there 
is no evidence to show how he solved it, whether by means of conics, or otherwise. That he would have been able to effect the 
solution, as Pappus does, by the use of conics cannot be doubted. A precedent for the introduction of conics where a “solid 
problem” had to be solved was at hand in the determination of two mean proportionals between two unequal straight lines by 
Menaechmus, the inventor of the conic sections, who used for the purpose the intersections of a parabola and a rectangular 
hyperbola. The solution of the cubic equation on which the proposition On the Sphere and Cylinder n. 4 depends is also 
effected by means of the intersections of a parabola with a rectangular hyperbola in the fragment given by Eutocius and by him 
assumed to be the work of Archimedes himself 1 '. 

Whenever a problem did not admit of solution by means of the straight line and circle, its solution, where possible, by 
means of conics was of the greatest theoretical importance. First, the possibility of such a solution enabled the problem to be 
classified as a “solid problem”; hence the importance attached by Pappus to solution by means of conics. But, secondly, the 
method had other great advantages, particularly in view of the requirement that the solution of a problem should be 
accompanied by a 5iopicpo<; giving the criterion for the possibility of a real solution. Often too the 5iopicpo<; involved (as 
frequently in Apollonius) the determination of the number of solutions as well as the limits for their possibility. Thus, in any 
case where the solution of a problem depended on the intersections of two conics, the theory of conics afforded an effective 
means of investigating diopicpoi. 

§ 2. But though the solution of “solid problems” by means of conics had such advantages, it was not the only method open 
to Archimedes. An alternative would be the use of some mechanical construction such as was often used by the Greek 
geometers and is recognised by Pappus himself as a legitimate substitute for conics, which are not easy to draw in a planef. 
Thus in Apollonius’ solution of the problem of the two mean proportionals as given by Eutocius a ruler is supposed to be 
moved about a point until the points at which the ruler crosses two given straight lines at right angles are equidistant from a 
certain other fixed point; and the same construction is also given under Heron’s name. Another version of Apollonius’ solution 
is that given by Ioannes Philoponus, which assumes that, given a circle with diameter OC and two straight lines OD, OE 
through O and at right angles to one another, a line can be drawn through C, meeting the circle again in F and the two lines in 
D, E respectively, such that the intercepts CD, FE are equal. This solution was no doubt discovered by means of the 
intersection of the circle with a rectangular hyperbola drawn with OD, OE as asymptotes and passing through C; and this 
supposition accords with Pappus’ statement that Apollonius solved the problem by means of the sections of the cone*. The 
equivalent mechanical construction is given by Eutocius as that of Philo Byzantinus, who turns a ruler about C until CD, FE are 
equalf. 

Now clearly a similar method could be used for the purpose of effecting a ve£oic We have only to suppose a ruler (or any 
object with a straight edge) with two marks made on it at a distance equal to the given length which the problem requires to be 
intercepted between two curves by a line passing through the fixed point; then, if the ruler be so moved that it always passes 
through the fixed point, while one of the marked points on it follows the course of one of the curves, it is only necessary to 
move the ruler until the second marked point falls on the other curve. Some such operation as this may have led Nicomedes to 
the discovery of his curve, the conchoid, which he introduced (according to Pappus) into his doubling of the cube, and by 
which he also trisected an angle (according to the same authority). From the fact that Nicomedes is said to have spoken 
disrespectfully of Eratosthenes’ mechanical solution of the duplication problem, and therefore must have lived later than 
Eratosthenes, it is concluded that his date must have been subsequent to 200 B.c., while on the other hand he must have written 
earlier than 70 b.c., since Geminus knew the name of the curve about that date; Tannery places him between Archimedes and 
Apollonius {. While therefore there appears to be no evidence of the use, before the time of Nicomedes, of such a mechanical 
method of solving a ve{jcng, the interval between Archimedes and the discovery of the conchoid can hardly have been very 
long. As a matter of fact, the conchoid of Nicomedes can be used to solve not only all the veUoeic; mentioned in Archimedes but 
any case of such a problem where one of the curves is a straight line. Both Pappus and Eutocius attribute to Nicomedes the 


invention of a machine for drawing his conchoid. AB is supposed to be a ruler with a slot in it parallel to its length, FE a 
second ruler at right angles to the first with a fixed peg in it, C. This peg moves in a slot made in a third ruler parallel to its 
length, while this ruler has a fixed peg on it, D, in a straight line with the slot in which C moves; and the pegD can move along 
the slot in AB. If then the ruler PD moves so that the peg D describes the length of the slot in AB on each side of F, the extremity 
of the ruler, P, describes the curve which is called a conchoid. Nicomedes called the straight line AB the ruler (jcavLJv) the 
fixed point C the pole (nd;Xoq), and the length PD the distance (Sidartjjua); and the fundamental property of the curve, which in 
polar coordinates would now be denoted by the equation r = a + b sec 0, is that, if any radius vector be drawn from C to the 
curve, as CP, the length intercepted on the radius vector between the curve and the straight line AB is constant. Thus any ve{jaig 
in which one of the two given lines is a straight line can be solved by means of the intersection of the other line with a certain 
conchoid whose pole is the fixed point to which the required straight line must verge (ve6g;iU). In practice Pappus tells us that 
the conchoid was not always actually drawn, but that “some,” for greater convenience, moved the ruler about the fixed point 
until by trial the intercept was made equal to the given length*. 



§ 3. The following is the way in which Pappus applies conic sections to the solution of the veUoig referred to in Props. 8, 9 
of the book On Spirals. He begins with two lemmas. 

(1) If from a given points any straight line be drawn meeting a straight line BC given in position inf?, and if RQ be drawn 
perpendicular to BC and bearing a given ratio to AB, the locus of Q is a hyperbola. 



For draw AD perpendicular to BC, and on AD produced take A! such that 

QR : RA = AD : DA = (the given ratio). 

Measure DA" along DA equal to DA\ 

Then, if QN be perpendicular to AN, 

(AR 2 - AD 2 ) : (QR 2 - AD 2 ) = (const.), 

or QN 2 : A'N. A"N= (const.) 

(2) If BC be given in length, and if RQ, a straight line drawn at right angles to BC from any point R on it, be such that 

BR . RC = k. RQ, 
















where A: is a straight line of given length, then the locus of Q is a parabola. 

Let O be the middle point of BC, and let OK be drawn at right angles to it and of such length that 

OC 2 =k. KO. 


Draw QIC perpendicular to OK. 

Then QK'" = 0E* = OC 8 - Bit, EC 

— k. (KO — RQ), by hypothesis, 

= k. KN\ 

In the particular case referred to by Archimedes (with the slight generalisation that the given length k to which PR is to be 
equal is not necessarily equal to DE) we have 

(1) the given ratio RQ: AR is unity, or RQ = AR, whence A" coincides with A, and, by the first lemma, 

QN 2 = AN.A'N, 

so that Q lies on a rectangular hyperbola. 

(2) BR . RG = AR . RP = k. AR = k. RQ, and, by the second lemma, Q lies on a certain parabola. 

If now we take O as origin, OC as axis ofx and OK as axis of v, and if we put OD - a, AD = b, BC = 2c, the hyperbola and 
parabola determining the position of Q are respectively denoted by the equations 

(a — xf = y t — 

e“ — £c e = kip 

which correspond exactly to the equations (/i) above obtained by purely algebraical methods. 

Pappus says nothing of the 8iopicpo<; which is necessary to the complete solution of the generalised problem, the 5iopicpo<; 
namely which determines the maximum value of k for which the solution is possible. This maximum value would of course 
correspond to the case in which the rectangular hyperbola and the parabola touch one another. Zeuthen has shown* that the 
corresponding value of k can be determined by means of the intersection of two other hyperbolas or of a hyperbola and a 
parabola, and there is no doubt that Apollonius, with his knowledge of conics, and in accordance with his avowed object in 
giving the properties useful and necessary for Siopiopoi, would have been able to work out this particular 5iopicp6<; by means 
of conics; but there is no evidence to show that Archimedes investigated it by the aid of conics, or indeed at all, it being clear, 
as shown above, that it was not necessary for his immediate purpose. 

This chapter may fitly conclude with a description of (1) some important applications of vgUo&g given by Pappus, and (2) 
certain particular cases of the same class of problems which are plane, that is, can be solved by the aid of the straight line and 
circle only, and which were (according to Pappus) shown by the Greek geometers to be of that character. 

§ 4. One of the two important applications of ‘solid’ v^Uoeig was discovered by Nicomedes, the inventor of the conchoid, 
who introduced that curve for solving a vcvtrts to which he reduced the problem of doubling the cube * or (what amounts to the 
same thing) the finding of two mean proportionals between two given miequal straight lines. 

Let the given unequal straight lines be placed at right angles as CL, LA. Complete the parallelogram ABCL, and bisect AS at 
D, and BC at E. Join LD and produce it to meet CB produced in H. From E draw EE at right angles to BC, and take a point F on 
EF such that CF is equal to AD. Join HF, and through C draw CG parallel to HF. If we produce BC to K, the straight lines CG, 
CK form an angle, and we now draw from the given point F a straight line FGK, meeting CG, CK in G, K respectively, such 
that the intercept GK is equal to AD or FC. (This is the v^oiq to which the problem is reduced, and it can be solved by means 
of a conchoid with F as pole.) 


M 



F 


Join XL and produce it to meet BA produced in M. 

Then shall CK, AM be the required mean proportionals between CL, LA, or 
We have, by Eucl. n. 6, 

CL : CK = CK: AM = AM: AL. 

BK. KC + CE 2 = EK 2 . 

If we add EF 2 to each side, 

BK . KC + CF 2 = FK 2 . 

Now, by parallels, 

MA : AB- ML : LK 
= BC ; CK- 

and, since AB = 2AD, and BC = ^ HC, 

MA : AD = HC : CK 

— FG : GK, by parallels, 

whence, componendo, 

MD : AD = FK : GK. 

But GK = AD; therefore MD = FK, and MD S = FK\ 

Again, MD* = j?j(f. MA + AD 1 , 

and FK 8 - AX. KC + CF 3 , from above, 

while TfD * = M’, and AD 8 = CF*; 

therefore L?3/ . JLd — BK . KC. 

Hence CK : MA = BM : BK 

that is, LC : CK - CK : 3/d = 3/J : dA. 

§ 5. The second important problem which can be reduced to a ‘solid’ v^oiq is the trisection of any angle. One method of 
reducing it to a vcwis has been mentioned above as following from Prop. 8 of the Liber Assumptorwm. This method is not 
mentioned by Pappus, who describes (iv. p. 272 sq.) another way of effecting the reduction, introducing it with the words, 
“The earlier geometers, when they sought to solve the aforesaid problem about the [bisection of the] angle, a problem by 
nature ‘solid,’ by ‘plane’ methods, were unable to discover the solution; for they were not yet accustomed to the use of the 
sections of the cone, and were for that reason at a loss. Later, however, they trisected an angle by means of conics, having used 
for the discovery of it the following ve£jcr/g.” 

The veQtng is thus enunciated: Given a rectangle ABGD, let it be required to draw through A a straight line AQR, meeting 
CD in Q and BC produced i n R, such that the intercept QR is equal to a given length, k suppose. 

Suppose the problem solved, QR being equal to k. Draw DP parallel to QR and RP parallel to CD, meeting in P. Then, in 
the parallelogram DR, DP = QR = k. 

Hence P lies on a circle with centre D and radius k. 



Again, by Eucl. I. 43 relating to the complements of the parallelograms about the diagonal of the complete parallelogram, 

BC . CD^BR. QD 
= PR . RB $ 

and, since BC . CD is given, it follows that P lies on a rectangular hyperbola With BE, BA as asymptotes and passing through 
D. 



Therefore, to effect the construction, we have only to draw this rectangular hyperbola and the circle with centre D and 
radius equal to k. The intersection of the two curves gives the point P, and R is determined by drawing PR parallel to DC. Thus 
AQR is found. 

[Though Pappus makes ABCD a rectangle, the construction applies equally if ABCD is any parallelogram.] 

Now suppose ABC to be any acute angle which it is required to trisect. Let AC be perpendicular to BC. Complete the 
parallelogram ADBC, and produce DA. 

Suppose the problem solved, and let the angle CBE be one-third of the angle ABC. Let BE meet AC in E and DA produced 
in F. Bisect EF in H, and j oin AH. 

Then, since the angle ABE is equal to twice the angle EBC and, by parallels, the angles EBC, EFA are equal, 

Z ABE = 2 Z AFH= Z AHB. 


Therefore 

and 


AB = AH = HF, 

EF= 2HF 

= 2 AB. 



Hence, in order to trisect the angle ABC, we have only to solve the following v^Qoig: Given the rectangle ADBC whose 
diagonal is AB, to draw through B a straight line BEF, meting AC in E and DA produced in F, such that EF may be equal to 
twice AB', and this v^oig is solved in the manner just shown. 

These methods of doubling the cube and trisecting any acute angle are seen to depend upon the application of one and the 
same v^tyng which may be stated in its most general form thus. Given any two straight lines forming an angle and any fixed 
point which is not on either line, it is required to draw through the fixed point a straight line such that the portion of it 
intercepted between the fixed lines is equal to a given length. If AE, AC be the fixed lines and B the fixed point, let the 
paral 1 elogram ACBD be completed, and suppose that BQR, meeting CA in Q and AE inf?, satisfies the conditions of the 
problem, so that QR is equal to the given length. If then the parallelogram CQRP is completed, we may regard P as an auxiliary 
point to be determined in order that the problem may be solved; and we have seen that P can be found as one of the points of 
intersection of (1) a circle with centre C and radius equal to k, the given length, and (2) the hyperbola which passes through C 
and has DE, DB for its asymptotes. 






It remains only to consider some particular cases of the problem which do not require conics for their solution, but are 
‘plane’ problems requiring only the use of the straight line and circle. 

§ 6. We know from Pappus that Apollonius occupied himself, in his two Books of v^uOa^ig, with problems of that type 
which were capable of solution by ‘ plane ’ methods. As a matter of fact, the above v^oig reduces to a ‘plane’ problem in the 
particular case where B. lies on one of the bisectors of the angle between the two given straight lines, or (in other words) 
where the parallelogram ACBD is a rhombus or a square. Accordingly we find Pappus enunciating, as one of the ‘plane’ cases 
which had been singled out for proof on account of their greater utility for many purposes, the following*: Given a rhombus 
with one side produced, to fit into the exterior angle a straight line given in length and verging to the opposite angle; and he 
gives later on, in his lemmas to Apollonius’ work, a theorem bearing on the problem with regard to the rhombus, and (after a 
preliminary lemma) a solution of the v$tyng with reference to a square. 

The question therefore arises, how did the Greek geometers discover these and other particular cases, where a problem 
which is in general ‘solid,’ and therefore requires the use of conics (or a mechanical equivalent), becomes ‘plane’? Zeuthen is 
of opinion that they were probably discovered as the result of a study of the general solution by means of conics f . I do not feel 
convinced of this, for the following reasons. 

(1) The authenticated instances appear to be very rare in which we should be justified in assuming that the Greeks used the 
properties of conics, in the same way as we should combine and transform two Cartesian equations of the second degree, for 
the purpose of proving that the intersections of two conics also lie on certain circles or straight lines. It is true that we may 
reasonably infer that Apollonius discovered by a method of this sort his solution of the problem of doubling the cube where, in 
place of the parabola and rectangular hyperbola used by Menaechmus, he employs the same hyperbola along with the circle 
which passes through the points common to the hyperbola and parabola $; but in the only propositions contained in his conics 
which offer an opportunity for making a similar reduction^ Apollonius does not make it, and is blamed by Pappus for not 
doing so. In the propositions referred to the feet of the normals to a parabola drawn from a given point are determined as the 
intersections of the parabola with a certain rectangular hyperbola, and Pappus objects to this method as an instance of 
discovering the solution of a ‘plane’ problem by means of conics*, the objection having reference to the use of a hyperbola 
where the same points could be obtained as the intersections of the parabola with a certain circle. Now the proof of this latter 
fact would present no difficulty to Apollonius, and Pappus must have been aware that it would not; if therefore he objects in the 
circumstances to the use of the hyperbola, it is at least arguable that he would equally have objected had Apollonius brought in 
the hyperbola and used its properties for the purpose of proving the problem to be ‘plane’ in the particular case. 

(2) The solution of the general problem by means of conics brings in the auxiliary point P and the straight line CP. We 
should therefore naturally expect to find some trace of these in the particular solutions of the vcwis for a rhombus and square; 
but they do not appear in the corresponding demonstrations and figures given by Pappus. 

Zeuthen considers that the v^oig with reference to a square was probably shown to be ‘plane’ by means of the same 
investigation which showed that the more general case of the rhombus was also capable of solution with the help of the straight 
line and circle only, i.e. by a systematic study of the general solution by means of conics. This supposition seems to him more 
probable than the view that the discovery of the plane construction for the square may have been accidental; for (he says) if the 
same problem is treated solely by the aid of elementary geometrical expedients, the discovery that it is ‘plane’ is by no means 
a simple matterf. Here, again, I am not convinced by Zeuthen’s arg ament, as it seems to me that a simpler explanation is 
possible of the way in which the Greeks were led to the discovery that the particular veucrcis were plane. They knew in the 
first place that the trisection of a right angle was a ‘plane’ problem, and therefore that half a right angle could be trisected by 
means of the straight line and circle. It followed therefore that the corresponding v$tyng, i.e. that for a square, was a plane’ 
problem in the particular case where the given length to which the required intercept was to be equal was double of the 
diagonal of the square. This fact would naturally suggest the question whether the problem was still plane if k had any other 
value; and, when once this question was thoroughly investigated, the proof that the problem was ‘plane,’ and the solution of it, 
could hardly have evaded for long the pursuit of geometers so ingenious as the Greeks. This will, I think, be clear when the 
solution given by Pappus and reproduced below is examined. Again, after it had been proved that the vefyng with reference to a 
square was ‘plane,’ what more natural than the further inquiry as to whether the intermediate case between that of the square 




and parallelogram, that of the rhombus, might perhaps be a ‘plane’ problem? 

As regards the actual solution of the plane v^Uo^iq with respect to the rhombus and square, i.e. the cases in general where 
the fixed point B lies on one of the bisectors of the angles between the two given straight lines, Zeuthen says that only in one of 
the cases have we a positive statement that the Greeks solved the i’e$07C by means of the circle and ruler, the case, namely, 
where ACBD is a square*. This appears to be a misapprehension, for not only does Pappus mention the case of the rhombus as 
one of the plane v^Ua^iq which the Greeks had solved, but it is clear, from a proposition given by him later, how it was 
actually solved. The proposition is stated by Pappus to be “involved” (napaO^copo6pgvop , meaning presumably “the subject of 
concurrent investigation”) in the 8th problem of Apollonius’ first Book of v^Uo^ig, and is enunciated in the following formf. 
Given a rhombus AD with diameter BC produced to E, if EF be a mean proportional between BE, EC, and if a circle be 
described with centre E and radius EF cutting CD in K and AC produced in H, BKH shall be a straight line. The proof is as 
follows. 

Let the circle cut AC in L, and join HE, KE, LE. Let LK meet BC in M. 

Since, from the property of the rhombus, the angles LCM, KCM are equal, and therefore CL, CK make equal angles with the 
diameter EG of the circle, it follows that CL = CK. 



Also EK = EL, and CE is common to the triangles ECK, ECL. Therefore the said triangles are equal in all respects, and 

Z CKE = Z CLE = Z CHE. 

Now, by hypothesis, 

EB : EF = EF : EC, 

or EB : EK = EK : EC (since EF = EK), 

and the angle CEK is common to the triangles BEK, KEC; therefore the triangles BEK, KEC are similar, and 

lCBK = lCKE 

= i. CHE, from above. 

Again, Z HCE = Z ACB = Z BCK. 

Thus in the triangles CBK, CHE two angles are equal respectively; 
therefore Z CEH= Z CRB. 

But, since Z CKE = Z CHE, from above, the points K, C, E, Hare concyclic. 

Hence ^ CEti + l. CRII - (two right angles). 

Accordingly, since l. CEH ^ l CEB, 

l CEH + i- CEB ~ (two right angles), 

and BKH is a straight line. 

Now the form of the proposition at once suggests that, in the 8th problem referred to, Apollonius had simply given a 
construction involving the drawing of a circle cutting CD and AC produced in the points K, H respectively, and Pappus’ proof 
that BKH is a straight line is intended to prove that HA verges towards B, or (in other words) to verify that the construction 
given by Apollonius solves a certain vgfiaiq requiring BKH to be drawn so that KH is equal to a given length. 

The analysis leading to the construction must have been worked out somewhat as follows. 






Suppose BKH drawn so that KH is equal to the given length k. Bisect KH at N, and draw NE at right angles to KH meeting 
BC produced in E. 

Draw KM perpendicular to BC and produce it to meet CA in L. Then, from the property of the rhombus, the triangles KCM, 
LCM are equal in all respects. 

Therefore KM = ML) and accordingly, if MN be joined, MN, LH are parallel. 

Now, since the angles at M, N are right, a circle can be described about EMKN. 

L CEK - L MNK, in the same segment, 

Therefore 

- u CHK, by parallels. 

Hence a circle can be described about CEHK. It follows that 

_ BCD = i CEK + l. GKE 
= L CUK + l CHE 
= l EHK = l EKH. 

Therefore the triangles EKH, DBC are similar. 

Lastly, Z CKN= Z CBK+ Z BCK; 

and, subtracting from these equals the equal angles EKN, BCK respectively, we have 

Z EKC= Z EBK 

Hence the triangles EBK, EKC are similar, and 

BE : EK = EK: EC, 

or BE . EC = EK 2 . 

But, by similar triangles, EK. KH= DC: CB, 

and the ratio DC: CB is given, while KH is also given (= k). 

Therefore EK is given, and, in order to find E, we have only, in the Greek phrase, to “apply to BC a rectangle exceeding by 
a square figure and equal to the given area EK 2 ” 

Thus the construction given by Apollonius was clearly the following*. 

Ifk be the given length, take a straight line p such that 

p : k = AB : BC. 

Apply to BC a rectangle exceeding by a square figure and equal to the area p 2 . Let BE. EC be this rectangle, and with E as 
centre and radius equal to p describe a circle cutting AG produced in H and CD in K. 

HK is then equal to k, and verges towards B, as proved by Pappus; the problem is therefore solved. 

The construction used by Apollonius for the ‘plane’ v^Qaig with reference to the rhombus having been thus restored by 
means of the theorem given by Pappus, we are enabled to understand the purpose for which Pappus, while still on the subject 
of the “8th problem” of Apollonius, adds a solution for the particular case of the square (which he calls a “problem after 
Heraclitus”) with an introductory lemma. It seems clear that Apollonius did not treat the case of the square separately from the 
rhombus because the solution for the rhombus was equally applicable to the square, and this supposition is confirmed by the 
fact that, in setting out the main problems discussed in the v^Uo^ig, Pappus only mentions the rhombus and not the square. Being 
however acquainted with a solution by one Heraclitus of the v^{yrig relating to a square which was not on the same lines as that 
of Apollonius, while it was not applicable to the case of the rhombus, Pappus adds it as an alternative method for the square 
which is worth noting*. This is no doubt the explanation of the heading to the lemma prefixed to Heraclitus’ problem which 
Hultsch found so much difficulty in explaining and put in brackets as an interpolation by a writer who misunderstood the figure 
and the object of the theorem The words mean “Lemma useful for the [problem] with reference to squares taking the place of 
the rhombus” (literally “having the same property as the rhombus”), i.e. a lemma useful for Heraclitus’ solution of the oig in 
the particular case of a square*. The lemma is as follows. 

ABCD being a square, suppose BHE drawn so as to meet CD in H and AD produced in E, and let EF be drawn 
perpendicular to BE meeting BC produced in F. To prove that 

CF 2 = BC 2 + HE 2 . 

Suppose EG drawn parallel to DC meeting CF in G. Then since BEF is a right angle, the angles HBC, FEG are equal. 



Therefore the triangles BCH, EGF are equal in all respects, and 

EF = BH. 

Now BF 2 = BE 2 + EF 2 , 

or BC. BF + BF. FC = BH. BE + BE . EH+ EF 2 . 

But, the angles HCF, HEF being right, the points C, H, E, F are concyclic, and therefore 

BC .BF = BH .BE. 

Subtracting thes equals, we have 

BF. FC - BE. EH + EE" 2 
= BE, EH + BIP 
= BH . HE + EIP + B1F 

- EB. EH + EH 3 

- FB . BC + EH\ 

Take away the common part BC. CF, and 

CF 2 = BC 2 + EH 2 . 

Heraclitus’ analysis and construction are now as follows. 

Suppose that we have drawn BHE so that HE has a given length k. 

Since CF 2 = BC 2 + EH 2 , or BC 2 + k 2 , 

and BC and k are both given, 

CF is given, and therefore BF is given. 

Thus the semicircle on BF as diameter is given, and therefore also E, its intersection with the given line ABE; hence BE is 
given. 

To effect the construction, we first find a square equal to the sum of the given square and the square on k. We then produce 
BC to F so that CF is equal to the side of the square so found. If a semicircle be now described on BF as diameter, it will pass 
above D (since CF > CD, and therefore BC. CF > CD 2 ), and will therefore meet HD produced in some poi nt E. 

Join BE meeting CD in H. 

Then HE = k, and the problem is solved. 


* Pappus (ed. Hultsch) VII. p. 670. 

t In the German translation of Zeuthen’s work, Die Lehre von den Kegels chnitten im Alter turn, v^£Joi^ is translated by “Einschiebung,” or as we might say 
“insertion,” but this fails to express the condition that the required line must pass through a given point, just as inclinatio (and for that matter the Greek term itself) fails to 
express the other requirement that the intercept on the line must be of given length. 

* Simplicius, Comment, in Aristot. Phys. pp. 61—68 (ed. Diels). The whole quotation is reproduced by Bretschneider, Die Geometrie und die Geometer vor 
Euklides , pp. 109—121. As regards the assumed construction see particularly p. 64 andp. xxiv of Diels’ edition; cf. Bretschneider, pp. 114, 115, and Zeuthen, Die Lehre 
von den Kegels chnitten imAltertum , pp. 269, 270. 

f Pappus IV. pp. 270—272. 

{ Cf. Apollonius of Perga , pp. cxxviii. cxxix. 

* Pappus IV. 298 sq. 

* See note to On the Sphere and Cylinder II. 4. 

f Pappus III. p. 54. 

* Pappus ill. p. 56. 

t For fuller details see Apollonius of Perga , pp, cxxv—cxxvii. 

t Bulletin des Sciences Mathematiques , 2 e serie VII. p. 284. 

* Pappus IV. p. 246. 









* Zeuthen, Die Lehre von den Kegelschnitten im Altertum, pp. 273—5. 

* Pappus IV. p. 242 sq. HI, p. 58 sq.; Eutocius on Archimedes, on the sqhere and Cylinder, II. 1 (Vol. III. p, 114 sq.) 

* Pappus VII. p. 670. 

t “Mit dieser selben Aufgabe ist namlich ein wichtiges Beispiel dafur verknupft, dass man bemuht war solche Falle zu entdecken, in denen Aufgaben, zu deren Losung 
im allgemeinen Kegelschnitte erforderlich sind, sich mittels Zirkel und Lineal losen lassen. Da nun das Studium der allgemeinen Losung durch Kegelschnitte das beste 
Mittel gewahrt solche Falle zu entdecken, so ist es ziemlich wahrscheinlich, dass man wirklich diesen Weg eingeschlagen hat.” Zeuthen, op. cit. p. 280. 

J Apollonius of Perga , p. cxxy, cxxvi. 

§ Ibid. p. cxxviii andpp. 187, 186 {Comes, v. 58, 62 

* Pappus IV. p. 270. Cf. p. ciii above. 

t “Die Ausfuhrbarkeit kann dann auf die zuerst angedeutete Weise gefunden sein, die den allgemeinen Fall, wo der Winkel zwischen den gegebenen Geraden beliebig 
ist, in sich begreift. Dies scheint mir viel wahrscheinlicher als die Annahme, dass die Entdeckung dieser ebenen Konstruction zufallig sein sollte; denn wenn man dieselbe 
Aufgabe nur mittels rein elementar-geometrischer Hiilfsmittel behandelt, so liegt die Entdeckung, dass sie eben ist, ziemlich fern.” Zeuthen, op. cit. p. 282. 

* “Indessen besitzen wir doch nur in einem einzelnen hierher gehorigen Falle eine positive Angabe dariiber, dass die Griechen die Einschiebung mittels Zirkel und Lineal 
ausgefuhrt haben, wenn namlich die gegebenen Geraden zugleich rechte Winkel bilden, AIBC also ein Quadrat wird.” Zeuthen, op. cit. p. 281. 

f Pappus vii. p. 778. 

* This construction was suggested to me by a careful examination of Pappus’ proposition without other aid; but it is no new discovery. Samuel Horsley gives the same 
construction in his restoration of Apollonii Pergaei Inclinationum libri duo (Oxford, 1770); he explains, however, that he went astray in consequence of a mistake in the 
figure given in the mss., and was unable to deduce the construction from Pappus’s proposition until he was recalled to the right track by a solution of the same problem by 
Hugo d’Omerique. This solution appears In a work entitled, An a lys is geometrica , sive nova et vera methodus resolvendi tam problemata geometrica quam 
arithmeticas quaestiones , published at Cadiz in 1698. D’Omerique’s construction, which is practically identical with that of Apollonius, appears to have been evolved by 
means of an independent analysis of his own, since he makes no reference to Pappus, as he does in other cases where Pappus is drawn upon (e.g. when giving the 
construction for the case of the square attributed by Pappus to one Heraclitus). The construction differs from that given above only in the fact that the circle is merely used 
to determine the point AT, after which BK is joined and produced to meet AC in H. Of other solutions of the same problem two may here be mentioned. (1) The solution 
contained in Marino Ghetaldi’s posthumous work De Resolutione et Compositione Mathematica Libri quinque (Rome, 1630), and included among the solutions of other 
problems all purporting to be solved “methodo qua antiqui utebantur,” is, though geometrical, entirely different from that above given, being effected by means of a 
reduction of the problem to a simpler plane v££J<tzc of the same character as that assumed by Hippocrates in his Quadrature of lunes. (2) Christian Huygens (De circuli 
magnitudine inventa; accedunt problematum quorundam illustrium comtructiones , Lugduni Batavorum, 1654) gave a rather complicated solution, which may be 
described as a generalisation of Heraclitus’ solution in the case of a square. 

* This view of the matter receives strong support from the following facts. In Pappus’ summary (p. 670) of the contents of the vgUogig of Apollonius “two cases” of 

the with reference to the rhombus are mentioned last among the particular problems given in the first of the two Books. As we have seen, one case (that given 

above) was the subject of the “8th problem” of Apollonius, and it is equally clear that the other case was dealt with in the “9th problem.” The other case is clearly that in 
which the line to be drawn through B, instead of crossing the exterior angle of the rhombus at C, lies across the angle C itself, i.e. meets CA, CD both produced. In the 
former case the solution of the problem is always possible whatever be the length of k‘, but in the second case clearly the problem is not capable of solution if k, the given 
length, is less than a certain minimum. Hence the problem requires a Siopiopoc; to determine the minimum length of k. Accordingly we find Pappus giving, after the 
interposition of the case of the square, a “lemma useful for the Siopiapoq of the 9th problem,” which proves that, if CH= CK and B be the middle point of HK , then HK is 
the least straight line which can be drawn through B to meet CH, CK. Pappus adds that the Siopiopoq for the rhombus is then evident; if HK be the line drawn through B 
perpendicular to CB and meeting CA, CD produced in H, K, then, in order that the problem may admit of solution, the given length k must be not less than HK. 



K 


* Hultsch translates the words ^ppa xpHaivoo fit; to TfipayWvcov 71 oioUvtol>v xa ayca T£ poppy (p. 780) thus, “Lemma utile ad problema de quadratis quorum 
summa rhombo aequalis est,” and has a note in his Appendix (p. 1260) explaining what he supposes to be meant. The ‘squares’ he takes to be the given square and the 
square on the given length of the intercept, and the rhombus to be one for which he indicates a construction but which is not shown in Pappus’ figure. Thus he is obliged to 
translate tq p6pp\|/ as “a rhombus,” which is one objection to his interpretation, while “whose squares are equal” scarcely seems a possible rendering of tioiUvtcov xa ayca. 




CHAPTER VI 


CUBIC EQUATIONS. 


It has often been explained how the Greek geometers were able to solve geometrically all forms of the quadratic equation 
which give positive roots; while they could take no account of others because the conception of a negative quantity was 
unknown to them The quadratic equation was regarded as a simple equation connecting areas, and its geometrical expression 
was facilitated by the methods which they possessed of transforming any rectilineal areas whatever . into parallelograms, 
rectangles, and ultimately squares, of equal area; its solution then depended on the principle of application of areas, the 
discovery of which is attributed to the Pythagoreans. Thus any plane problem which could be reduced to the geometrical 
equivalent of a quadratic equation with a positive root was at once solved. A particular form of the equation was the pure 
quadratic, which meant for the Greeks the problem of finding a square equal to a given rectilineal area. This area could be 
transformed into a rectangle, and the general form of the equation thus became x 2 = ab, so that it was only necessary to find a 
mean proportional between a and b. In the particular case where the area was given as the sum of two or more squares, or as 
the difference of two squares, an alternative method depended on the Pythagorean theorem of Eucl. i. 47 (applied, if necessary, 
any number of times successively). The connexion between the two methods is seen by comparing Eucl. vi. 13, where the mean 
proportional between a and b is found, and Eucl. n. 14, where the same problem is solved without the use of proportions by 
means of I. 47, and where in fact the formula used is 


x- - ab = 


'a + b\ * /a — bv> 

r*~ ) \ 2 /■ 


The choice between the two methods was equally patent when the equation to be solved was x 2 = pa 2 , where p is any integer; 
hence the ‘ multiplication ’ of squares was seen to be dependent on the finding of a mean proportional. The equation x 2 = 2 a 2 
was the simplest equation of the kind, and the discovery of a geometrical construction for the side of a square equal to twice a 
given square was specially important, as it was the beginning of the theory of incommensurables or ‘irrationals’ (dXoycov 
7xpay/%cn;(x(x) which was invented by Pythagoras. There is every reason to believe that this successful doubling of the square 
was what suggested the question whether a construction could not be found for the doubling of the cube, and the stories of the 
tomb erected by Minos for his son and of the oracle bidding the Delians to double a cubical altar were no doubt intended to 
invest the purely mathematical problem with an element of romance. It may then have been the connexion between the doubling 
of the square and the finding of one mean proportional which suggested the reduction of the doubling of the cube to the problem 
of finding two mean proportionals between two unequal straight lines. This reduction, attributed to Hippocrates of Chios, 
showed at the same time the possibility of multiplying the cube by any ratio. Thus, if x, y are two mean proportionals between 
a, b, we have 


and we derive at once 


a : x = x : y =y : b, 


a : b - a 3 : x 3 , 

whence a cube (x 3 ) is obtained which bears to a 3 the ratio lx a, while any fraction - can be transformed into a ratio between 

? 

lines of which one (the consequent) is equal to the side a of the given cube. Thus the finding of two mean proportionals gives 
the solution of any pure cubic equation, or the equivalent of extracting the cube root, just as the single mean proportional is 
equivalent to extracting the square root. For suppose the given equation to be x 3 = bed. We have then only to find a mean 

proportional a between c and d, and the equation becomes x 3 = a 2 . b = a 3 . t which is exactly the multiplication of a cube by a 

a 

ratio between lines which the two mean proportionals enable us to effect. 

As a matter of fact, we do not find that the great geometers were in the habit of reducing problems to the multiplication of 
the cube eo nomine, but to the equivalent problem of the two mean proportionals; and the cubic equation x 3 = a 2 b is not usually 
stated in that form but as a proportion. Thus in the two propositions On the Sphere and Cylinder n. 1, 5, where Archimedes 
uses the two mean proportionals, it is required to find x where 

a 2 : x 2 = x : b ; 


he does not speak of finding the side of a cube equal to a certain parallelepiped, as the analogy of finding a square equal to a 
given rectangle might have suggested. So far therefore we do not find any evidence of a general system of adding and 
subtracting solids by transforming parallelepipeds into cubes and cubes into parallelepipeds which we should have expected 
to see in operation if the Greeks had systematically investigated the solution of the general form of the cubic equation by a 



method analogous to that of the application of areas employed in dealing with quadratic equations. 

The question then arises, did the Greek geometers deal thus generally with the cubic equation 

x 3 ± ax 2 ± Bx ± T = 0, 

which, on the supposition that it was regarded as an independent problem in solid geometry, would be for them a simple 
equation between Solid figures, x and a both representing linear magnitudes, B an area (a rectangle), and T a volume (a 
parallelepiped)? And was the reduction of a problem of an order higher than that which could be solved by means of a 
quadratic equation to the solution of a cubic equation in the form shown above a regular and recognised method of dealing with 
such a problem ? The only direct evidence pointing to such a supposition is found in Archimedes, who reduces the problem of 
dividing a sphere by a plane into two segments whose volumes are in a given ratio (On the Sphere and Cylinder n. 4) to the 
solution of a cubic equation which he states in a form equivalent to 

4ra a : a? = (3 a - x) : «.(1) 

v m + n w 

where a is the radius of the sphere, nr. n the given ratio (being a ratio between straight lines of which m > n), and x the height 
of the greater of the required segments. Archimedes explains that this is a particular case of a more general problem, to divide 
a straight line (a) into two parts (x, a - x) such that one part (a - x) is to another given straight line (c) as a given area (which 
for convenience’ sake we suppose transformed into a square, b 2 ) is to the square b 2 ) the other part (x 2 ), i.e. so that 

(a-x) : c = b* : aft ..(2). 

He further explains that the equation (2) stated thus generally requires a diopiapOq, i.e. that the limits for the possibility of a 
real solution, etc., require to be investigated, but that the particular case (with the conditions obtaining in the particular 
proposition) requires no 8iopicpO<;, i.e. the equation (1) will always give a real solution. He adds that “the analysis and 
synthesis of both these problems will be given at the end.” That is, he promises to give separately a complete investigation of 
the equation (2), which is equivalent to the cubic equation 

x 2 (ot —a:) = b*c ...(3) 

and to apply it to the particular case (1). 

Wherever the solution was given, it was temporarily lost, having apparently disappeared even before the time of 
Dionysodorus and Diodes (the latter of whom lived, according to Cantor, not later than about 100 b.c.); but Eutocius describes 
how he found an old fragment which appeared to contain the original solution of Archimedes, and gives it in full. It will be 
seen on reference to Eutocius’ note (which I have reproduced immediately after the proposition to which it relates, On the 
Sphere and Cylinder n. 4) that the solution (the genuineness of which there seems to be no reason to doubt) was effected by 
means of the intersection of a parabola and a rectangular hyperbola whose equations may respectively be written thus, 


(a - x) y = ac. 

The SiopicpOg takes the form of investigating the maximum possible value of x 2 (a - x), and it is proved that this maximum 

value for a real solution is that corresponding to the value x = ? a. This is established by showing that, if b 2 c = A a 2 , the 

3 27 

curves touch at the point for which x = \ a. If on the other hand b 2 c < A a 2 , it is proved that there are two real solutions. In the 

3 27 

particular case (1) it is clear that the condition for a real solution is satisfied, for the expression in (1) corresponding to b 2 c in 


(2) is 


m 


m + n 


id*, and it is only necessary that 


— 4ft 3 > i- (3ft) a , or 4ft 3 , 
m + n ^ 27 ' ' 


which is obviously true. 

Hence it is clear that not only did Archimedes solve the cubic equation (3) by means of the intersections of two conics, but 
he also discussed completely the conditions under which there are 0, 1 or 2 roots lying between 0 and a. It is to be noted 
further that the SiopicpOg is similar in character to that by which Apollonius investigates the number of possible normals that 
can be drawn to a conic from a given point*. Lastly, Archimedes’ method is seen to be an extension of that used by 
Menaechmus for the solution of the pure cubic equation. This can be put in the form 






a 3 : x 3 = a : b, 

which can again be put in Archimedes’ form thus, 

a 2 : x 2 = a : b, 

and the conics used by Menaechmus are respectively 

x 2 = ay, xy = ab, 

which were of course suggested by the two mean proportionals satisfying the equations 

a : x = x : y —y : b. 

The case above described is not the only one where we may assume Archimedes to have solved a problem by first 
reducing it to a cubic equation and then solving that. At the end of the preface to the book On Conoids and Spheroids he says 
that the results therein obtained may be used for discovering many theorems and problems, and, as instances of the latter, he 
mentions the following, “from a given spheroidal figure or conoid to cut off, by a plane drawn parallel to a given plane, a 
segment which shall be equal to a given cone or cylinder, or to a given sphere.” Though Archimedes does not give the 
solutions, the following considerations may satisfy us as to his method. 

(1) The case of the ‘right-angled conoid’ (the paraboloid of revolution) is a ‘plane’ problem and therefore does not 
concern us here, 


(2) In the case of the spheroid, the volume of the whole spheroid could be easily ascertained, and, by means of that, the 
ratio between the required segment and the remaining segment; after which the problem could be solved in exactly the same 
way as the similar one in the case of the sphere above described, since the results in On Conoids and Spheroids, Props. 
29 — 32, correspond to those of On the Sphere and Cylinder n. 2. Or Archimedes may have proceeded in this case by a more 
direct method, which we may represent thus. Let a plane be drawn through the axis of the spheroid perpendicular to the given 
plane (and therefore to the base of the required segment). This plane will cut the elliptical base of the segment in one of its 
axes, which we will call 2 y. Letx be the length of the axis of the segment (or the length intercepted within the segment of the 
diameter of the spheroid passing through the centre of the base of the segment). Then the area of the base of the segment will 
vary as y 2 (since all sections of the spheroid parallel to the given plane must be similar), and therefore the volume of the cone 
which has the same vertex and base as the required segment will vary as y 2 x. And the ratio of the volume of the segment to that 
of the cone is (On Conoids and Spheroids, Props. 29 — 32) the ratio (3a - x): (2a - x), where 2 a is the length of the diameter 
of the spheroid which passes through the vertex of the segment. Therefore 


fx. 


3a-x 
2a-x 


= C f 


where C is a known volume. Further, since x, y are the coordinates of a point on the elliptical section of the spheroid made by 
the plane through the axis perpendicular to the cutting plane, referred to a diameter of that ellipse and the tangent at the 
extremity of the diameter, the ratio y 2 :x(2a-x) is given. Hence the equation can be put in the form 

x 2 (3a - x) = b 2 c, 


and this again is the same equation as that solved in the fragment given by Eutocius. A biopicpOg is formally necessary in this 
case, though it only requires the constants to be such that the volume to which the segment is to be equal must be less than that 
of the whole spheroid. 


(3) For the ‘obtuse-angled conoid’ (hyperboloid of revolution) it would be necessary to use the direct method just 
described for the spheroid, and, if the notation be the same, the corresponding equations will be found, with the help of On 
Conoids and Spheroids, Props. 25. 26, to be 


y*x. 


3a -f x 
2 a + x 


and, since the ratio y 2 : x (2a + x) is constant, 


x 2 (3a + x) = b 2 c. 


If this equation is written in the form of a proportion like the similar one above, it becomes 


b 2 : x 2 = (3 a + x) : c. 


There can be no doubt that Archimedes solved this equation as well as the similar one with a negative sign, i. e. he solved 
the two equations 


x 3 ± ax 2 + b 2 c = 0, 


obtaining all their positive real roots. In other words, he solved completely, so far as the real roots are concerned, a cubic 
equation in which the term inx is absent, although the determination of the positive and negative roots of one and the same 
equation meant for him two separate problems. And it is clear that all cubic equations can be easily reduced to the type which 
Archimedes solved. 

We possess one other solution of the cubic equation to which the division of a sphere into segments bearing a given ratio to 
one another is reduced by Archimedes. This solution is by Dionysodorus, and is given in the same note of Eutocius*. 
Dionysodorus does not generalise the equation, however, as is done in the fragment quoted above; he merely addresses himself 
to the particular case, 

4ft* : sc* = (3a — *) : ——— a, 

' m + n 

thereby avoiding the necessity for a 5iopicpO<;. The curves which he. uses are the parabola 

—-o (Sa — x) = y x 

m + n ' 13 


and the rectangular hyperbola 


m 

m + n 


2« e = xy. 


When we turn to Apollonius, we find him emphasising in his preface to Book iv. of the Conics * the usefulness of 
investigations of the possible number of points in which conics may intersect one another or circles, because “they at all events 
afford a more ready means of observing some things, e.g. that several solutions are possible, or that they are so many in 
number, and again that no solution is possible”; and he shows his mastery of this method of investigation in Book v., where he 
determines the number of normals that can be drawn to a conic through any given point, the condition that two normals through 
it coincide, or (in other words) that the point lies on the evolute of the conic, and so on. For these purposes he uses the points 
of intersection of a certain rectangular hyperbola with the conic in question, and among the cases we find (v. 51, 58, 62) some 
which can be reduced to cubic equations, those namely in which the conic is a parabola and the axis of the parabola is parallel 
to one of the asymptotes of the hyperbola. Apollonius however does not bring in the cubic equation ; he addresses himself to 
the direct geometrical solution of the problem in hand without reducing it to another. This is after all only natural, because the 
solution necessitated the drawing of the rectangular hyperbola in the actual figure containing the conic in question; thus, e.g. in 
the case of the problem leading to a cubic equation, Apollonius can, so to speak, compress two steps into one, and the 
introduction of the cubic as such would be mere surplusage. The case was different with Archimedes, when he had no conic in 
his original figure; and the fact that he set himself to solve a cubic somewhat more general than that actually involved in the 
problem made separate treatment with a number of new figures necessary. Moreover Apollonius was at the same time dealing, 
in other propositions, with cases which did not reduce to cubics, but would, if put in an algebraical form, lead to biquadratic 
equations, and these, expressed as such, would have had no meaning for the Greeks ; there was therefore the less reason in the 
simpler case to introduce a subsidiary problem. 

As already indicated, the cubic equation, as a subject of systematic and independent study, appears to have been lost sight 
of within a century or so after the death of Archimedes. Thus Diodes, the discoverer of the cissoid, speaks of the problem of 
the division of the sphere into segments in a given ratio as having been reduced by Archimedes “to another problem, which he 
does not solve in his work on the sphere and cylinder”; and he then proceeds to solve the original problem directly, without in 
any way bringing in the cubic. This circumstance does not argue any want of geometrical ability in Diodes; on the contrary, his 
solution of the original problem is a remarkable instance of dexterity in the use of conics for the solution of a somewhat 
complicated problem, and it proceeds on independent lines in that it depends on the intersection of an ellipse and a rectangular 
hyperbola, whereas the solutions of the cubic equation have accustomed us to the use of the parabola and the rectangular 
hyperbola. I have reproduced Diodes’ solution in its proper place as part of the note of Eutocius on Archimedes’ proposition; 
but it will, I think, be convenient to give here its equivalent in the ordinary notation of analytical geometry, in accordance with 
the plan of this chapter. Archimedes had proved [ On the Sphere and Cylinder n. 2] that, if k be the height of a segment cut off 
by a plane from a sphere of radius a, and if h be the height of the cone standing on the same base as that of the segment and 
equal in volume to the segment, then 






(3a - k ) : (2a — k) = h : k. 

Also, if A’ be the height of the cone similarly related to the remaining segment of the sphere, 


From these equations we derive 


(a + k) : k = h ': (2a - k). 


(h — k ): k = a : (2a - k ), 


and ( h' - 2a + k): (2a - k) = a : k. 

Slightly generalising these equations by substituting for a in the third term of each proportion another length b, and adding 
the condition that the segments (and therefore the cones) are to bear to each other the ratio nr. n, Diodes sets himself to solve 
the three equations 


(h-k) : k = b : (2a-ih 
(h' — 2a + k ) : (2a — k) = b i k 
k : h* =m : n 


(A). 


Suppose m > n, so that k > a. The problem then is to divide a straight line of length 2 a into two parts k and (2a - k) of 
which k is the greater, and which are such that the three given equations are all simultaneously satisfied. 

Imagine two coordinate axes such that the origin is the middle point of the given straight line, the axis ofy is at right angles 
to it, and x is positive when measured along that half of the given straight line which is to contain the required point of 
division. Then the conics drawn by Diodes are 


(1) the ellipse represented by the equation 

'H 

(y + t s~x) 1 --{(a + &) a -x 2 }, 

and (2) the rectangular hyperbola 


(x + a) (y + b) = 2ab. 

One intersection between these conics gives a value of x between 0 and a, and leads to the solution required. Treating the 
equations algebraically, and eliminating y by means of the second equation which gives 

a — x , 


we obtain from the first equation 



a + x. 


Y = -{(a + b)*-x% 
/ m y ' ’ 


that is, ( a + x y(a + b - x) = - (a ~ x)* (a + b + x) .(B). 

In other words Diodes’ method is the equivalent of solving a complete cubic equation containing all the three powers of x and 
a constant, though no mention is made of such an equation. 

To verify the correctness of the result we have only to remember that, x being the distance of the point of division from the 
middle point of the given straight line, 


k-a+x,2a~h-a-x. 


Thus, from the first two of the given equations (A) we obtain respectively 


j a + x t 

h — a 4- x H-. o, 

a —x 


v a-x 

h — a — x + ——- . 6, 
a + X 


whence, by means of the third equation, we derive 

(a + ar) a (a 4- b — x) = — (a - x) ? {a -t- 6 + x) t 
which is the same equation as that found by elimination above (B). 








I have purposely postponed, until the evidence respecting the Greek treatment of the cubic equation was complete, any 
allusion to an interesting hypothesis of Zeuthen’s * which, if it could be accepted as proved, would explain some difficulties 
involved in Pappus’ account of the orthodox classification of problems and loci. I have already quoted the passage in which 
Pappus distinguishes the problems which are plane Q 7 il 7 ie 5 a), those which are solid (cxepetf) and those which are linear 
(ypappucd) f. Parallel to this division of, problems into three orders or classes is the distinction between three classes of loci 
J. The first class consists of plane loci ( 167101 ^ 71 ( 71 ^ 501 ) which are exclusively straight lines and circles, the second of solid 
loci (167101 aiepeoL ) which are conic sections§, and the third of linear loci (xOtioi ypappiKOl). It is at the same time clearly 
implied by Pappus that problems were originally called plane, solid or linear respectively for the specific reason that they 
required for their solution the geometrical loci which bore the corresponding names. But there are some logical defects in the 
classification both as regards the problems and the loci. 

(1) Pappus speaks of its being a serious error on the part of geometers to solve a plane problem by means of conics (i.e. 
‘solid loci’) or ‘linear’ curves, and generally to solve a problem “by means of a foreign kind” (^ avolKfiov y^vov<;). If this 
principle were applied strictly, the objection would surely apply equally to the solution of a ‘solid’ problem by means of a 
‘linear’ curve. Yet, though e.g. Pappus mentions the conchoid and the cissoid as being ‘linear’ curves, he does not object to 
their employment in the solution of the problem of the two mean proportionals, which is a ‘solid’ problem 

(2) The application of the term ‘solid loci’ to the three conic sections must have reference simply to the definition of the 
curves as sections of a solid figure, viz. the cone, and it was no doubt in contrast to the ‘solid locus’ that the ‘plane locus’ was 
so called. This agrees with the statement of Pappus that ‘plane’ problems may properly be so called because the lines by 
means of which they are solved “have their origin in a plane.” But, though this may be regarded as a satisfactory distinction 
when ‘plane’ and ‘solid’ loci are merely considered in relation to one another, it becomes at once logically defective when the 
third or ‘linear’ class is also brought in. For, on the one hand, Pappus shows how the ‘quadratrix’ (a ‘linear’ curve) can be 
produced by a construction in three dimensions (“by means of surface-loci,” 5ia x^v 7 ipd<; ^ 7 iupaveiarg x07icov); and, on the other 
hand, other ‘linear’ loci, the conchoid and cissoid, have their origin in a plane. If then Pappus’ account of the origin of the 
terms ‘plane’ and ‘solid’ as applied to problems and loci is literally correct, it would seem necessary to assume that the third 
name of ‘linear’ problems and loci was not invented until a period when the terms ‘plane’ and ‘solid loci’ had been so long 
recognised and used that their origin was forgotten. 

To get rid of these difficulties, Zeuthen suggests that the terms ‘plane’ and ‘solid’ were first applied to problems, and that 
they came afterwards to be applied to the geometrical loci which were used for the purpose of solving them On this 
interpretation, when problems which could be solved by means of the straight line and circle were called ‘plane,’ the term is 
supposed to have had reference, not to any particular property of the straight line or circle, but to the fact that the problems 
were such as depend on an equation of a degree not higher than the second. The solution of a quadratic equation took the 
geometrical form of application of areas, and the term ‘plane’ became a natural one to apply to the class of problems so soon 
as the Greeks found themselves confronted with a new class of problems to which, in contrast, the term ‘solid’ could be 
applied. This would happen when the operations by which problems were reduced to applications of areas were tried upon 
problems which depend on the solution of a cubic equation. Zeuthen, then, supposes that the Greeks sought to give this equation 
a similar shape to that which the reduced ‘plane’ problem took, that is, to form a simple equation between solids 
corresponding to the cubic equation 

x 3 + ax 2 + Bx + T = 0 ; 

the term ‘solid’ or ‘plane’ being then applied according as it had been reduced, in the manner indicated, to the geometrical 
equivalent of a cubic or a quadratic equation. 

Zeuthen further explains the term ‘linear problem’ as having been invented afterwards to describe the cases which, being 
equivalent to algebraical equations of an order higher than the third, would not admit of reduction to a simple relation between 
lengths, areas and volumes, and either could not be reduced to an equation at all or could only be represented as such by the 
use of compound ratios. The term ‘linear’ may perhaps have been applied because, in such cases, recourse was had to new 
classes of curves, directly and without any intermediate step in the shape of an equation. Or, possibly, the term may not have 
been used at all until a time when the original source of the names ‘plane’ and ‘solid’ problems had been forgotten. 

On these assumptions, it would still be necessary to explain how Pappus came to give a more extended meaning to the term 
‘solid problem,’ which according to him equally includes those problems which, though solved by the same method of conics 
as was used to solve the equivalent of cubics, do not reduce to cubic equations but to biquadratics. This is explained by the 
supposition that, the cubic equation having by the time of Apollonius been obscured from view owing to the attention given to 
the method of solution by means of conics and the discovery that the latter method was one admitting of wider application, the 



possibility of solution by means of conics came itself to be regarded as the criterion determining the class of problem, and the 
name ‘solid problem’ came to be used in the sense given to it by Pappus through a natural misapprehension. A similar 
supposition would account, in Zeuthen’s view, for a circumstance which would otherwise seem strange, viz. that Apollonius 
does not use the expression ‘solid problem,’ though it might have been looked for in the preface to the fourth Book of the 
Conics. The term may have been avoided by Apollonius because it then had the more restricted meaning attributed to it by 
Zeuthen and therefore would not have been applicable to all the problems which Apollonius had in view. 

It must be admitted that Zeuthen’s hypothesis is in several respects attractive. I cannot however feel satisfied that the 
positive evidence in favour of it is sufficiently strong to outweigh the authority of Pappus where his statements tell the other 
way. To make the position clear, we have to remember that Menaechmus, the discoverer of the conic sections, was a pupil of 
Eudoxus who flourished about 365 b.c.; probably therefore we may place the discovery of conics at about 350 b.c. Now 
Aristaeus ‘the elder’ wrote a book on solid loci (oxgpgoi x07ioi) the date of which Cantor concludes to have been about 320 
b.c. Thus, on Zeuthen’s hypothesis, the ‘solid problems’ the solution of which by means of conics caused the latter to be called 
‘solid loci’ must have been such as had been already investigated and recognised as solid problems before 320 B.c., while the 
definite appropriation, so to speak, of the newly discovered curves to the service of the class of problems must have come 
about in the short period between their discovery and the date of Aristaeus’ work. It is therefore important to consider what 
particular problems leading to cubic equations appear to have been the subject of speculation before 320 b.c. We have 
certainly no ground for assuming that the cubic equation used by Archimedes (On the Sphere and Cylinder n. 4) was one of 
these problems; for the problem of cutting a sphere into segments bearing a given ratio to one another could not have been 
investigated by geometers who had not succeeded in finding the volume of a sphere and a segment of a sphere, and we know 
that Archimedes was the first to discover this. On the other hand there was the duplication of the cube, or the solution of a pure 
cubic equation, which was a problem dating from very early times. Also it is certain that the trisection of an angle had long 
exercised the minds of the Greek geometers. Pappus says that “the ancient geometers” considered this problem and first tried to 
solve it, though it was by nature a solid problem (7ipopkqpa xjj c|)Uoei axepeov U7iap%ov), by means of plane considerations (5ia 
x^v ^ 71171 ^8cov) but failed; and we know that Hippias of Elis invented, about 420 b.c., a transcendental curve which was capable 
of being used for two purposes, the trisection of an angle, and the quadrature of a circle*. This curve came to be called the 
Quadratrixf, but, as Deinostratus, a brother of Menaechmus, was apparently the first to apply the curve to the quadrature of the 
circle J we may no doubt conclude that it was originally intended for the purpose of trisecting an angle. Seeing therefore that 
the Greek geometers had used their best efforts to solve this problem before the invention of conics, it may easily be that they 
had succeeded in reducing it to the geometrical equivalent of a cubic equation. They would not have been unequal to effecting 
this reduction by means of the figure of the v^rr/g given above on p. cxii. with a few lines added. The proof would of course 
be the equivalent of eliminating x between the two equations 


xy ~ah 

(x-af + (y-by = i(a? + b*) 


} 


(«) 


where x = DF; y = FP = EC, a = DA, b = DB. 
The second equation gives 


(x + a) (x - 3a) = (y + b) (3b ~y). 

From the first equation it is easily seen that 

(x + a) : (y + b) = a : y, 

and that (x - 3a) y = a (b - 3 y) ; 

a?(b-3y) = tf(3b-y) .(0) 

[or y 3 - 3 by 2 - 3 a 2 y + a 2 b = 0]. 

If then the trisection of an angle had been reduced to the geometrical equivalent of this cubic equation, it would be natural for 
the Greeks to speak of it as a solid problem. In this respect it would be seen to be similar in character to the simpler problem 
of the duplication of the cube or the equivalent of a pure cubic equation; and it would be natural to see whether the 
transformation of volumes would enable the mixed cubic to be reduced to the form of the pure cubic, in the same way as the 
transformation of areas enabled the mixed quadratic to be reduced to the pure quadratic. The reduction to the pure cubic would 
soon be seen to be impossible, and the stereometric line of investigation would prove unfruitful and be abandoned accordingly. 

The two problems of the duplication of the cube and the trisection of an angle, leading in one case to a pure cubic equation 
and in the other to a mixed cubic, are then the only problems leading to cubic equations which we can be certain that the 
Greeks had occupied themselves with up to the time of the discovery of the conic sections. Menaechmus, who discovered 
these, showed that they could be successfully used for finding the two mean proportionals and therefore for solving the pure 




cubic equation, and the next question is whether it had been proved before the date of Aristaeus’ Solid Loci that the trisection 
of an angle could be effected by means of the same conics, either in the form of the veficng above described directly and without 
the reduction to a cubic equation, or in the form of the subsidiary cubic (/?). Now (1) the solution of the cubic would be 
somewhat difficult in the days when conics were still a new thing. The solution of the equation (/>') as such would involve the 
drawing of the conics which we should represent by the equations 

xy = a 2 , 


bx = 3 a 2 + 3 by -y 2 , 

and the construction would be decidedly more difficult than that used by Archimedes in connexion with his cubic, which only 
requires the construction of the conics 



{a — x) y = ac ; 

hence we can hardly assume that the trisection of an angle in the form of the subsidiary cubic equation was solved by means of 
conics before 320 B.c. (2) The angle may have been trisected by means of conics in the sense that the v^oic referred to was 
effected by drawing the curves (a), i.e. a rectangular hyperbola and a circle. This could easily have been done before the date 
of Aristaeus; but if the assignment of the name ‘solid loci’ to conics had in view their applicability to the direct solution of the 
problem in this manner without any reference to the cubic equation, or simply because the problem had been before proved to 
be ‘solid’ by means of the reduction to that cubic, then there does not appear to be any reason why the Quadratrix, which had 
been used for the same purpose, should not at the time have been also regarded as a ‘solid locus,’ in which case Aristaeus 
could hardly have appropriated the latter term, in his work, to conics alone. (3) The only remaining alternative consistent with 
Zeuthen’s view of the origin of the name ‘solid locus’ appears to be to suppose that conics were so called simply because they 
gave a means of solving owe ‘solid problem,’ viz. the doubling of the cube, and not a problem of the more general character 
corresponding to a mixed cubic equation, in which case the justification for the general name ‘solid locus’ could only be 
admitted on the assumption that it was adopted at a time when the Greeks were still hoping to be able to reduce the general 
cubic equation to the pure form 1 think however that the traditional explanation of the term is more natural than this would be. 
Conics were the first curves of general interest for the description of which recourse to solid figures was necessary as distinct 
from the ordinary construction of plane figures in a plane*; hence the use of the term ‘solid locus’ for conics on the mere 
ground of their solid origin would be a natural way of describing the new class of curves in the first instance, and the term 
would be likely to remain in use, even when the solid origin was no longer thought of, just as the individual conics continued to 
be called “sections of a right-angled, obtuse-angled, and acute-angled” cone respectively. 

While therefore, as 1 have said, the two problems mentioned might naturally have been called ‘solid problems’ before the 
discovery of ‘solid loci,’ 1 do not think there is sufficient evidence to show that ‘solid problem’ was then or later a technical 
term for a problem capable of reduction to ar cubic equation in the sense of implying that the geometrical equivalent of the 
general cubic equation was investigated for its own sake, independently of its applications, and that it ever occupied such a 
recognised position in Greek geometry that a problem would be considered solved so soon as it was reduced to a cubic 
equation. If this had been so, and if the technical term for such a cubic was ‘solid problem,’ 1 find it hard to see how 
Archimedes could have failed to imply something of the kind when arriving at his cubic equation. Instead of this, his words 
rather suggest that he had attacked it as res Integra. Again, if the general cubic had been regarded over any length of time as a 
problem of independent interest which was solved by means of the intersections of conics, the fact could hardly have been 
unknown to Nicoteles who is mentioned in the preface to Book iv. of the Conics of Apollonius as having had a controversy 
with Oonon respecting the investigations in which the latter discussed the maximum number of points of intersection between 
two conics. Now Nicoteles is stated by Apollonius to have maintained that no use could be made of the discoveries of Conon 
for SiopicpoL; but it seems incredible that Nicoteles could have made such a statement, even for controversial purposes, if 
cubic equations then formed a recognised class of problems for the discussion of which the intersections of conics were 
necessarily all-important. 

I think therefore that the positive evidence available will not justify us in accepting the conclusions of Zeuthen except to the 
following extent. 

1. Pappus’ explanation of the meaning of the term ‘plane problem’ Qraledov 7 ipopZr|pa) as used by the ancients can hardly 
be right. Pappus says, namely, that “problems which can be solved by means of the straight line and circle may properly be 
called plane (Z^yoix av eucOxcoU) ^( 71 ^ 6 a); for the lines by means of which such problems are solved have their origin in a 
plane.” The words “may properly be called” suggest that, so far as plane problems were concerned, Pappus was not giving the 


ancient definition of them, but his own inference as to why they were called ‘plane.’ The true significance of the term is no 
doubt, as Zeuthen says, not that straight lines and circles have their origin in a plane (which would be equally true of some 
other curves), but that the problems in question admitted of solution by the ordinary plane methods of transformation of areas, 
manipulation of simple equations between areas, and in particular the application of areas. In other words, plane problems 
were those which, if expressed algebraically, depend on equations of a degree not higher than the second. 

2. When further problems were attacked which proved to be beyond the scope of the plane methods referred to, it would be 
found that some of such problems, in particular the duplication of the cube and the trisection of an angle, were reducible to 
simple equations between volumes instead of equations between areas; and it is quite possible that, following the analogy of 
the distinction existing in nature between plane figures and solid figures (an analogy which was also followed in the distinction 
between numbers as ‘plane’ and ‘solid’ expressly drawn by Euclid), the Greeks applied the term ‘solid problem’ to such a 
problem as they could reduce to an equation between volumes, as distinct from a ‘plane problem’ reducible to a simple 
equation between areas. 

3. The first ‘solid problem’ in this sense which they succeeded in solving was the multiplication of the cube, corresponding 
to the solution of a pure cubic equation in algebra, and it was found that this could be effected by means of curves obtained by 
making plane sections of a solid figure, namely the cone. Thus curves having a solid origin were found to solve one particular 
solid problem, which could not but seem an appropriate result; and hence the conic, as being the simplest curve so connected 
with a solid problem, was considered to be properly termed a ‘solid locus,’ whether because of its application or (more 
probably) because of its origin. 

4. Further investigation showed that the general cubic equation could not be reduced, by means of stereometric methods, to 
the simpler form, the pure cubic; and it was found necessary to try the method of conics directly either ( 1 ) upon the derivative 
cubic equation or (2) upon the original problem which led to it. In practice, as e.g. in the case of the trisection of an angle, it 
was found that the cubic was often more difficult to solve in that manner than the original problem was. Hence the reduction of 
it to a cubic was dropped as an unnecessary complication, and the geometrical equivalent of a cubic equation stated as an 
independent problem never obtained a permanent footing as the ‘solid problem’ par excellence. 

5. It followed that solution by conics came to be regarded as the criterion for distinguishing a certain class of problem, and, 
as conics had retained their old name of ‘solid loci,’ the corresponding term ‘solid problem’ came to be used in the wider 
sense in which Pappus interprets it, according to which it includes a problem depending on a biquadratic as well as a problem 
reducible to a cubic equation. 

6 . The terms ‘linear problem’ and ‘linear locus’ were then invented on the analogy of the other terms to describe 
respectively a problem which could not be solved by means of straight lines, circles, or conics, and a curve which could be 
used for solving such a problem, as explained by Pappus. 


* Cf. Apollonius of Perga , p. 168 sqq. 

* On the Sphere and Cylinder II. 4 (note at end). 

* Apollonius of Perga , p. Ixxiii. 

* Die Lehre von den Kegels clmitten, p. 226 sqq. 

t p. ciii. 

t Pappus vn. pp. 652, 662. 

§ It is true that Proclus (p. 394, ed. Friedlein) gives a wider definition of “solid lines” as those which arise “from some section of a solid figure, as the cylindrical helix 
and the conic curves”; but the reference to the cylindrical helix would seem to be due to some confusion. 

* Proclus (ed. Friedlein), p. 272. 

f The character of the curve may be described as follows. Suppose there are two rectangular axes Oy, Ox and that a straight line OP of a certain length (a) revolves 
uniformly from a position along Oy to a position along Ox, while a straight line remaining always parallel to Ox and passing through P in its original position also moves 
uniformly and reaches Ox in the same time as the moving radius OP. The point of intersection of this line and OP describes the Quadratrix, which may therefore be 
represented by the equation 

t Pappus IV. pp. 250—2. 

* It is true that Archytas’ solution of the problem of the two mean proportionals used a curve of double curvature drawn on a cylinder; but this was not such a curve as 
was likely to be investigated for itself or even to be regarded as a locus, strictly speaking; hence the solid origin of this isolated curve would not be likely to suggest 
objections to the appropriation of the term ‘solid locus’ to conies. 


CHAPTER VH 


ANTICIPATIONS BY ARCHIMEDES OF THE INTEGRAL CALCULUS. 

It has been often remarked that, though the method of exhaustion exemplified in Euclid xii. 2 really brought the Greek 
geometers face to face with the infinitely great and the infinitely small, they never allowed themselves to use such conceptions. 
It is true that Antiphon, a sophist who is said to have often had disputes with Socrates, had stated* that, if one inscribed any 
regular polygon, say a square, in a circle, then inscribed an octagon by constructing isosceles triangles in the four segments, 
then inscribed isosceles triangles in the remaining eight segments, and so on, “until the whole area of the circle was by this 
means exhausted, a polygon would thus be inscribed whose sides, in consequence of their smallness, would coincide with the 
circumference of the circle.” But as against this Simplicius remarks, and quotes Eudemus to the same effect, that the inscribed 
polygon will never coincide with the circumference of the circle, even though it be possible to carry the division of the area to 
infinity, and to suppose that it would is to set aside a geometrical principle which lays down that magnitudes are divisible ad 
infinitum]'. The time had, in fact, not come for the acceptance of Antiphon’s idea, and, perhaps as the result of the dialectic 
disputes to which the notion of the infinite gave rise, the Greek geometers shrank from the use of such expressions as infinitely 
great and infinitely small and substituted the idea of things greater or less than any assigned magnitude. Thus, as Hankel says 
$, they never said that a circle is a polygon with an infinite number of infinitely small sides; they always stood still before the 
abyss of the infinite and never ventured to overstep the bounds of clear conceptions. They never spoke of an infinitely close 
approximation or a limiting value of the sum of a series extending to an infinite number of terms. Yet they must have arrived 
practically at such a conception, e.g., in the case of the proposition that circles are to one another as the squares on their 
diameters, they must have been in the first instance led to infer the truth of the proposition by the idea that the circle could be 
regarded as the limit of an inscribed regular polygon with an indefinitely increased number of correspondingly small sides. 
They did not, however, rest satisfied with such an inference; they strove after an irrefragable proof, and this, from the nature of 
the case, could only be an indirect one. Accordingly we always find, in proofs by the method of exhaustion, a demonstration 
that an impossibility is involved by any other assumption than that which the proposition maintains. Moreover this stringent 
verification, by means of a double reduciio ad absurdum, is repeated in every individual instance of the use of the method of 
exhaustion; there is no attempt to establish, in lieu of this part of the proof, any general propositions which could be simply 
quoted in any particular case. 

The above general characteristics of the Greek method of exhaustion are equally present in the extensions of the method 
found in Archimedes. To illustrate this, it will be convenient, before passing to the cases where he performs genuine 
integrations, to mention his geometrical proof of the property that the area of a parabolic segment is four-thirds of the triangle 
with the same base and vertex. Here Archimedes exhausts the parabola by continually drawing, in each segment left over, a 
triangle with the same base and vertex as the segment. If A be the area of the triangle so inscribed in the original segment, the 
process gives a series of areas 

A, {A t (|)M, ... 

and the area of the segment is really the sum of the infinite series 

But Archimedes does not express it in this way. He first proves that, if A h A 2 ).. .A n be any number of terms of such a series, 
so that A 1 = 4A 2 , A 2 = 4A 3 ,..., then 


A t + A$ + A 3 + ... + A n + ~ 

or A {I + J + (>)’ + ... + <*)- + KI)- 1 ! = K 

Having obtained this result, we should nowadays suppose n to increase indefinitely and should infer at once that (f) n ~ 2 
becomes indefinitely small, and that the limit of the sum on the left-hand side is the area of the parabolic segment, which must 
therefore be equal to | A. Archimedes does not avow that he inferred the result in this way; he merely states that the area of the 
segment is equal to | A, and then verifies it in the orthodox manner by proving that it cannot be either greater or less than | A. 

I pass now to the extensions by Archimedes of the method of exhaustion which are the immediate subject of this chapter. It 
will be noticed, as an essential feature of all of them, that Archimedes takes both an inscribed figure and a circumscribed 
figure in relation to the curve or surface of which he is investigating the area or the solid content, and then, as it were, 
compresses the two figures into one so that they coincide with one another and with the curvilinear figure to be measured; but 
again it must be understood that he does not describe his method in this way or say at any time that the given curve or surface is 
the limiting form of the circumscribed or inscribed figure. I will take the cases in the order in which they come in the text of 


1 .Surface of a sphere or spherical segment. 


The first step is to prove (On the Sphere and Cylinder I. 21, 22) that, if in a circle or a segment of a circle there be 
inscribed polygons, whose sides AB, BC, CD,... are all equal, as shown in the respective figures, then 

(a) for the circle 

(. BB' + CC'+ ...): AA' = AB : BA, 

(b) for the segment 

(BB' + CC'+ ...+KK' + LM) : AM = AB: BA. 

Next it is proved that, if the polygons revolve about the diameter^’, the surface described by the equal sides of the 
polygon in a complete revolution is [i. 24, 35] 

(a) equal to a circle with radius JAB (BB' + CC' + ... + YY t ) 

or (h) equal to a circle with radius Jab (BB' + CC' + ... + LM). 

Therefore, by means of the above proportions, the surfaces described by the equal sides are seen to be equal to 

(a) a circle with radius J AA~. AB,-, 
and ( b ) a circle with radius J AM. AB ; 
they are therefore respectively [i. 25, 37] less than 

(a) a circle with radius AA\ 

(b) a circle with radius AL. 

Archimedes now proceeds to take polygons circumscribed to the circle or segment of a circle (supposed in this case to be 
less than a semicircle) so that their sides are parallel to those of the inscribed polygons before mentioned (cf. the figures on pp. 
38, 51); and he proves by like steps [i. 30, 40] that, if the polygons revolve about the diameter as before, the surfaces 
described by the equal sides during a complete revolution are greater than the same circles respectively. 

Lastly, having proved these results for the inscribed and circumscribed figures respectively, Archimedes concludes and 
proves [i. 33, 42, 43] that the surface of the sphere or the segment of the sphere is equal to the first or the second of the circles 
respectively. 

In order to see the effect of the successive steps, let us express the several results by means of trigonometry. If, in the 
figures onpp. 33, 47 respectively, we suppose 4 n to be the number of sides in the polygon inscribed in the circle and 2 n the 
number of the equal sides in the polygon inscribed in the segment, while in the latter case the angle AOL is denoted by a, the 
proportions given above are respectively equivalent to the formulae* 

. TT . 2tT . . 7T TT 

sin —- + Sin — + ... + Sin (2w - 1) v - = c °t r~ > 

2n 2n v > 2 n 4 n 

n f ■ « . 2a . af 

and 3 f n - + sm - + ..„ + tun <« - * 1 * ) - J + sin a 

, -cot—. 

1 — cos a 2n 

Thus the two proportions give in fact a summation of the series 

sin 6 + sin 20 + ... + sin (n - 1 ) 0 

both generally where n6 is equal to any angle a less than jc, and in the particular case where n is even and 9 = n/n. 

Again, the areas of the circles which are equal to the surfaces described by the revolution of the equal sides of the 
inscribed polygons are respectively (if a be the radius of the great circle of the sphere) 







and 


•n-a* . 2 sin — ^2 jsin — + sin + ... + sin (n — 1) — j + sin a 

'art a 

or Tta . 2 cos -r— 

in 

The areas of the circles which are equal to the surfaces described by the equal sides of the circumscribed polygons are 
obtained from the areas of the circles just given by dividing them by cos 2 7i/4n and cos 2 o/2« respectively. 

Thus the results obtained by Archimedes are the same as would be obtained by taking the limiting value of the above 
trigonometrical expressions when n is indefinitely increased, and when therefore cos n/4n and cos a/2» are both unity. 

But the first expressions for the areas of the circles are (when n is indefinitely increased) exactly what we represent by the 
integrals 


(1 — cos a). 


4rra 2 . ^ j sin 6 d&, or 4 tt a 3 , 

and net 1 . j 2 sin $ d$, or 2m-a® (1 — cos a). 

Thus Archimedes’ procedure is the equivalent of a genuine integration in each case. 


2. Volume of a sphere or a sector of a sphere. 

The method does not need to be separately set out in detail here, because it depends directly on the preceding case. The 
investigation proceeds concurrently with that of the surface of a sphere or a segment of a sphere. The same inscribed and 
circumscribed figures are used, the sector of a sphere being of course compared with the solid figure made up of the figure 
inscribed or circumscribed to the segment and of the cone which has the same base as that figure and has its vertex at the centre 
of the sphere. It is then proved, (1) for the figure inscribed or circumscribed to the sphere, that its volume is equal to that of a 
cone with base equal to the surface of the figure and height equal to the perpendicular from the centre of the sphere on any one 
of the equal sides of the revolving polygon, (2) for the figure inscribed or circumscribed to the sector, that the volume is equal 
to that of a cone with base equal to the surface of the portion of the figure which is inscribed or circumscribed to the segment 
of the sphere included in the sector and whose height is the perpendicular from the centre on one of the equal sides of the 
polygon. 

Thus, when the inscribed and circumscribed figures are, so to speak, compressed into one, the taking of the limit is 
practically the same thing in this case as in the case of the surfaces, the resulting volumes being simply the before-mentioned 
surfaces multiplied in each case by £ a. 

3. Area of an ellipse. 


This case again is not strictly in point here, because it does not exhibit any of the peculiarities of Archimedes’ extensions 
of the method of exhaustion. That method is, in fact, applied in the same manner, mutatis mutandis, as in Eucl. xn. 2. There is 
no simultaneous use of inscribed and circumscribed figures, but only the simple exhaustion of the ellipse and auxiliary circle 
by increasing to any desired extent the number of sides in polygons inscribed to each (On Conoids and Spheroids, Prop. 1 1). 


4. Volume of a segment of a paraboloid of revolution. 

Archimedes first states, as a Lemma, a result proved incidentally in a proposition of another treatise (On Spirals, Prop. 
1 1), viz. that, if there be n terms of an arithmetical progression h, 2 h, 3 h, ..., then 


add 


h + 2A + 3A + ... + nh-> 
h + 2h + 3A + ... + (w- 1) k <■ ^n^tf 


Next he inscribes and circumscribes to the segment of the paraboloid figures made up of small cylinders (as shown in the 
figure of On Conoids and Spheroids, Props. 21, 22) whose axes lie along the axis of the segment and divide it into any number 
of equal parts. If c is the length of the axis AD of the segment, and if there are n cylinders in the circumscribed figure and their 
axes are each of length A, so that c = nh, Archimedes proves that 

, cylinder CE n 2 k _ _ 

^ ' inscribed fig. h 4 2k 4- 3A, + ... + (n — 1 j k 

> 2, by the Lemma, 


and (2) 


cylinder CE _ n 2 h 

circumscribed fig. h + 2h + 3A + .,, + nh 
< 2 . 


k 2 







Meantime it has been proved [Props. 19, 20] that, by increasing n sufficiently, the inscribed and circumscribed figure can 
be made to differ by less than any assignable volume. It is accordingly concluded and proved by the usual rigorous method that 


(Cylinder CE) = 2 (segment), 
so that (segment ABC) = (cone ABC). 

The proof is therefore equivalent to the assertion, that if h is indefinitely diminished and n indefinitely increased, while nh 
remains equal to c, 

limit of h {h + 2h + 3A + ... + (n — 1) h} = £c 2 ; 

that is, in our notation, 



Thus the method is essentially the same as ours when we express the volume of the segment of the paraboloid in the form 


If 



where k is a constant, which does not appear in Archimedes’ result for the reason that he does not give the actual content of the 
segment of the paraboloid but only the ratio which it bears to the circumscribed cylinder. 


5. Volume of a segment of a hyperboloid of revolution. 


The first step in this case is to prove [On Conoids and Spheroids, Prop. 2] that, if there be a series of n terms, 

ah + h 2 , a. 2 h + (2h) 2 , a . 3h + (3h) 2 , ... a . nh + (nh) 2 , 
and if (ah + h) 2 + {a. 2h + (2h) 2 } + ... + {a. nh + (nh) 2 } = S n , 


then. 

and 


n \a.nh + (nhy\jS n <(a + nh) / ^ + 
n {a. nh + (nhfj/S^ > (a + nk)j Q + y) 


< 0 )‘ 


Next [Props. 25, 26] Archimedes draws inscribed and circumscribed figures made up of cylinders as before (figure on p. 
137), and proves that, if AD is divided into n equal parts of length h, so that nh =AD, and if AA’ = a, then 


cylinder EB' n {a. nh + (nhf \ 

inscribed figure S n ^ 

>(«+"*)/(j+ ! j). 

cylinder EB’ n \a. nh + (nhf-\ 

, circumscribed fig. S n 

and 

, , w {a nh\ 

<(«+*/,). ^ + T j. 

The conclusion, arrived at in the same manner as before, is that 


cylinder EB' , 
segment ABB' ^ + 



This is the same as saying that, if nh = 6 , and if h be indefinitely diminished while n is indefinitely increased, 

limit of n (ab + b 2 )jS n - (a + h)j ^ , 

limit of is. =*>(5 + !). 

Now S n = a(h + 2h+ ...+ nh) + {h 2 + (2h) 2 + ... + (nh) 2 }, 


or 









so that hS n = ah(h + 2h +...+ nh ) + h {h 2 + (2 h) 2 + ... + (nh ) 2 }. 

The limit of the last expression is what we should write as 

ft> 

| (ax + x 2 ) dx, 
Ja 

which is equal to p + ; 

and Archimedes has given the equivalent of this integration. 

6 . Volume of a segment of a spheroid. 

Archimedes does not here give the equivalent of the integration 

I (ax - ar*), 


presumably because, with his method, it would have required yet another lemma corresponding to that in which the results (/?) 
above are established. 

Suppose that, in the case of a segment less than half the spheroid (figure on p. 142), A A' = a, CD = £c, AD = b; and let AD 
be divided into n equal parts of length h. 

The gnomons mentioned in Props. 29, 30 are then the differences between the rectangle cb + b 1 and the successive 
rectangles 

ch + h 2 , c . 2h + (2 h) 2 , ... c . (n — 1 ) h + {( n - 1 )h} 2 , 

and in this case we have the conclusions that (if S n be the sum of n terms of the series representing the latter rectangles) 


cylinder EB' n (ch + h 1 ) 
inscribed figure n (ch + ff) — S n 


>(c + 



and 


cylinder EB' n (cb + b 2 ) 

circumscribed fig, n (cb + I s ) — S n _ l 


and in the limit 



cylinder EB' //c 2h\ 

segment ABB' C \2 3 ) ‘ 


Accordingly we have the limit taken of the expression 


n (cb + b*)-S n 

n (cb + b 3 ) 5 n(cb + Vy 


and the integration performed is the same as that in the case of the hyperboloid above, with c substituted for a. 

Archimedes discusses, as a separate case, the volume of half a spheroid [Props. 27 , 28 ]. It differs from that just given in 
that c vanishes and b = ^a, so that it is necessary to find the limit of 

h 3 + (2h) s + (3 hY+ ... + (nh) 1 
7i (nhf } 

and this is done by means of a corollary to the lemma given on pp. 107 — 9 [On Spirals , Prop. 10 ] which proves that 

hr + (2h)* + ... + (nkf > \n(nhf, 


and h* + (2A ) 2 +... + {(n - 1) A}* < Ipi (nh) 1 . 
The limit of course corresponds to the integral 


7. Area of a spiral. 


fb 

j x 1 dx = y/. 











(1) Archimedes finds the area bounded by the first complete turn of a spiral and the initial line by means of the proposition 
just quoted, viz. 

h 2 + (2/e) 2 + ...+ (nh'f > \n ( nh)\ 
h 2 + {2 hf + ... + {(n - 1) h\* < (nh)\ 

He proves [Props. 21, 22, 23] that a figure consisting of similar sectors of circles can be circumscribed about any arc of a 
spiral such that the area of the circumscribed figure exceeds that of the spiral by less than any assigned area, and also that a 
figure of the same kind can be inscribed such that the area of the spiral exceeds that of the inscribed figure by less than any 
assigned area. Then, lastly, he circumscribes and inscribes figures of this kind [Prop. 24]; thus e.g. in the circumscribed figure, 
if there are n similar sectors, the radii will be n lines forming an arithmetical progression, as h, 2 h, 3 h, ... nh, and nh will be 
equal to a, where a is the length intercepted on the initial line by the spiral at the end of the first turn. Since, then, similar 
sectors are to one another as the square of their radii, and n times the sector of radius nh or a is equal to the circle with the 
same radius, the first of the above formulae proves that 

(circumscribed fig.) > 

A similar procedure for the inscribed figure leads, by the use of the second formula, to the result that 

(inscribed fig.) < jpn-a*. 

The conclusion, arrived at in the usual manner, is that 

(area of spiral) — fara 3 ; 

and the proof is equivalent to taking the limit of 

+ <2A) i + ...+](w-l)A}*] 


- r«fdx = bra t 

[It is clear that this method of proof equally gives the area bounded by the spiral and any radius vector of length b not being 
greater than a; for we have only to substitute Tib/a for 7i, and to remember that in this case nh = b. We thus obtain for the area 

TT 

- | x*dx, or Jir6 3 /«.] 

Jo 

(2) To find the area bounded by an arc on any turn of the spiral (not being greater than a complete turn) and the radii 
vectores to its extremities, of lengths b and c say, where c > b, Archimedes uses the proposition that, if there be an arithmetic 
progression consisting of the terms 

b, b + h, b + 2 h, ... b + (n - 1 ) h, 
and if S n = b 2 + (b + h) 2 + (b + 2 h) 2 +...+{/> + (n - 1 )h} 2 , 

then (»-l){»+(n-W ^ {b+Jn-l) hf 

S n — 6* {6+(»—1)A}6+£{(n-1) A} 1 ’ 

and < «-l){i+(n ^I)&r _ 

JS % -1 " {6+(«-1){(V-1)A} 2 ‘ 

[On Spirals , Prop. 11 and note.] 

Then in Prop. 26 he circumscribes and inscribes figures consisting of similar sectors of circles, as before. There are n - 1 
sectors in each figure and therefore n radii altogether, including both b and c, so that we can take them to be the terms of the 
arithmetic progression given above, where [b + (n - 1) h) = c. It is thus proved, by means of the above inequalities, that 

sector OB'C [6 + (n — 1) A}* sector OB'C 

circumscribed fig, \b+{n— l)A[6+^|(ji— l)A} a inscr. fig. ' 


-[A 2 


n 


or of 


irh 


a 


[A 2 + (2A) 2 + ... + [(ji— I) A.} 3 ], 


which last limit we should express as 


and it is concluded after the usual manner that 










sector OB'C {6 + (n. — 1) A} 2 

spiral OBO ~ {b + (n.— 1) A} b + J {{n- l )Tp 


cb 4- £ (c — bf ' 

Remembering that n - 1 = (c - b)/h, we see that the result is the same thing as proving that, in the limit, when n becomes 
indefinitely great and h indefinitely small, while b + (n — \)h = c, 

limit of h [6 s + (b + hf + ... + (£» + {«- 2) A}®] 

= (c-b){ C b + %{ C -b)*\ 

that is, with our notation, 

l e a?dx = ^(c 3 -J 3 ). 

(3) Archimedes works out separately [Prop. 25], by exactly the same method, the particular case where the area is that 
described in any one complete turn of the spiral beginning from the initial line. This is equivalent to substituting (n - I ) a for b 
and na for c, where a is the radius vector to the end of the first complete turn of the spiral. 

It will be observed that Archimedes does not use the result corresponding to 

f x*dx — ( x*dx~ f x‘dx. 

Jo Jb Jo 


8 . Area of a parabolic segment. 

Of the two solutions which Archimedes gives of the problem of squaring a parabolic segment, it is the mechanical solution 
which gives the equivalent of a genuine integration. In Props. 14, 15 of the Quadrature of the Parabola it is proved that, of 
two figures inscribed and circumscribed to the segment and consisting in each case of trapezia whose parallel sides are 
diameters of the parabola, the inscribed figure is less, and the circumscribed figure greater, than one-third of a certain triangle 
(EqQ in the figure on p. 242). Then in Prop. 16 we have the usual process which is equivalent to taking the limit when the 
trapezia become infinite in number and their breadth infinitely small, and it is proved that 

(area of segment) = J A EqQ . 

The result is the equivalent of using the equation of the parabola referred to Qq as axis ofx and the diameter through Q as 
axis ofy, viz. 


py = x (2a - x), 

which can, as shown on p. 236, be obtained from Prop. 4, and finding 


ydx, 


where y has the value in terms of x given by the equation; and of course 
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If 2 *. 

- I (2ax — aj s ) dx 

P Jo 1 


4 a? 
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The equivalence of the method to an integration can also be seen thus. It is proved in Prop. 16 (see figure on p. 244) that, if 
qE be divided into n equal parts and the construction of the proposition be made, Qq is divided at O h 0 2 , ... into the same 
number of equal parts. The area of the circumscribed figure is then easily seen to be the sum of the areas of the triangles 

QqF, QR\F h QR 2 F 2 • • • 

that is, of the areas of the triangles 

QqF, QO\R u Q0 2 Dj- 

Suppose now that the area of the triangle QqF is denoted by A, and it follows that 





{circumscribed fig.) = A * 


'l + (»-!)■ + (n-2) : 


tv n‘) 


VA* 


. A{A S + 2 2 A a + ... + w 2 A s }. 


Similarly we obtain 


{inscribed fig.) = . A {A 2 + 2 2 A 2 + ... + (to - l) 3 A 2 }. 


Taking the limit we have, if A denote the area of the triangle EqQ, so that A = nA, 

1 f A 


1 i' A 

(area of segment) = — I AVA 

= K 


If the conclusion be regarded in this manner, the integration is the same as that which corresponds to Archimedes’ squaring 
of the spiral. 


* Bretschneider, p. 101. 
t Bretschneider, p. 102. 

J Hankel, Zur Geschichte der Mathematik imAlterthum und Mittelalter , p. 123. 

* These formulae are taken, with a slight modification, from Loria, IIperiodo aureo della geometria greca, p. 108. 






CHAPTER VIII 


THE TERMINOLOGY OF ARCHIMEDES. 

So far as the language of Archimedes is that of Greek geometry in general, it must necessarily have much in common with 
that of Euclid and Apollonius, and it is therefore inevitable that the present chapter should repeat many of the explanations of 
terms of general application which I have already given in the corresponding chapter of my edition of Apollonius’ Conics *. 
But I think it will be best to make this chapter so far as possible complete and selfcontained, even at the cost of some slight 
repetition, which will however be relieved (1) by the fact that all the particular phrases quoted by way of illustration will be 
taken from the text of Archimedes instead of Apollonius, and (2) by the addition of a large amount of entirely different matter 
corresponding to the great variety of subjects dealt with by Archimedes as compared with the limitation of the work of 
Apollonius to the one subject of conics. 

One element of difficulty in the present case arises out of the circumstance that, whereas Archimedes wrote in the Doric 
dialect, the original language has been in some books completely, and in others partially, transformed into the ordinary dialect 
of Greek. Uniformity of dialect cannot therefore be preserved in the quotations about to be made; but I have thought it best, 
when explaining single words, to use the ordinary form, and, when illustrating their use by quoting phrases or sentences, to 
give the latter as they appear in Heiberg’s text, whether in Doric or Attic in the particular case. Lest the casual reader should 
imagine the paroxytone words e'deiai, SiapExpOi, n^Olxai, n^OOUx at, iOOeCxai , SuvOVtcu, ^nxexai, KaAei(70ai, K^ioOai and 
the like to be misprints, I add that the quotations in Doric from Heiberg’s text have the unfamiliar Doric accents. 

I shall again follow the plan of grouping the various technical terms under certain general headings, which will enable the 
Greek term corresponding to each expression in the ordinary mathematical phraseology of the present day to be readily traced 
wherever such a Greek equivalent exists. 

Points and lines. 

A point is OppsiOv, the point B to B OrjpsiOv or to B simply ; a point on (a line or curve) OrjpsiOv pzi (with gen.) or e w ; 
a point raised above (a plane) OrjpeiOv psxEcopOv any two points whatever being taken Suo Ctqpeiwv Aap|3avOp£Fcov 
;i;OudvO £ v. 

At a point (e.g. of an angle) npdq (with dat.), having its vertex at the centre of the sphere KOpv^tjv e/cov npdq x& Kevxpco x 
fjq OtpaLpaq; of lines meeting in a point, touching or drviding at a point, etc., xaxd (with acc.), thus AE is bisected at Z is £ AE 
5(%a x 0 ivExai Kara ro Z ; of a point falling on or being placed on another pii or naxd (with acc.), thus Z will fall on T, to pen 
ZfzixdF n$ 0 $ixai, so that E lies on A, j;Ots to pen E, ko.xCX to A K&oOai. 

Particular points are extremity nEpaq, vertex KOpvorj, centre KEvxpOv, point of division SiaLp^Oiq, point of meeting 
OUpnxcoOiq, point of section xOpr\, point of bisection SiyOxOpLa, the middle point xd pEOOv; the points of division H, I, K, 
t& T£U diaipeOicov (Japsia rd H, I, K ; let B be its middle point pgJOv 5e a,jTa<; |Otco toB ; the point of section in which (a 
circle) cuts £ r Opd, ko.9’ *p xyuvgi. 

A line is ypappt) , a curved line napnOArj ypappt ), a straight line £^0sia with or without ypappt). The straight line ©IKA, 
£ 0IKA £^08px; but sometimes the older expression is used, the straight line On which (pi\ with gen. or dat. of the pronoun) 
are placed certain letters, thus let it be the straight line M, eOrco ^ 0 ’ * to M, other straight lines K, A, aAAai ypappaL, ^ 0 ’ 
av Td K , A. The straight lines between the points ai psxacU xqU Orjp&cov jt)siai, of the lines which have the same 
extremities the straight line is the least rjjv xda^xd n^paxa i/OvO^v ypapp^v lAayiOxijv sivai xt)v e^deiav, Straight lines 
cutting one another e'dslai x$pvOVOai dAAdAaq. 

For points in relation to lines we have such expressions as the following: the points T, 0, M are on a straight line in’ 
Telaq xaq,A 6 , p Oapeia, the point of bisection of the straight line containing the centres of the middle magnitudes £ 
bv/OxOpia xaq s$slaq xaq ixOUOaq xd Kgvxpa rjjv peOcov psyeOecov p^Ocov ptyeO^cov. A very characteristic phrase for at a 
point which divides the straight line in such a proportion that... is ini xS,q Sydeiaq diaip^iOaq ^Oxe...) similarly x&,c, ye 
xpad^iOaq o«xcoq, $Jx£. A certain point will be on the straight line... dividing it so that... lOOslai...Siaip^Ov diaipeov o« 
xcoq xU)v e^Osiav, *pxe... 

The middle point of a line is often elegantly denoted by an adjective in agreement; thus at the middle point of the segment 
fnL pgJOv rOj xpdpaxOq, (a line) drawn from T to the middle point of d^o tOj , T pii p^Oav xdv EB ^yfeiOa, drawn to the 
middle point of the base %kL pgJav rdn fidoiv $yopeva. 

A straight line produced is the {straight line) in the same straight line with it I) in’ e^deiaq a^x{j. In the same straight 


line with the axis pzi T$q aj x^siag x,j aqovi. Of a straight line falling on another line Kaxd (with gen.) is used, e.g. nLnzOvOi 
Kax a^jj q; $ni (with ace.) is also used of a straight line placed on another, thus if sr| be placed on PA, z^iOag z%q EH ^txL xdv 
BA. 

For lines passing through points we find the following expressions: will pass through v, pqsi 5id xO- v; will pass through 
the centre 5id xOj KeoxpOv 7 iOpeuasxai KgvxpOv nOp^UO^zai, will fall through 0 n$(J$izai 5id xO- 0, verging towards B vg 
UOvOa ini z 6 B , pass through the same point ini zo ajxo OapeiOv^pX the diagonals of the parallelogram fall (i.e. meet) at 
0, Kaxd 8 e xo 8 e xo 0 ai SiCCpgzpOi zO* napaXX rjA Oyp&ppOv ninzOvzi ; EZ ( passes) through the points bisecting AB, TA, 8 e 
xO,j Sr/OxOpLav xO,j AB, TA £ EZ. The verb sipi is also used of passing through, thus ^OCJsixai 5f| ajxd Sid xoj 0. 

For lines in relation to other lines we have perpendicular to KOtO^zOg $n\ (with acc.), parallel to nap&XXqXog with dat. 
or napOt. (with acc.); let KA be (drawn) from K parallel to TA, &no K napOt xdu TA ^716 KA. 

Lines meeting one another OvpnLnzOvOai &AAf\Aaiq the point in which ZH, MN produced meet one another and AT, zi 
OqpeiOv KaO' * zo,Oqpciov Ovpfi&AAovOiv ^KpaAAopevt ZH, MN ^AAr) Aai<; ze Ka^’ Ar; so as to meet the tangent jjCJxs 1 
pTixe let straight lines be drawn parallel to AT to meet the section of the cone tr/Ocov e*veL napOt xdv AT eOze naxi zdtv 
kUvOv xOpCLv, to draw a straight line to meet its circumference nozi zo* nepicpspsiav ajyzo-, the line drawn to meet £ 
nOxincnopm, let AE, AA be drawn from the point A to meet the spiral and produced to meet the circumference of the circle 
nOxininzOvzcov &no cO- A OapsLOv nozi eOtv eXixa ai AE, AA koX iicnininxovxcov nozi zo* kUkXov nepupgpeiav ; until it meets 
0A in 8, eOxe Ka aop 7 ieCJr| xa 0A Kaxd s (of a circle). 

(The straight line) will fall outside (i.e. will extend beyond) P, ^kxo<; xoj P 718081 xi; will fall within the section of the 
figure evzog neOOUvzai z^g zo$ Oy fipazOg zopfigg. 

The (perpendicular) distance between (two parallel lines) PEL, BH, xo didozqpa xO^v AZ, BH. Other ways of expressing 
distances are the following: the magnitudes equidistant from the middle one zOt lOOv £ ne/Ovza ypri xO~ pgJOv pey^dea, are 
at equal distances from one another lOa &n’ ^XXaXcov di^Ozaxev; the segments (lengths) on Ar) equal to v, x^ xa eo Ar| 
zpOtpaza xj v; greater by one segment evL zpdpazi pcXgcov. 

The word eU0ia itself is also often used in the sense of distance ; cf. the terms npUzq eU0ia etc. in the book On Spirals, 
also £ eU0ia KgvxpOv KgvxpOv z&O y&g the distance between the centre of the sun and the centre of the earth. 

The word for join is ^ngeu^syvUco or 7 ii<;eu^eyovpi the straight line joining the points of contact £x<; i^ag ^m^suyvUOvOa 
8U0ia, PA when joined £ PA ^svysiOa PA let EZ join the points of bisection of AA, PT, £ 8 e EZ ^iqsu^syvxw Sr/OxOpLag x£ 
v AA, PT. In one case the word seems to be used in the sense of drawing simply, si ko. s,;0sia $ 7 n^ev% 0 £. 

Angles. 

An angle is ycovLa, the three kinds of angles are right opOrj, acute bccia, obtuse ^pfiXeia; right-angled etc. 6p0OyU)mO<;, 
o^vyCOmOq, ^pPAvycfimOq equiangular lOoyUviOg; with an even number of angles £pzioXcoOg or £ pzioXtAOg. 

At right angles to op bag jzpOg (with acc.) or 7 xp 6 <g op0d<; (with dat. following); thus if a line be erected at right angles to 
the plane 6p0&g nOzL zd ijzLtzeSOv, the planes are at right angles to one another npz’ opOctg ayyayaig, being at right angles 
to ABT, 7 ipo<; op0d<; U)o x £ ABT; KT, SA are at right angles to one another noz’ opOOLg (vzi ^XXdXaig KT, SA, to cut at 
right angles z^pvsiv zepvew npog opOdtg. The expression making right angles with is also used, e.g. op0d<; ycovLag 7 iOxi xdu 
AB. 

The complete expression for the angle contained by the lines AH, AT is £ ycovLa £ nspur/Op^va U71B xlfio AH, AT; but 
there are a great variety of shorter expressions, ycovLa itself being often understood; thus the angles A, E, A, B, ai A, E, A, B 
ycovLav, the angle at 0, ycomai 0; the angle contained by AA, AZ, £ ycovLa £ AA, AZ; the angle AHT, (j ,^16 xju AHT ycovLa, * 
no AHT (with or without ycovLa). 

Making the angle K equal to the angle 0, ycovLav OOiOjOa xdv K iOau Ta 0; the angle into which the sun fits and 
ivhich has its vertex at the eye ycovLa, siq <j; aAiO<; ^uappo^si xdv KOpo<|)av eyOvOuOav TiOxl x a ovpsi of the sides subtending 
the right angle (hypotenuses) x Sy jna xdv ^p0dv ycovLav ^OxeiuOiOaS, they subtend the same angle ( wxl x «v jrta xdv 
ycovLav. 

If a line through an angular point of a polygon divides it exactly symmetrically, the opposite angles of the polygon,ai £ 
7 i 8 vavxiOv ycovLai xOj noAvyUvOv, are those answering to each other on each side of the bisecting line. 


Planes and plane figures. 



A plane pinsSOv; the plane through BA, to pinsSOv BA, or xi Sid x{jg BA, plane of the base pineSOOv x{jg fdoscog, 
plane (i.e. base) of the cylinder x^pvOv kvA IvSpOv; cutting plane pji OedOv x^pvOv, tangent plane %OiOedOv iOnya-Ov ; the 
intersection of planes is their common section Komlj xOprj. 

In the same plane as the circle p xjj a*z£ pined£ kUkA~. 

Let a plane be erected on IIZ at right angles to the plane in which A(3, TA are pxo tag ITZ|OiOs 80 v ^vsaxaidxcD, ^pGiv 
aOxi ^GiaeSOv xi p ( wxr ai AB, TA. 

The plane surface r\ i nlnsSOg (pifdvia), a plane segment r\ i nlnsdOg xjufjga, a plane figure Oyjjpa tj i nlnsSOg. 

A rectilineal figure 8j0Uypappoi)(Ox,jpa), a side nAsvpd, perimeter tj neplpsxpOg, similar OpOiOg, similarly situated $ 
pOicog KelpsvOg. 

To coincide with (when one figure is applied to another), ^vppo^siu followed by the dative or ^ 7 xl (with ace.); one part 
coincides with the other i^vppofw; the plane through vZ coincides with the plane through AT, xo ^tUtisSou xo Kaxd xdv 
vZ ^vppo^Ein x£ Kasa e »5co x<i Kaxd xdv AT. The passive is also used; if equal and similar plane figures coincide with one 
another x^v iOcov xaL jpqdscov Oyqpdxcov pxLjxsdOv p)appOCOpevcov p’ aAAaAa. 

Triangles. 

A triangle is xplycovOv, the triangles bounded by (their three sides) xd nepieyOpsva xplycova po.... Aright-angled 
triangle xplycovOv ( j pOoyCJviov, one of the sides about the right angle p(a xQy jxepi xtjv jpOtjv. The triangle through the axis 
(of a cone) xi 5id xsj a^Ong xo 5m xOj hLpvOqxplycovOv. 

Quadrilaterals. 

A quadrilateral is a four-sided figure (xsxpdnAsvpOv) as distinguished from a four-angled figure, xexpdycovOv, which 
means a square. A trapezium, xpan^fiOv, is in one place more precisely described as a trapezium having its two sides 
parallel xpanpiOv xdq 860 JiAevpag exOv JiapaAAdAovt; ^AAdAaic;. 

A parallelogram napaAAqAdypappOv; for a parallelogram on a straight line as base ^i (with gen.) is used, thus the 
parallelograms on them are of equal height %Oviv lOOUy/q xd napaAA qA Oypappa xa pi’. A diagonal of a parallelogram is 
SidpexpOg, the opposite sides of the parallelogram ai xax’ paxiOv napaAArjA OypappOv nAevpal. 

Rectangles. 

The word generally used for a rectangle is ycoplOv ( space or area ) without any further description. As in the case of 
angles, the rectangles contained by straight lines are generally expressed more shortly than by the phrase xa nepieyOpsva 
ycopla yojpiOv either ycoplOv may be omitted or both ycoplOv and nepieyOpsvOv, thus the rectangle AT, TE may be any of the 
following, xo ^po xjjx AT, TE, xo Upo AT, TE, xo Upo ATE, and the rectangle under 0K, AH is xo Upo 0K Kai AH. 
Rectangles 0, i, K, A , ycopla p Oig xd (or ^<j) COveKaOxOv X£v) 0, 1, K, A. 

To apply a rectangle to a straight line (in the technical sense) is napafidAAsiv, and napanlnxco is generally used in place 
of the passive; the participle napaicslgevOg is also used in the sense of applied to. In each case applying to a straight line is 
expressed by napd (with acc.). Examples are, areas which we can apply to a given straight line (i.e. which we can transform 
into a rectangle of the same area ) ycopla, £ dvvdpeda napd xdv dOdeiOav s-6siav napansnxconexco, let a rectangle be 
applied to each of them napansnxcoicgrco nap ’ pdoxv app ycoplOv; if there be applied to each of them a rectangle 
exceeding by a square figure, and the sides of the excesses exceed each other by an equal amount (i.e. form an arithmetical 
progression) si tea nap ’ pedoxav napangJrj xi ycoplOv xco, iOco &AAdAav nepeyOUOai. 

The rectangle applied is napdpAqpa. 

Squares. 

A square is xexpdycovOv, a square on a straight line is a square (erected) from it (< 3 . 716 ). The square on T3, xo pio xp TS 
xexpdycovOv, is shortened into xo £710 x^q TH, or xo £7io TE simply. The square next in order to it (when there are a number of 
squares in a row) is xo 7tap’ xsxpdycovOv or xo ^opevOv xexpdycovOv. 

With reference to squares, a most important part is played by the word Suvapiq and the various parts of the verb Suvapai, 
SUvapig expresses a square (literally a power); thus in Diophantus it is used throughout as the technical term for the square of 



the unknown quantity in an algebraical equation, i.e. for x 2 . In geometrical language it is the dative singular Svvdpsi which is 
mostly used; thus a straight line is said to be potentially equal, Svvdpei ioov, to a certain rectangle where the meaning is that 
the square on the straight line is equal to the rectangle; similarly for the square on BA is less than double the square on AK 
we have fj BA ^Adoocov ^OOiv rj SinAdoicov Svvdpei xf } q AK. The verb SuvaoOai (with or without ioov) has the sense of 
being Svvdpei ioa, and, when SuvaoOai is used alone, it is followed by the accusative; thus the square (on a straight line) is 
equal to the rectangle contained by... is (e$em) SUvaxai x£ TispsxOqevco ^6...; let the square on the radius be equal to the 
rectangle PA, AZ, rj e »K xO- KgvzpOv SvvdoOco xo L ^io x^x BAZ, (the difference) by which the square on ZT is greater than 
the square on half the Other diameter £ peiCOv Svvdzai £ ZT Taq rjpiO£ia<; Ta.q pcepaq SiapgcpOv. 

A gnomon is yvUpcov, and its, breadth (jzAdzOg) is the breadth of each end; a gnomon of breadth equal to Bl, yvUpcov 
jrAdzOg ^%cov iCJOv xd Bl, (a gnomon) whose breadth is greater by one segment than the breadth of the gnomon last taken 
away OU JiAdzOg $vi zpdpazi peiqOv zO- nAdzeOg zO- npi a^zO- qfcupOvpevOv yvUpOvOq. 

Polygons. 

A polygon is noAOycovOv, inequilateral polygon is lOijrAavpOv , a polygon of an even number of sides ox angles £ 
7 ixii7iA£VpOv or ^7ixiiycovOv; a polygon with all its sides equal except BA, AA, ioac; eyOv xdq nAevndq %copi<; x^u BAA; a 
polygon with its sides, excluding the base, equal and even in number zdg nAevpdg pyOv zfjg fdoecog \Oaq kox ^pxiOvt;; an 
equilateral polygon the number of whose sides is measured by four noAuycovOv lOnrAsvpOv, Ov at TrAsvpai jjxri, zezpddOg 
pezpO~vzai, let the number of its sides be measured by four xi 7iAsvpai zezpddOg. A chiliagon yiAidycovOv. 

The straight lines subtending two sides of the polygon (i.e. joining angles next but one to each other) ai ,jjii 8uo 7iAevpdg 
xO- noAvyUvOv UnOzeLvOvOai the straight line subtending one less than half the number of the sides (j ,}jtOxsivOvCJa xdg 
pi a ikdooovaq TQy ljpiCJ£Wy. 

Circles. 

A circle is xUicAog, the circle vp is o vp KUxAog or 6 KUxAog (V \p, let the given circle be that drawn below eOzco o 
kUkAoc o jKOxeipevOg. 

The centre is KgvzpOv, the circumference nepwgpeia, the former word having doubtless been suggested by something 
stuck in and the latter by something, e.g. a cord stretched tight, carried round the centre as a fixed point and describing a circle 
with its other extremity. Accordingly nepicp^peia is used for a circular arc as well as for the whole circumference; thus the arc 
BA; is (j BA nepicp^peia, the (part of the) circumference of the circle cut off by the same (straight line) rj kUkAov nepixp^ 
peia rj *no z{jg a’z 7 jg &nOzepvOpevq . Though the circumference of a circle is also sometimes called its perimeter (rj 
nepLpezpOq) in the treatises On the Sphere and Cylinder and on the Measurement of a Circle, the word does not seem to have 
been used by Archimedes himself in this sense; he speaks, however, in the Sand-reckoner of the perimeter of the earth 
(nepLpezpOg zdg y-g). 

The radius is (j ( *k xO- K^vzpOv simply, and this expression without the article is used as a predicate as if it were one 
word; thus the circle whose radius is 0E is 6 tcUicAog oi KgvzpOv £ 0E; PE is a radius of the circle fj 8e PE xO- KgvzpOv 
l<Jzi rOj kUkAov. 

A diameter is SidpezpOg, the circle on AE as diameter 6 nspi SidpezpOv xljv AE KUjcAog. 

For drawing a chord of a circle there is no special technical term, but we find such phrases as the following: «?dv sig xox 
kUkAov e'Oeia ypappfj ipneOq if in a circle a straight line be placed, and the chord is then the straight line so placed rj i 
pneOO~Oa , or quite commonly ij |v x,j kUkAco (e^Oeia) simply. Vox the chord subtending one 656th part of the 
circumference of a circle we have the following interesting phrase, £ ^OxeivOvOa ev xpapa 5iaip£0£lOac; xdq xOj ABT 
kUkAov nepicpepeLag eq yyq\ 

A segment of a circle is xp,jpa kUkAov ; sometimes, to distinguish it from a segment of a sphere, it is called a plane 
segment xp^pa ^itieSOv . A semicircle is rjpucUicAiOv ; a segment less than a semicircle cut off by AB, xp,ypa eAountOv 
ij pikUkAiOv 6 £7iOxepv£i rj AB. The segments on AB, EB (as bases) are xd eTri xj;x AB, EB zptjpaza', but the semicircle on 
ZH as diameter is xi SidpezpOv ZH or xe 7i£7ii xdv ZH simply. The expression the angle of the semicircle, £ xO- rjpucUKAiOv 
(ycovLa), is used of the (right) angle contained by the diameter and the arc (or tangent) at one extremity of it. 

A sector of a circle is zOpeUg or, when it is necessary to distinguish it from what Archimedes calls a ‘solid sector,’ 



7ii7i£5 Oq xOpeUq kUkAov a plane sector of a circle. The sector including the right angle (at the centre) is <j xOpeUt; * xdv <• 
p0dv ycovLav nepigycov. Either of the radii bounding a sector is called a side of it, nAsvpd; each of the sectors (is) equal to 
the sector which has a side common (with it) exaOzOg xQy zOp^cov e/Ovzi nAepdv zOpsi ; a sector is sometimes regarded as 
described on one of the bounding radii as a side, thus similar sectors have been described on all (the Straight lines) £ 
vaysynafiCtzai ypxd nao$v ^poLoi xOp^eq. 

Of polygons inscribed in or circumscribed about a circle e »yypd(|)8iv or and nepiypdcpeiv nepL (with acc.) are used ; we 
also find zzepiyeypapppvOg used with the simple dative, thus xe zzepiyeypapppv Oyjjp a xjj xOpsi is the figure circumscribed to 
the sector. A polygon is said to be inscribed in a segment of a circle when the base of the segment is one side and the other 
sides subtend arcs making up the circumference; thus let a polygon be inscribed on Ar in the segment ABr, ^711 x^i Ar 
nOA UycovOv eyyeypdcpdco sig xo ABr xp^pa. A regular polygon is said to be inscribed in a sector when the two radii are two 
of the sides and the other sides are all equal to one another, and a similar polygon is said to be circumscribed about a sector 
when the equal sides are formed by the tangents to the arc which are respectively parallel to the equal sides of the inscribed 
polygon and the remaining two sides are the bounding radii produced to meet the adjacent tangents. Of a circle circumscribed 
to a polygon jrepiAapfdvsiv is also used; thus noAuycovOv kUkAoc; nepiyeypapp^vOg nepiAapfavgcco nepi zd zd KpvzpOv 
yivOpevOg, as we might say let a circumscribed circle be drawn with the same centre going round the polygon. Similarly the 
circle ABrA containing the polygon <• ABrA kUkAoq eycou izOA UycovOv. 

When a polygon is inscribed in a circle, the segments left over between the sides of the polygon and the subtended arcs are 
nepiAeinOpeva zpljpaza', when a polygon is circumscribed to the circle, the spaces between the two are variously called xd 
neplAeuzOpeva z^g Ttepiypafcf zpljpaza, xd zzepiAeinOpeva Oyljpaza, xd nepiAeippaza or xd £7ioAsippaxa. 

Spheres, etc. 

In connexion with a sphere (CJoaipa) a number of terms are used on the analogy of the older and similar terms connected 
with the circle. Thus the centre is xsvzpOv, the radius lj pc zO^ KgvzpOv, the diameter rj didpezpOq. Two segments, zpljpaxa 
OcpaLpag or zpljpaza Ocpaipucd, are formed when a sphere is cut by a plane; a hemisphere is fjpiOcpalpiOv; the segment of 
the sphere at T, xi Kaxd xi T xp^pa x^q OcpaLpag; the segment on the side of ABT, xd <3.710 ABT xp^pa the segment including 
the circumference BAA, xo Kaxd Brjv BAA 7 zspup^peiav xp,jpa. The curved surface of a sphere or segment is ^Oi<j)dvsia ; thus 
of spherical segments bounded by equal surfaces the hemisphere is greatest is x{j iOq ^xujmv zzepisyOp^vcov OcpaipixUv 
zprjpdzcov. The terms base (fidoiq), vertex (kOpvcplj ) and height (,j\|/Oc;) are also used with reference to a segment of a sphere. 

Another term borrowed from the geometry of the circle is the word sector (zOpeUg ) qualified with the adjective OzepeOg 
(solid). A solid sector (zOpsUg OzepeOg) is defined by Archimedes as the figure bounded by a cone which has its vertex at the 
centre of a sphere and the part of the surface of the sphere within the cone. The segment of the sphere included in the sector is 
xe xp,ypa x^CJcjmipac; xd |v xjj xOpsi or xd Kaxd xov xOpea. 

A great circle of a sphere is pgyiOzOg ixUicAog z^v (V x{j Ocjiaipa and often <3 pgyiOxOg kUkAoq alone. 

Let a sphere be cut by a plane not through the centre zezpljoOco CJcjmipa pTj 5 id xO,; KpvxpOv £7117168 to a sphere cut by a 
plane through the centre in the circle EZH 0 , Ocjiaipa $7117168 to zezpqppvq did zO^ xUxAog EZHO kUkAov. 

Prisms and pyramids. 

A prism is 7ipiOpa, a.pyramid zzvpapLg. As usual, <3yaypd<j)siv <3.710 is used of describing a prism or pyramid on a 
rectilineal figure as base; thus let a prism be described on the rectilineal figure (as base) ^vayeypdcftjco yizd e*f\vypdppOv 
zzpiOpa , on tlie polygon circumscribed about the circle A let a pyramid be set up £Gd xO,} Ospi xov A kUkAov zzepiysypapp 
|vOt> jzOA vyCJvOv Ovpap ic; ^veOxdxco <3.vayeapappevr|. A pyramid with an equilateral base ABT is Ovpapig iad7iAsvpOv 
ABT. 

The surface is, as usual, ^Oujidveia and, when any particular face or a base is excluded, some qualifying phrase has to be 
used. Thus the surface of the prism consisting of the parallelograms (i.e. excluding the bases) rj |7i«|)dvsia 
7 r 0 .pa.AAijA Oypdppo) v Ovyxeippvq; the surface (of a pyramid) excluding the base or the triangle AET, rj ^CJujidvsia ycopq x^q 
(tdoscog or xO,; AET zpiyCJvOv. 

The triangles bounding the pyramid zd nepigyOvza zpLycova zrjv zwpaplda (as distinct from the base, which may be 
polygonal). 


Cones and solid rhombi. 



The Elements of Euclid only introduce right cones, which are simply called cones without the qualifying adjective. A cone 
is there defined as the surface described by the revolution of a rightangled triangle about one of the sides containing the right 
angle. Archimedes does not define a cone, but generally describes a right cone as an isosceles cone (k^vOc lOOOKsArjg), 
though once he calls it right (*ptjdg). J. H. T. Muller rightly observes that the term isosceles applied to a cone was suggested 
by the analogy of the isosceles triangle, but I doubt whether such a cone was thought of (as he supposes) as one which could be 
described by making an isosceles triangle revolve about the perpendicular from the vertex on the base; it seems more natural to 
connect it with the use of the word side (kAsvp&) by which Archimedes designates a generator of the cone, a right cone being 
thus directly regarded as a cone having all its legs equal. The latter supposition would also accord better with the term scalene 
cone (KQyVOq OKaAqvOg) by which Apollonius denotes an oblique circular cone; such a cone could not of course be described 
by the revolution of a scalene triangle. An oblique circular cone is simply a cone for Archimedes, and he does not define it; 
but, while he speaks of finding a cone with a given vertex and passing through every point on a given ‘section of an acute- 
angled cone’ [ellipse], he regards the finding of the cone as being equivalent to finding the circular sections, and we may 
therefore conclude that he would have defined the cone in practically the same way as Apollonius does, namely as the surface 
described by a straight line always passing through a fixed point and moving round the circumference of any circle not in the 
same plane with the point. 

The vertex of a cone is, as usual, KOpvcptj, the base fOtOig, the axis aqcov and the height U\|/Og ; the cones are of the same 
height U\|/0<;. A generator is called a side (7rAsvpCt); if a cone be cut by a plane meeting all the generators of the cone si tea 
K w v °Q inineSdco zpad{j OvpjdnzOvzi n&Ocug zaig zO- kCJvOv oAsvpag. 

The surface of the cone excluding the base rj ^Oiftitvsia zOj kCJvOv ycopig ztyg fOCOecog; the conical surface between 
(two generators) AA, AB, kcovikI) ^Oif&vsio. f\ pszgu AA B. 

There is no special name for what we call a frustum of a cone or the portion intercepted between two planes parallel to 
the base; the surface of such a frustum is simply the surface of the cone between the parallel planes rj ^nifOtvsia zO’ kUvOv 
pszacU r£V na.pa.AA (jA cov inineScov. 

A curious term is segment of a cone (i Odzpapa kUvOv), which is used of the portion of any circular cone, right or 
oblique, cut off towards the vertex by any plane which makes an elliptic and not a circular section. With reference to a segment 
of a cone the axis (agon) is defined as the straight line drawn from the vertex of the cone to the centre of the elliptic base. 

As usual, £TaypOC(|)£iv a’ao is used of describing a cone on a circle as base. Similarly, a very common phrase is a’ 7 io xOj 
kvkAov K^vOg let there be a cone on the circle (as base). 

A solid rhombus (popfiOg OzepsOg ) is the figure made up of two cones having their base common, their vertices on 
opposite sides of it, and their axes in one straight line. A rhombus made up of isosceles cones popfiOv ikOkkeA^v kUvcov 
OvyKsCpevOg, and the two cones are spoken of as the cones bounding the rhombus Oi k^vOi Oi nspisyOvzsg zov pdpfiOv. 

Cylinders. 

A right cylinder is nuAivSpOg <$p06<;, and the following terms apply to the cylinder as to the cone: base fctoig, one base 
or the other rj izepa fOtOig, of which the circle AB is a base and TA opposite to it Ov p&Oig pev ^ AB kUkAoc, ^TieavxiOv 
5e TA) axis o.ctzv, height Ui//0g, generator nAsvpOt. The cylindrical surface cut off by (two generators ) AT, (3A, (j £ 
7i£X8puvOpevr| KvArodpKf] ^jiujidusia jjJtd xj;x AT, PA; the surface of the cylinder adjacent to the circumference ABT, rj c * 
7iu|)dv8ia xO- KvAivdpOv rj xaxd xljv ABT nspicp^psiav denotes the surface of the cylinder between the two generators drawn 
through the extremities of the arc. 

A frustum of a cylinder zOpOg KvAlvSpOv is a portion of a cylinder intercepted between two parallel sections which are 
elliptic and not circular, and the axis (ac,cov) of it is the straight line joining the centres of the two sections, which is in the 
same straight line with the axis of the cylinder. 

Conic Sections. 

General terms are kojvik^, ozoiy$y/. elements of conics, kcovikcx (the theory of) conics. Any conic section kcovov zopfj 
nomOyV. Chords are simply za zo\ j, kcovov zopa &ypsvai. Archimedes never uses the word axis (^cov) with 

reference to a conic; the axes are with him diameters (Su/.p^zpoi), and diap^zpog, when it has reference to a complete conic, is 
used in this sense exclusively. A tangent is ( j m\|/auoa or ^<j)a 7 ixop^vq (with gen.). 

The separate conic sections are still denoted by the old names; a parabola is a section of a right-angled cone ^pBoywvtov 
kcovov xopf|, a hyperbola a section of an obtuse-angled cone ^pPkvyojvlov kcovov xopf|, and an ellipse a section of an acute- 
angled cone ^vycovtov kcovod xopfj. 



The parabola. 

Only the axis of a complete parabola is called a diameter, and the other diameters are simply lines parallel to the 
diameter. Thus parallel to the diameter or itself the diameter is 7 iap^ x^v Siap^xpov ^ 05 x 5 Siap^zpog; AZ is parallel to the 
diameter ^ AZ Jiap^ x^v SiapexpOv £ *axi. Once the term principal or original (diameter) is used, £px (sc. diap^zpog). 

A segment of a parabola is xpfjpa, which is more fully described as the segment bounded by a straight line and a section 
of a rightangled cone xp^pa xo xepte%Opevov . 5,716 xe ^G^iag ko^ ^ooyojvlov kcovou xop^g. The word Sidp^xpoc; is again used 
with reference to a segment of a parabola in the sense of our word axis', Archimedes defines the diameter of any segment as 
the line bisecting all the straight lines (chords) drawn parallel to its base r^v Slya xepvovoav r^c $§ 0 $lag naoag x^g fboiv a 
5 x 05 &yop$ag. 

The part of a parabola included between two parallel chords is called a frustum xOpog (<5716 ^pGoywvlov; kwvou xop a g £ 
((mipupevoc;), the two chords are its lesser and greater base ({kacocov and ppi^cov Potent;) respectively, and the line joining the 
middle points of the two chords is the diameter {diap^zpog) of the frustum. 

What we call the I at us rectum of a parabola is in Archimedes the line which is double of the line drawn as far as the axis 
£ 61 x 1 X 0 . 0 x 0 . z^q psypi 5 ^ovoq. In this expression the axis (^cov) is the axis of the right-angled cone from which the curve 
was originally derived by means of a section perpendicular to a generator*. Or, again, the equivalent of our word parameter 
(0a p* *v duvavxai aj <5716 xop^g) is used by Archimedes as by Apollonius, meaning the straight line to which the rectangle 
which has its breadth equal to the abscissa of a point and is equal to the square of the ordinate must be applied as base. The 
full phrase states that the ordinates have their squares equal to the rectangles applied to the line equal to N (or the 
parameter) which have as their breadth the lines which they {the ordinates ) cut off from AZ (the diameter) towards the 
extremity A, Svvavxai x^ 7 iap^ x^v »aav xd N 7 iapa 7 il 7 ixovxa nXxxzoq ixovxa, *<; 05 x 05 £0oA,apPdvovxi , 5.716 AZ @ 0 x 5 xo A 
napaq. 

Ordinates are the lines drawn from the section to the diameter {of the segment) parallel to the base {of the segment) 05 <5 
716 z^q zop^q ^*715 x^v AZ ^yop^wai AE, or simply a[ ^aTT z^q xop^g. Once also the regular phrase drawn ordinate-wise x$ 
xaypsvox; Kaxqypevq is used to describe an ordinate, as in Apollonius. 

The hyperbola. 

What we call the asymptotes (at o.[ , 501 ^ 171 x 01 in Apollonius) are in Archimedes the lines {approaching) nearest to the 
section of the obtuse-angled cone 05 »yyioxa x^g xo^ jppXuycolov kcovou xop^g. 

The centre is not described as such, but it is the point at which the livies nearest {to the curve) meet xo, oape^ov ko$* * aj 
•ryyioxa aup7il7ixovxi. 

This is a property of the sections of obtuse-angled cones xojxo yap <?oxiv ^v xa ? g X 05 ^pfWuyowloi) kcqvov xopa^g 
aup7ixcopa. 

The ellipse. 

The major and minor axes are the greater and lesser diameters ppigcov and £ d.aooojv Siapexpog. Let the greater diameter 
be AT, didpexpog 65 (v^z&q) ^ p^v peigcov *axco &q x^ A, T. The rectangle contained by the diameters {axes) xo TtepiexOpe 
vov 5.716 x^v 5iapsxpcov. One axis is called conjugate (ouCpyfig) to the other: thus let the straight line N be equal to half of the 
other diameter which is conjugate to AB, £ 05 N e^G^a *aa *axco xd lygiGeia z%q jzgpaq diapsxpou, 55 £ *axv aooypjg xd AB. 

The centre is here Ksvxpov. 

Conoids and Spheroids. 

There is a remarkable similarity between the language in which Archimedes describes the genesis of his solids of 
revolution and that used by Euclid in defining the sphere. Thus Euclid says: when, the diameter of a semicircle remaining 
fixed, the semicircle revolves and retwrns to the same position from which it began to move, the included figure is a sphere 
o(fa-jib. |axiv, *xav ^pikukAaod pevot>ar|g z{jq diapexpou 7tepx$vx0£v xo ^pucuicXiov ejg xo 05x6 71dA.1v ^TioKaxaaxaGj, * 0 gv f) 
pgaxo (jtspeoG ai, xo 7ieptZq(|)0^v ox$pa ; and he proceeds to state,that the axis of the sphere is the fixed straight line about 
which the semicircle turns fqcw 85 xjjg a^alpag ^px^v ^ psvouaa gsG^a, 7iepj ^pucoKAaov gxo cxp&pexar. Compare with 
this e.g. Archimedes’ definition of the right-angled conoid (paraboloid of revolution): if a section of a right-angled cone, 
with its diameter (axis) remaining fixed, revolves and returns to the position from which it started , the figure included by 
the section of the right-angled cone is called a right-angled conoid, and its axis is defined as the diameter which has 
remavwed fixed, e* xa ^pGoycooou Ktavou xop^ pevoucag x^g diapexpoo 7 iepieVex 0 j.aa ^ 7 ioKaxaoxa 0 ^ 71dA.1v, » 0 fV jjppaoev, xo 
7 iepiZa.(j) 0 ^v ax^pa 5,716 X05 ^pGoywvlov kwvou xop^ pcovouaag, x s g SiKcovucapsxpoo JteptfVexGe^a ,5710x0x00x0.0^ nakiv, * 0 ev 
(jppaogv, xo 7iepila(j)0^v ax^pa 5,716 x a g X05 ^pGoywvlov xrovou xop^g ^pGoyroviov KovoeiS^g KaA^iaGai, Ka.5 ^ova p^v 05x05 
T a v PePevaKo^aav 8idp$xpov KodielaGai,, and it will be seen that the several phrases used are practically identical with those of 


Euclid, except that jppacev takes the place of^p^axo (|)£peo0ai; and even the latter phrase occurs in Archimedes’ description 
of the genesis of the spiral later on. 

The words conoid Kcovoeid^ and spheroid c^aipoeifi^q (ox^pa) are simply adapted from K^voq and a(|)a-pa, meaning that 
the respective figures have the appearance (ej5oq) of, or resemble, cones and spheres; and in this respect the names are 
perhaps more satisfactory than paraboloid, hyperboloid and ellipsoid, which can only be said to resemble the respective 
conics in a different sense. But when Kcovo&bsg is qualified by the adjective right-angled ^pGoyroviov to denote the paraboloid 
of revolution, and by ipPXuyroviov obtuse-angled to denote the hyperboloid of revolution, the expressions are less logical, as 
the solids do not resemble rightangled and obtuse-angled cones respectively; in fact, since the angle between the asymptotes 
of the generating hyperbola may be acute, a hyperboloid of revolution would in that case more resemble an acute-angled cone. 
The terms right-angled and obtuse-angled were merely transferred to the conoids from the names for the respective conics 
without any more thought of their meaning. 

It is unnecessary to give separately the definition of each conoid and spheroid; the phraseology is in all cases the same as 
that given above for the paraboloid. But it may be remarked that Archimedes does not mention the conjugate axis of a 
hyperbola or the figure obtained by causing a hyperbola to revolve about that axis; the conjugate axis of a hyperbola first 
appears in Apollonius, who was apparently the first to conceive of the two branches of a hyperbola as one curve. Thus there is 
only one obtuse-angled conoid in Archimedes, whereas there are two kinds of spheroids according as the revolution takes 
place about the greater diameter (axis) or lesser diameter of the generating section of an acuteangled cone (ellipse); the 
spheroid is in the former case oblong ( 7 iapap£Keq acpaipoei5f|q) and in the latter case flat Q 7 U 7 ikax{p acpaipoei5f|q). 

A special feature is, however, to be observed in the description of the obtuse-angled conoid (hyperboloid of revolution), 
namely that the asymptotes of the hyperbola are supposed to revolve about the axis at the same time as the curve, and 
Archimedes explains that they will include an isosceles cone (k^vov iGOOKeAia 7 icpiXa\|/oiJViai), which he thereupon defines 
as the cone enveloping the conoid (n^pis/cov to Kcovoei5£q). Also in a spheroid the term diameter (Siapexpoq) is appropriated 
to the straight line drawn through the centre at right angles to the axis (^ Si^ roj icsvrpov no T * ^pd&g ^yopeva). The centre 
of a spheroid is the middle point of the axis to peoov xo$ •fovog. 

The following terms are used of all the conoids and spheroids. The vertex (Kopvcpf|) is the point at which the axis meets 
the surface to, aapejov, ko$* 3 £ 7 iT£xai ^ ^cov x^q £ 7 ii(|)aveiaq the spheroid having of course two vertices. A segment (xp^ppa) 
is a part cut off by a plane, and the base (faoiq) of the segment is defined as the plane (figure) included by the section of the 
conoid (or spheroid) in the cutting plane to inin^dov to n 0 )iXa<j) 6 ±v ^jib Tgc to% Ka>vo$ideogbo&y> (or orpaipogibeof) xop^q £V 
xjj fl. 7 iOT 8 pvovTi. The vertex of a segment is the point at which the tangent plane parallel to the base of the segment meets the 
surface, to, aapejov ko#* 3 ^ 7 ixexai to e ' 7 il 7 ieSov to ^ 7 iu|/aj}OV (roy jccovo&deog). The axis (jjqcov) of a segment is differently 
defined for the three surfaces ; (a) in the paraboloid it is the straight line cut off within the segment from the line drawn 
through the vertex of the segment parallel to the axis of the conoid & ^vanoXa^O^-oa r <5 rpapcm &nd Tgg ^xO^iaag 

5i& Tgg KopifgQ TOy Tgopamg napfr gcova Kcovo&Seogjb) in the hyperboloid it is the straight line cut off within the segment 
from the line drawn through the vertex of the segment and the vertex of the cone enveloping the conoid £716 £% 0 eicaq 81 ^ x$q 
(i'/Geiaaq 8 i^_ Kopixj^q xoj xpdpaxoq xo$ kwvou to 7iepi£yovxoq to KcovoeiScq, (c) in the spheroid it is the part similarly cut off 
from the straight line joining the vertices of the two segments into which the base divides the spheroid, £ 7 id x$q e 00 eetaq x$q x 
a q Kopixj^q o 0 T£v(x^v xpapaxcov) ^7iti^uyvoooaaq. 

Archimedes does not use the word centre with respect to the hyperboloid of revolution, but calls the centre the vertex oj 
the enveloping cone. Also the axis of a hyperboloid or a segment is only that part of it which is within the surface. The 
distance between the vertex of the hyperboloid or segment and the vertex of the enveloping cone is the line adjacent to the 
axis £ 7 toxeO 0 aa x^, jqovv. 

The following are miscellaneous expressions. The part intercepted within the conoid of the intersection of the planes £ 1 
vanoXa^aa |v xj; Kcovoei 8 e ? x s yevopcvaq xop^q xjjv ^ur&tcov, (the plane) will have cut the spheroid through its axis xg 
xpaKoq, ^oopixai xo oc|)aipOei5^q 81 ^ xo-j ^qovoq, so that the section it makes will be a conic section j;oxe x^v xop^v 71011 ) 0^1 
kcqvov xopav, let two segments be cut off in any manner £7ioxexpac0co 800 xpapaxa <jq fxu/ev or by planes drawn in any 
manner ^ 7 ii 7 i£ 5 oiq ( ' 7 icoao 0 V ^ypcvoiq. 

Half the spheroid t6 *ji(o£Ov roj oqaipogideog, half the line joining the vertices of the segments (of a spheroid), i.e. 
what we should call a semi-diameter, £ ^ uiaea a^Tgg Tgg ^m^vyviag Tgg Kopvjr^g x^v Tpapdwjv. 

The spiral. 

We have already had, in the conoids and spheroids, instances of the evolution of figures by the motion of curves about an 
axis. The same sort of motion is used for the construction of solid figures inscribed in and circumscribed about a sphere, a 
circle and an inscribed or circumscribed polygon being made to revolve about a diameter passing through an angular point of 
the polygon and dividing it and the circle symmetrically. In this case, in Archimedes’ phrase, the angular points of the 



polygon will move along the circumferences of circles , a\ ycovLai kvkXcov 7 Xgz^g/>g 7 £v p’^yOijovzai (or ojaovxat) and the 
sides will move on certain cones, or on the surface of a cone Kara xivcov kqvcov £Ve%0r|covxai or Ka T * |7ti(|)aveia<; kcovov ; and 
sometimes the angular points or the points of contact of the sides of a circumscribed polygon are said to describe circles 
ypdcpoucn kukAov<;. The solid figure so formed is to yevrjO^v y$vr]6%v ox$p$dv oyfjpa, and let the sphere by its revolution 
make a figure 7 XgyOZgvgx#gj< 7 a ? } offra^pa noi^lzco oyfypd zi. 

For the construction of the spiral, however, we have a new element introduced, that of time, and we have two different 
uniform motions combined; if a straight line in a plane turn uniformly about one extremity which remains fixed, and return 
to the position from which it started and if at the same time as the line is revolving, a point move at a uniform rate along 
the line starting from the fixed extremity, the point will describe a spiral in the plane, gjr m g£0gj,a.. ,|V pKinzbta. . ,pevovxo<; 
xo£ |xspoi) rcspaxoi; 7ispaxo<;, a^x^q |aoxaxs(o<; JtgpigvgXgGjaa ^7ioKaxaaxa0^, nakiv, *0gv jjppacgv, ^pa 5^ x£ ypappa 7ig 
piayopeva (|)gpf|xai xi capgjov loozayeaq a^xo ^aoxu Kax^ x^g gjGgiac; ^p^apgvov £co3o xoj pevovxog 7iepaxog, xo aapg^ov \ 
Aaica ypa'Fgi |v x£ {nmXbia. 

The spiral {described) in the first, second, or any turn is £ fk(q ^ |v xi, 7ipsxa 5,guxspa or ^Tioiio^v 7igpu|)opa yg 
ypappcva, and the turns other than any particular ones are the other spirals aj fKkm *A,ucg<;. 

The distance traversed by the point along the line in any time is ^ g^Gg^a £ 5iavucGgj.ca, and the times in which the point 
moved over the distances , oj XP° V01 > (V ofe xo aapg^ov x^q ypapp^q ^TropgnGri; in the time in which the revolving line 
reaches AT from AB, |W £ XP^vw £ 7 igpiayopsva yppp^ £716 AB ftf AT ^ucvgixai. 

The origin of the spiral is ^.pxi Tgq *Xik q, the initial line iPXA T «? ^P^oPaS- The distance described by the point along 
the line in the first complete revolution is g^Gg^a 7ipsxa {first distance), that described during the second revolution the second 
distance g$ 0 g ? a dguxspa, and so on, the distances being called by the number of the revolutions O *pcov 6 pco<; xoyc; Tigpujmpa^. 
The first area, ycoplov zip^xov, is the area bounded by the spiral described in the first revolution and by the first distance ’ 
rd ycopLov to n£piXu.(f)Q\v §jxd rg Tgc *XiKog Zgq z£ npdozq. n^pifooS. ypazp&oaq ko\ Zgq g^dg/'ac, £ ioziv npcbza ; the second 
area is that bounded by the spiral in the second turn and the ‘second distance, ’ and so on. The area added by the spiral in 
any turn is to ycopLov to noziXafiO^v %jxd Zgq *Xikoq *v tivi n^pifopf 

The first circle, k 6 kXo<; 7 rp£xo<;, is the circle described with the ‘first distance’ as radius and the origin as centre, the 
second circle that with the origin as centre and twice the ‘first distance’ as radius, and so on. 

Together with as many times the whole of the circumference of the circle as (is represented by) the nwmber less by one 
than (that of) the revolutions ptQ' *Xag Tgc zo% kvkXov iz^pixp^pfiaq xooavxaKiq Xappavoptvaq, oq ^oz $y £ fXaoocov £ 
pidpoq Tg\> n£pi(j)opg\>, the circle called by the number corresponding to that of the revolutions $ kdkXoc £ Kaz ^ zov &pi9pdv 
XeyOpevog zayq Ji^pifopayq. 

With reference to any radius vector, the side which is in the direction of the revolution is forward x^ 7 ipoayonggva, the 
other backward x^ |7iopgva. 

Tangents, etc. 

Though the word ^xxopai is sometimes used in Archimedes of a line touching a curve, its general meaning is not to touch 
but simply to meet, e.g. the axis of a conoid or spheroid meets (^Jixxgxgi) the surface in the vertex. (The word is also often used 
elsewhere than in Archimedes of points lying on a locus; e.g. in Pappus, p. 664, the point will lie on a straight line given in 
position *y/ezai to or\p$-f>v 9 eo& deSopkvtjq g$#g/a?.) 

To touch a curve or surface is generally ^ouirgaGai or ^m\|/a6giv (with gen.). A tangent is ^ouixopevri or ^7ii\(/auouaa (sc. 
g^Ggj-a) and a tangent plane ^my/a^ov iti(tx$5ov. Let tangents be drawn to the circle ABT, zo% ABT kvkXov ^fanzOp^vai 
y9coo2v ; if straight lines be drawn touching the circles iyO^oLv xzvgc Qyayjavovaai xqv kvkXcov. The full phrase oj 
touching without cutting is sometimes found in Archimedes; if a plane touch (any of) the conoidal figures without cutting 
the conoid gf ko. x^v kojvo&Ssojv ayppazcov ayppazcov £7x6xg<5v ifitnzpzai p^ zepvov xo Kcovo^ideg. The simple word y/aifiv is 
occasionally used (participially), the tangent planes x^ e vx6xg6>« x^ y/avovza. 

To touch at a point is expressed by xazd (with acc.); the points at which the sides ...touch (or meet) the circle cr|pg-a, Ka 
$ ^ 7 ixovxai kukXov a* 7 i^gvpal.... Let them touch the circle at the middle points of the circumferences cut off by the sides of 
the inscribed polygon iTziy/avezcooav xo§ kvkXov koz^ pro a. xjjv ^nozevpvopevcov yzo $ yy$y$yp appk vov jxoXvycbvov nX^vp^v. 

The distinction between ^ 7 iupaugiu and ^ 7 ixopai is well brought out in the following sentence; but that the plomes touching 
ike spheroid meet its surface at one point only we shall prove *xi 5^ x^ ^m\|/auovxa ^iTtgSa xo$ acpaipogidsoq ko^’ *v pOvov 
^7ixOvxai oalg-ov z^q ^au|)avgias a^xoj dgi^ojpgi;. 

The point of contact t J y<j)tj. 

Tangents drawn from (a point) ^ypsvai ^716 ; we find also the elliptical expression ^716 xo t » E ^a 7 ixeo 0 co ^ OEII, let OEII 



be the tangent from S, where, in the particular case, S is on the circle. 


Constructions. 

The richness of the Greek language in expressions for constructions is forcibly illustrated by the variety of words which 
may be used (with different shades of meaning) for drawing a line. Thus we have in the first place £yco and the compounds 
Sidyo) (of drawing a line through a figure, with gjq or y following, of producing a plane beyond a figure, or of drawing a line 
in a plane), Kazayco (used of drawing an ordinate down from a point on a conic), npooayco (of drawing a line to meet another). 
As an alternative to npooayco, npoofaXXco is also used; and npooninzco may take the place of the passive of either verb. To 
produce is e 'K(3d^oj, and the same word is also used of a plane drawn through a point or through a straight line; an alternative 
for the passive is supplied by ^ktUttxo). Moreover npOongipaz is an alternative word for being produced (literally being 
added). 

In the vast majority of cases constructions are expressed by the elegant use of the perfect imperative passive (with which 
may be classed such forms as yeyovsxco from ylyvopax, *gxco fromgjpl, and KeioGco from K^ipon), or occasionally the aorist 
imperative passive. The great variety of the forms used will be understood from the following specimens. Let BT be made (or 
supposed) equal to A, KeioGco Xu A joov xo BT; let it be drawn fjyOco, let a straight line be drawn in it (a chord of a circle) 
Sif|x 0 o) xtq ejg e$ 0 e$a, let KM be drawn equal to... jap KaxfjxGco y KM, let it be joined |7ie^eux0co, let KA be drawn to meet 
7tpoaPqAf|G0co KA, let them be produced ^KPeP^f|o 0 cooav, suppose them found e'.pf|o 0 ®oav, let a circle be set out ^KKeioGco 
kukAoc;, let it be taken ejXr|<j) 0 oo, let K, H be taken *ozcooav sfXqppkvai a\ K, H, let a circle <// be taken X^XacpOco kvkXoq £V £ zd 
i//, let it be cut z^zpqodco, let it be divided diaipqoOco (dvqpqodco); let one cone be cut by a plane parallel to the base and 
produce the section EZ, zpqOqzco %zepoq k^voq ^nineSw napaXXqXw fido& xa\ noi&zco zopfyv zfjV EZ, let TZ be cut off £ 
noX^Xd(f)0co ^ TZ; let uch an angle) be left and let it be NHr, X^X^hjOco kol\ gozco ^ ^jxb NHr, let a figure be made yeyevf|o 0 co 
oxijpa, let the sector he made *oxco yeyevppsvog £ xopedg, let cones be described on the circles (as bases) £vpyeya<])0(Qoav £ 
7 io xjv kvkXcov kjjvoi £ 710 , xoj kukAou k^voi, * 7 id let it be inscribed or circumscribed £yytypd<f)dco (or lyy^ypappevv *ozeo), n$ 
piy$ypacpOco ; let an area ( equal to that) of AB be applied to TH, napaf^fXqodco nap £ X£V AH xo xwptov xo$ AB; let a 
segment of a circle be described on 0 K, £7ij zf } q 0 K kukAov xp,jpa ^<j)eoxso 0 co, let the circle be completed £va7ie7iXr|pcba0co £ 
kukA,o<;, let NS (a parallelogram) be completed ovp7te7iA,r|pcoG0co xo NH, let it be made n$noirjoOco, let the rest of the 
construction be the same as before x£ fXXa Kaz^oK^vdodco zov zpOnov zoy npOz^pov. Suppose it done y^yovezco. 

Another method is to use the passive imperative ofvosco (let it be conceived). Let straight lines be conceived to be drawn 
vofioGtooav e^Ge^ai ^ypsvar, let the sphere be conceived to be cut voeioGco ^ a^a^pa xexpppsvp, ilet a figure (generated) 
from the inscribed polygon be conceived as inscribed in the sphere £7id xo.y 7ioXnyrovou xoj ^yypacpopsvov voeioGco xi gjq x^v 
ocjxx^pav £yypa<j)jv oxjjpa. Sometimes the participle for drawn is left out; thus £„.* o^xoj voeioGco ^7U(j)8Veia let a surface be 
conceived (generated) from it. 

The active is much more rarely used; but we find ( 1 ) ^£V with subjunctive, if we cut i^y xspcogev, if we draw |£v £yayeope 
v, if you produce e ’£V £kPoA£<; ; (2) the participle, it is possible to inscribe... and (ultimately) to leave dwaxOv e »oxiv £ 
yya^ovxa.. .Xei7ieiv, if we continually circumscribe polygons, bisecting the remaining circumferences and drawing tangents, 
we shall (ultimately) leave £ej 5 ^ Tiepiypacpovxeq TioXnycova 6(ya xepvopevcov xjjv Tiepdcemopsvcov 7 tepi(pepeicdv ko.j ^yopcvcov 1 
(jmTixopsvcov Xci\|/opev, it is possible, if we take the area..., to inscribe XafOvza (or Xapfdvovza) zd ycop Co v ... 8 v va zO v £ 
ozfv... pyypdxpai; ( 3 ) the first person singular, I take two straight lines XapPdvoj 5 uo e^Ggiag, 1 took a straight line *Xap6v xiva 
e^Ge^av; I draw 0 M from 0 parallel to PLZ, £yco £7ico xoj 0 X£V 0 M napdXXqXov zS. AZ, having drawn TK perpendicular, I 
cut off AK equal to TK^yaycov KdGgxov X£V TK xi TKjaov £7ie^aPov X£V AK, I inscribed a solid figure...and 
circumscribed another £vsypa\|/a oyjjpa oxepeoa.. .kccj *Xko 7 iepisypa\|/a. 

The genitive of the passive participle is used absolutely, e^pgOevzog it being supposed found, £yypa<f>evzog Sq (the figure) 
being inscribed. 

To make a figure similar to one (and equal to another) ^uoicboai, to find experimentally ^pypviK^q, to cut into unequal 
parts e ? c jvioa zea zepv&v. 

Operations (addition, subtraction, etc.). 

1. Addition, and sums, of magnitudes. 

To add is npoozlOqpi, for the passive of which npOo K&pcu is often used; thus one segment being added £vbq xpdpaxog 
7ioxixe0£vxo<;, the added (straight line) £ 7ioxiKeipsva, let the common HA, ZT be added koivj xxpooKeioGcooav aj HA, ZT ; 
the words are generally followed by npOq (with acc. of the thing added to), but sometimes by the dative, that to which the 
addition was made £ 7ioxs0p. 



For being added together we have owTL 0 A o 0 ai thus being added to itself owxifiepqvov a^xo, added together pq cQqJto 
ouvTg0£vxa, added to itself (continually) | 7 noooxi 0 £pgw c '(auxa». 

Sums are commonly expressed for two magnitudes by owapcpOxgpoi; used in the following different ways; the sum of BA, 
AA c Twa/upOTepog ,j BAA, the sum of Ar, TB owapcpOxgpo*; ij Ar, TB, the sum of the area and the circle to owapcpOxgpov * 
Tg ku;kXo<; ko.^ xo ywpLov. Again for sums in general we have such expressions as the line which is equal to both the radii ij j 
oq ^ju<j)ozepaiq zap; ik TOy Ksvzpov, the line equal to (the sum of) all the lines joining ij jar) jiaccng xa^ ^7ui^guyvoo6oatg. 
Also all the circles 0 [ ndvTgq kukXoi means the sum of all the circles; and ovyK(pxai c »k is used for is equal to the sum of (two 
other magnitudes). 

To denote plus pgid (with gen.) and guv are used; together with the bases pgx^ x^v pdogcov, together with half the base of 
the segment 05 V ^piogsa xpijpaxog pdogax;; xg and ml also express the same thing, and the participle of 7 ipooA.apPdvco 
gives another way of describing having something added to it; thus the squares on {all) the lines equal to the greatest together 
with the square on the greatest... is x^ xgxpaycova x^ £ 7 id x^v jo^v t£ pgyl 7 ioxtlapPavovxa to xg ^716 pgyl oxag xgxpdycovov .... 

2. Subtraction and differences. 

To subtract from is ^aipg^v < 3.710 ; if {the rhombus) be conceived as taken away vor|0£ <pj)gpr|p£vo<;, let the segments 
be subtracted i^aipgddvxcov xpripaxa. Terms common to each side in an equation are Koiva; the squares are common to both 
{sides) Koiva ( wxi c 'Kaxsp(ov x^ xgxpdywva. Then let the common area be subtracted is koivov ^(j^pfiodco xo ywplov, and so 

on; the remainder is denoted by the adjective XoinO;, e.g. the conical surface remaining Xoin^ kcovik § pizi^dv^ia. 

The difference or excess is '. 7 igpoyf|, or more fully the excess by which {one magnitude) exceeds (another) '. 7 igpoyf|, ^ ', 7 ig 
psygi... or *. 7 iepo%d, S. [igiqcov ^oxt.... The excess is also expressed by means of the verb 5 ,agp£xgiv alone; let the difference by 
which the said triangles exceed the triangle AAT be 0, <5 5,j '.Tigpeygi x^ gjpripdva xptywva T 05 AAT xplycovou *otcd xo 0, to 
exceed by less than the excess of the cone v|/ over the half of the spheroid 5 . 7 igp£Xg£,v <d.oooovi jj £ (or '. 7 igp£gi * \\i 

voq T 05 fjpaogoq T 05 ccpaipogiSikx; (where £ 5 . 7 igp£Xgi may also be omitted). Again the excess may be <5 pgt^cov <?oxi. The 
opposite to ^.7igp£Xgi is kgi7igxai (with gen.). 

Equal to twice a certain excess *oa doojv '.Tigpoya^, with which equal to one excess, joa pia 5.7igpoxa, is contrasted. 

The following sentence practically states the equivalent of an algebraical equation; the rectangle under ZH, SA exceeds 
the rectangle under ZE, EA by the (sum of) the rectangle contained by SA, EH and the rectangle under ZE, SE, *,7tgp£Xgi xo 
j.710 To.v ZH, SA T 05 *,716 xaV ZE, EA Xu xg . 5.716 x^.v SA, EH 7igpigxop£Voj Kaj Xu 5.716 ZE, SE. Similarly twice PH together with 
nS is (equal to) the sum of YE, Pn, 56o p$v aj PH pgx^ nS GUvapcpOxgpOg <?otiv £ SPn. 

3. Multiplication. 

To multiply is noXX(mXaaidCf »); multiply one another (of numbers) 7 ioA,A,a 7 iA,aoidCgiv fCkakovq ; to multiply by a number 
is expressed by the dative; let A be multiplied by 0 n^KoXXanXamaaOco <• A zQ 0. 

Multiplied into is sometimes ^txL (with acc.); thus the rectangle H0, 0A into 0A (i.e. a solid figure) is to 5,716 xjv H0, 
0A ^7i> X|jV 0A. 

4. Division. 

To divide Siaip^v ; let it be divided into three equal parts at the points K, 0, SiqpqaOco gjy zpLa *oa z^ K, 0 oapgpx ; to 
be divisible by p^zp^aOai §jxd. 

Proportions. 

A ratio is XOyoq, proportional is expressed by the phrase in proportion ^vdXoyov, and a proportion is <jyaA.oy(a. We find 
in Archimedes some uses of the verb Aiyw which seem to throw light on the definition found in Euclid of the relation or ratio 
between two magnitudes. One passage {On Conoids and Spheroids, Prop. 1) says if the terms similarly placed have, two and 
two, the same ratio and the first magnitudes are taken in relation to some other magnitudes in any ratios whatever g* Ka rnx^ 
5uo xov ajxov kOyov ^xcovxi x^ ^polox; xgxaypsva, kgyijxar 56 x^ np^xa pgy60ga 7 ioxi xiva fCka pgy60ga... pc kOyoig <3710101005 
v, if A, B... be in relation to N, S... but Z be not in relation to anything (i.e. has no term corresponding to it) g* Ka... x^ p t »v 
A, B, ... kgycbvxai 710 x 2 T a^^> • • • T ° Z pr|5^ 7iog* |V >^yrjxai. 

A mean proportional between is peaq pvdXoyov..., is a mean proportional between peoov Xdyov Xdyov *x& z^g...KO.' l zf } 
c..., two mean proportionals Svo psaai pvdXoyov with or without ko.z^ zd ovv g/gg in continued proportion. 

If three straight lines be proportional i^y xpgjg g^dg-ai ^vdXoyov < 301 , a fourth proportional z^zapza pvdXoyov, if four 


straight lines be proportional in continued proportion e* ko. zeoaap^g ypappa\ pvdXoyov »covzi pv zS. avv^/e^ £ vaXoyLa, at the 
point dividing (the line) in the said proportion xaz ^ z^v pvaXoyov zop^v zS, epfipeva. 

The ratio of one straight line to another is e.g. x,j; PA 7ipd; AX XOyoq or (XOyoq), pygi f) PA 7 ipo; x^v AX; the ratio 
of the bases x^v Paolcov Xoyo;; has the ratio of 5 to 2 Xdyov *xei, *v 7isvxf 7xp6<g duo. 

For having the same ratio as we find the following constructions. Have the same ratio to one another as the bases zdv op 
rov pyovzi XOyov koz’ pAAaAovg rag fda^oiv, as the squares on the radii *v a\ pc zqv Kevzpcov Swap#; TA has to PZ the 
(linear) ratio which the square on TA has to the square on H, *v Xdyov ^ TA 7ipd; x^v H dwagei, xo$xov g/gi xov XOyov 
p TA 7ipd; PZ pf|Kei. Is divided in the same ratio xov o^xov kOyov xexpr|xai, or simply ^polcog ; will divide the diameter in 
the proportion of the successive odd numbers, unity corresponding to the (part) adjacent to the vertex of the segment x^v drape 
xpov xepo^vxi ej; xo$; x^v pcyjq Tiepioo^v ipiGp^v XOyou;, fvo; Vyogsvor) 7ioxj zS. Kopu(|)a xoj xpapaxo;. 

To have a less {or greater) ratio than is jr/fiv Xoyov pXaooova (or pelCpva) with the genitive of the second ratio or a 
phrase introduced by to have a less ratio than the greater magnitude has to the less, *y$iv XOyov pXaooova j) xo pg-^ov 
psyeGo; 7100 ; xo fXaooov. 

For duplicate, triplicate etc. ratios we have the following expressions: das the triplicate ratio of the same ratio 
zpuzXaoiova Xdyov */£i zop a§ro% Xdyov, has the duplicate ratio of EA to AK dnzXaoiova Xdyov *x& r)7r^p jj EA nodq AK, are 
in the triplicate ratio of the diameters in the bases pv zpinXaaLovi Adyta zppv e »v rag fda^oi diapezpcov, sesquialterate 
ratio ypidAioq; Adyog. With these expressions must be contrasted the use of double, quadruple etc. ratio in the sense of a 
simple multiple by 2, 4 etc., e.g. if any number of areas be placed in order, each being four times the next tea ycopLa rgOs 
covzi pc,]g ^nooaopv pv zQ zgipanAaoiovi Adyta. 

The ordinary expression for a proportion is as A is to B so is T to A, w *; r j A 7 ipd; xijv B, o*xco; B, 7 ipd; x^v Y nooq x^v 
A. Let AE be made so that AE is to TE as the sum of 0A, AE is to AE, n^Koirfodco, ^q ouvapcpOxepO; ^ 0A, AE Ttoo; x^; 
AE, o*xco; AE 71061 ; TE. The antecedents are x^ jjyoupeva, the consequents pizOp^va. 

For reciprocally proportional the parts of £vxms7iov0a are used ; the bases are reciprocally proportional to the heights 
pyrnx&zdvOamv a\ fiaopig rag pipgoiv, to be reciprocally in the same proportion pvzinovOepev tear ^ rov apzdv Xdyov. 

A ratio compounded of is Adyog ovvryujuevog (or auyKfipevo;) *k Xf xoj.. .Ka^ xoj... ; the ratio of PA to Ay is equal to 
that compounded of * x,j; PA AX X Oyoq ox>v{pimi ^k. .. Two other expressions for compounded ratios are xoj £716 A0 7 ipo; 
xo ^36 B0 Kaj (or 7 rpoakaP<BV xov) zyg A0 7 ipo; 0B, the ratio of the square on A0 to the square on B0 multiplied by the 
ratio of A0 to 0B. 

The technical terms for transforming such a proportion as a : b = c : d are as follows : 

1. pvolXac alternately (usually called permutando or alternando) means transforming the proportion into a: c = b : d. 

l.pvdnaAiv reversely (usually invertendo), b : a = d : c. 

2>.ovvd^aig Xdyov is composition of a ratio by which the ratio a : b becomes a + b : b. The corresponding Greek term to 
componendo is avvOevzi, which means no doubt literally “to one who has compounded,” i.e. “if we compound,” the ratios. 
Thus ovvdevzi denotes the inference that a + b : b = c + d: d. mx^ odvGeotv is also used in the same sense by Archimedes. 

A.Siaipscnq Xdyov signifies the division of a ratio in the sense of separation or subtraction by which a : b becomes a - b : b. 
Similarly di^XOvzi (or xax^ dialpgoiv) denotes the inference that a—b : b = c - d : d. The translation dividendo is therefore 
somewhat misleading. 

5 .Xdyov conversion of a ratio and ^vaoxp;avxi correspond respectively to the ratio a : a- b and to the inference that a : a - b 
= c : c - d. 

6. 8| "god ex aequali (sc. distantia ) is applied e.g. to the inference from the proportions 
a : b : c: d: etc. = A : B : C: D etc. 

that a : d= A : D. 

When this dividing-out of ratios takes place between proportions with corresponding terms placed crosswise, it is 
described as 5 j jooo pv x^ xexapaypevri, ex aequali in disturbed proportion or ^vopolco; x^v XOycov xexaypevcov the ratios 
being dissimilarly placed; this is the case e.g. when we have two proportions 


a : d= B : C, 



b : c= A : B, 

and we infer that a : c= A : C, 

Arithmetical terms. 

Whole multiples of any magnitude are generally described as the double of, the triple of etc., j dinXdcnoq, xpinXacnoq 
k.t.L, following the gender of the particular magnitude; thus the {surface which is) four times the greatest circle in the 
sphere ^ Texpa7iAaa(a xo^ gey Lotov kukAov x^v t^J oc|>aLpa qfive times the sum of AB, BE together with ten times the sum of 
AB, BA, ^ 7ieVTcmA,acla awapcpoxspov x%q AB, BE pex^ dgKan'kaoCaq auvapcpoxspov x^q TB, BA. The same multiple as 
xoaavxanXacjicov...^aanXaaLcov iax\, oryjdxig noXXanXaolcov... xaL. The general word for a multiple of is 7ioAAa7iAdoioq or 
JioAAajrAaalcov, which may be qualified by any expression denoting the number of times multiplied; thus multiplied by the 
same number noXXanXdoioq z£ apzQ &pi0p£, multiples according to the successive numbers noXXanXacna Kax ^ zo$g ^g £ 
piOlovg. 

Another method is to use the adverbial forms twice dig, thrice xpLg, etc., which are either followed by the nominative, e.g. 
twice EA 8iq yj EA, or constructed with a participle, e.g. twice taken 5^ XapPavOp^voq or 5^ ejpripsvoi; ; together with twice 
the whole circumference of the circle p^G’ fkaq xgq xoj kukAov 7 iepupepeia<; 8$<; AapPavopevac;. Similarly the same number of 
times (the said circumference) as is expressed by the number one less than (that of) the revolutions xoaavxdicig XapPavope 
va q, *ao q ^cxjv j t »vj_ ^Aaoawv £pi0po<; x^v 7 iepu|)op£V An interesting phrase is the following, as many times as the line IA is 
contained (literally added together) in yA, so many times let the time ZA be contained in the time AH, O *adioq ovyKelxai £ 
TA yp2pp^ pj xa AA, xooa.ma.Kig ovyx&oOco £ ypdvog j ZHp> xQypOvtji z£ AH. 

Submultiples are denoted by the ordinal number followed by pspog; one-seventh is *fidopov pepog and so on, one-halj 
bging however rjpiovg. When the denominator is a large number, a circumlocutory phrase is used; thus less than T ^th part 
of a right angle fXa.xxcov ^ diaip^dpaag xgg jpdgg eje pcd xovxcov *v pepog. 

When the numerator of a fraction is not unity, it is expressed by the ordinal number, and the denominator by a compound 
substantive denoting such and such a submultiple; e.g. two-thirds dvo xpixapOpia, three-fifths xpLa n$pnxap6pia. 

There are two improper fractions which have special names, thus one-and-a-half of is r ^pi6Ziog, one-and-a-third of 
7ilxpixog. Where a number is partly integral and partly fractional, the integer is first stated and the fraction follows introduced 
by ko£ gxi or xaL and besides. The phrases used to express the fact that the circumference of a circle is less than 3k but 
greater than 3^0 times its diameter deserve special notice; (1) 7iavxd<; xvxXov n^pLp^xpog rtfg diapexpov xpinXaoLcov %oxL , 
xa\ l Tl £ jx$pey£i iXdooovi ppv ^fiSOpo) pep$i diapexpov, ppCovi x,~ f q diapexpon, ppi^ovi 5^ fj dexa ^p5opr|KoaTop6voig and (2) 
xpinXaoLcov pox^ xa\ iX aooovi p^v ifiddpw pep&, ptiuov d% ^ i os. pel geo v. We also have the phrase for the first part ^Adaocov 
fj xpnxXaoLcov xa\ ^ffdOpoj pepei pelCeov. 

To measure pexpep’, common measure xoivdv pexpov, commensurable, incommensurable ovppexpog, ^ovppexpog. 

Mechanical terms. 

Mechanics x^ ppyavixd, weight fiapog; centre of gravity xevxpov xo^ fidpeog with another genitive of the body or 
magnitude; in the plural we have either x^ xevxpa a$z£v xo^ ffdpeog or x^ xevxpa xQy fapecov. xevxpov is also used alone. 

A lever QoyOg or tgbyiov, the horizon 5 dpLqcov; in a vertical line is represented by perpendicularly mx^ KdOgxov, thus the 
point of suspension and the centre of gravity of the body suspended are in a vertical line xax^ xddpxOv pjxi xd re oxi xO xe 
aape-ov ro^ xp^paaxo^ xa\ xo xevxpov xo^ fldp^oc xo^ xp^papevov. Of suspension from or at pc or Kara (with ace.) is used. Let 
the triangle be suspended from the points B, T, xp$pdoOco to xpLyw vov e »K x^v B, T aappcov; if the suspemion of the 
triangle BAT at B, T be set free, and it be suspended at E, the triangle remains in its position gf xa xo$ BAT xprycbvov £ pev 
xaxd xd B, T xpspaoig XvOjj, xaxd de xo E xp^paaO-fj, pev& xo xplycovov, cog vuv g 

To incline towards p£ 7 x&v exi (ace.); to be in equilibrium iaopponpv, they will be in equilibrium with A held fast xax$ 
yopevov xou A iaoppoxqap, they will be in equilibrium at A (i.e. will balance about A) Kara xo A iopponrjoouvxi; AB is too 
great to balance Tpsiqov saxi xd AB i) cboxe iooppon&v xQ T. The adjective for in equilibrium is ioopp&iqq', let it be in 
equilibrium with the triangle TAH, iaopp^neg »cjxcb ru TAH r piycbvy. To balance at certain distances (from the point of 
support or the centre of gravity of a system) is and xivcbv paxsebv iaopponpv. 


Theorems, problems, etc. 



A theorem 6$cbpqpa (from Ogcbp&v to investigate ) ; a problem npOfiXqpa, with which the following expressions may be 
compared, the (questions) propounded concerning the figures zd TzpofisPXqpsva n$pi zygv a/qpdzcov, these things are 
propounded for investigation npofaXXszai zdS g Ofcopqcrai; also npOK&pai takes the place of the passive, which it was 
proposed (or required) to find 6n$p Tzpo&csizo $up$iv. 

Another similar word is direction or requirement', thus the theorems and directions necessary for the proofs of them zd 6 
ecopqpaxa Kai zd emzdypaza zd xp$lav g/ovzu. gig rag ajio&dciag auzgy, in order that the requirement may be fulfilled gnzbg 
yevqzai zd enizaydev (or snizaypa). To satisfy the requirement is tzoi&v zd ejzizaypa (either e.g. of lines in a figure, or of the 
person solving the problem). 

After the setting out (qpcOgoiq) in any proposition there follows the short statement of what it is required to prove or to do. 
In the former case (that of a theorem ) Archimedes uses one of three expressions d&Kzeov it is required to prove , Xsyco or <])api 
5f| I assert or say; and in the second case (that of a problem) S& Sq it is required (to do so and so). 

In a problem the analysis dvdXvoig and synthesis ovvOgoig are distinguished, the latter being generally introduced with the 
words the synthesis of the problem will be as follows avvz^Oqagzai zd npdfXqpa o*zcbg. The parts of the verb dvaXu^iv are 
similarly used ; thus the analysis and synthesis of each of these (problems) will be given at the end exaz^pa Si: zauza zni 
avaXvOqo^zai rg Kai aovz^Qqa^zai. 

A notable tern in connexion with problems is the SiopiapOg (< determination ), which means the determination of the limits 
within which a solution is possible*. If a solution is always possible, the problem does not involve a wpwpOg, oux*x& 
SiopiopOv; otherwise it does involve it, *ye l SiopiopOv. 

Data and hypotheses. 

For given some part of the verb SiScopi is used, generally the participle 8oG’i<;, but sometimes S^Sopevog and once or twice 
SiSOp^vog. Let a circle be given S^SOodco xvxXog, given two unequal magnitudes Svo peye@w v dviocbv SoOsvzcov, each of the 
two lines TA, EZ is given eoziv So9$ioa sxazspa zgy TA, EZ the same ratio as the given one XOyog o avzOg z£ Sodevzi. 
Similar expressions are the assigned ratio o za/O^ig Xdyog, the given area zd Tzpoz$9ev (or npox^ip^vov) xcopLov. 

Given in position 9eo^i simply (sc. S$Sopevq). 

Of hypotheses the parts of the verb mioxiGgpcu and (for the passive) miOKgipai are used; with the same suppositions zygv 
aiizygv U7ZOK0psvcbv, let the said suppositions be made unox^iodco zd $ipqpeva, we make these suppositions unozi9ep^9a zaS 

e 

Where in a reductio ad absurdum the original hypothesis is referred to, and generally where an earlier step is quoted, the 
past tense of the verb is used; but it was not (so) oiix qv Se, for it was less qv yap eXaoocbv, they were proved equal an^Ss 
r/9qoav iooi, for this has been proved to be possible S^ixzai yap zouzo Svvazov eov. Where a hypothesis is thus quoted, the 
past tense of mroKgipai has various constructions after it, (1) an adjective or participle, AZ, BH were supposed equal jeon 
u7i£Kgivxo ai AZ, BH, it is by hypothesis a tangent u7i£Kgixo £7iU|/auioaa, (2) an infinitive, for by hypothesis it does not cut 
inzex^izo yap pq repv&v, the axis is by hypothesis not at right angles to the parallel planes UTzex&xo o &cd)v pq g/'/vgV’ opOdg 
nozi zd napaXXaXa enin^Sa, (3) the plane is supposed to have been drawn through the centre zd enin^Sov undx&nai Sad zou 
Ksvzpov $x6ai. 

Supposing it found gupgG-6vxo<; absolutely. Suppose it done y^yovezco. 

The usual idiomatic use of gi 86 pi) after a negative statement may be mentioned; it will not meet the surface in another 
point, otherwise... ou yap dxpezai xaz ’ fXXo oap&ov rag dmfav&ag gi Se pq.... 

Inferences, and adaptation to different cases. 

The usual equivalent for therefore is apa; ouv and xoLvuv are generally used in a somewhat weaker sense to mark the 
startingpoint of an argument, thus £7igi ouv may be translated as since, then. Since is £7igi, because SiOzi. 

nolXu paAAov much more then is apparently not used in Archimedes, who has noXky alone; thus much less then is the 
ratio of the circumscribed figure to the inscribed than that of K to H noXk<Z £pa xo 7igpiyppa(|)£V 7ipd<; xo £yypac|)£V sydooova 
koyov *ygi xou, gv *xgi f| K 7ipd<; H. 

5ia with the accusative is a common way of expressing the reason why; because the cone is isosceles 5ia xo icockXi) given 
k^vov, for the same reason 8ia xauxa. 


5ia with the genitive expresses the means by which a proposition is proved; by means of the construction did z{jq KaxaaKg 
v{jq, by the same means 5ia xjv aux^v, by the same method 5ia xou auxo 0 xpOnov. 

Whenever this is the case, the surface is greater *x av touto jj, p^iqcov yiv&ai q £Tzu\>dvgia..., if this is the case, the angle 
BA0 is equal. .., ei 8s touto, *aa saxiv a utto BA0 ycovLa..., which is the same thing as showing that... * xauxov saxi Xu 8g 
ic,ai, *xi.... 

Similarly for the sector opolcoq Sc Kai kni mu zopkcoq, the proof is the same as (that used to show) that a aura dnod&lqiq 
Kai *n, the proof that... is the same a aura. dnod^iciq kvzi Kai diOzi..., the same argument holds for all rectilineal 
figures inscribed in the segments in the recognised manner (see p. 204) kni ndvzcov eudvypappcov z^v kyypafiopkvcoa kq xd 
zpdpaza yvcopLpcoq 6 auzoq XOyoq; it will be possible, having proved it for a circle, to transfer the same argument in the 
case of the sector *axai kni kvkXov d^iCavza pgzayay&v zov *poiov Xdyov Kai kni xou zopkcoq; the rest will be the same, but 
it will be the lesser of the diameters which will be intercepted within the spheroid (instead of the greater) zd pkv $XXa zd 
auxd koo&xai, zav dk diapkzpcov a kXdaacoa kaa&xai a kvanoXafOfiao. kv zQ atfiaipo^id^i; it will make no difference 
whether ...or ...dioiagi 5 £ ouSev, e£Te...e£Te.... 


Conclusions. 

The proposition is therefore obvious, or is proved dffov ouv kazi (or dkb$iKxai) zd npozgOkv; similarly <\>av$pov ouv kaziv, 
3 Sfiqai, and dk vouzo d&iqai. Which is absurd, or impossible * 7 iep ^xotiov or aSuvaxov. 

A curious use of two negatives is contained in the following: ouk &pa o*k kazi xkvzpov xou fidpkoq xou AEZ zpiyOvov zd N 
aapgwv. *axiv up a, therefore it is not possible that the point N should not be the centre of gravity of the triangle AEZ. It 
must therefore be so. 

Thus a rhombus will have been formed *axai drj yeyovcbq p/dpfioq; two unequal straight lines have been found satisfying the 
requirement eupqpevai gioiv £pa 8 uo euGgiai ^yiaot 7toiouoai to 87iixaypa. 

Direction, concavity, convexity. 

In the same direction km nd aud, in the other direction km zd %xepa, concave in the same direction km zd auxd KoiXrj; 
in the same direction as kni zd auza with the dative or a))’ & thus in the same direction as the vertex of the cone kni zd auxd 
Ta mu kcovov Kopvff drawn in the same direction as (that of) the convex side of it kni no. auxd jjyopsvcu, e<|>’ d evxi xa icupxa 
auxou. For on the same side of £ 7 ii xa auxa is followed by the genitive, they fall on the same side of the line kni zd auza 
ninzovai zjjq ypapppyq. 

On each side of sc])’ SKaxepa (with gen.); on each side of the plane of the base k<f> ’ kndz^pa zou kninkdov z{jq fiaa^coq. 

Miscellaneous. 

Property avpnzcopa. Proceeding thus continually, a$i zouzo noiouvx$q, d$i zovzov y^v opkvov, or zovzov kqjjq yivopkvov. 
In the elements kv zjj azoiygizbagi. 

One special difference between our terminology and the Greek is that whereas we speak of any circle, any straight line 
andi the like, the Greeks say every circle, every straight line, etc. Thus any pyramid is one third part of the prism with the 
same base cbs the pyramid and equal height naaa nvpapiq zpLzov pkpoq kazi zou npLapazoq zou zav auzdv fiaaiv *yovzoq zS. 
nvpapLdi xai $ipoq *aov. I define the diameter of any segment as didp^zpov KaXkco navzOq zpdpazoq. To exceed any assigned 
(magnitude) of those which are comparable with one another un^pkyti v navzdq zou npoz^Okvzoq z^v npoq $XXqXa X$yopkvcov. 

Another noteworthy difference is illustrated in the last sentence. The Greeks did not speak as we do of a given area, a 
given ratio etc., but of the given area, the given ratio, and the like. Thus It is possible...to leave certain segments less than a 
given area SvvazOv kaziv...X&n&v ziva zpr/paza, d^ep £cxai sXaaaova xou 7 ipOKfip£VOV ycoplov; to divide a given sphere by a 
plane so that the segments have to one another an assigned ratio zav SoOgiaav atfiaipav kninkdco zep&v, y*ax$ zd zpdpaza aiizaq 
noz ’ fXXaXa zov zpdpaza Xoyov f/£iv. 

Magnitudes in arithmetical progression are said to exceed each other by an equal (amount); if there be any number of 
magnitudes in arithmetical progression Ka *covzi p$ykQ$a onoaaouv zQ *rroj aXXdXcov un^pkyovza. The common difference 
is the excess un$poyd, and the terms collectively are spoken of as the magnitudes exceeding by the equal (difference) zd z£ 
* 0 ^ un^pkyovza. The least term is xo sXdyioxov, the greatest term zd pkyiazov. The sum of the terms is expressed by ndvza zd 
Xu lay* un%pkyovza. 



Terms of a geometrical progression are simply in (continued) proportion dvdXoyov, the series is then f| dvodioyia, the 
proportion, and a term of the series is xiq x^v ev xi auxS avaXoyia. Numbers in geometrical progression beginning from 
unity are dpiQpoi avaXoyov and povdSoq. Let the term A of the progression be taken which is distant the same number of 
terms from 0 as A is distant from unity X^XdjpOco sk rag avaXoyiag 6 A ane/cov and zou 0 zooovzovg, *oovg 6 A and povadog 
ansyei. 

* Apollonius of Perga, pp. clvii—clxx. 

*Cf Apollonius of Perga , pp. xxiv, xxv. 

* Cf. Apollonius of Perga , p. Ixx, note. 


ON THE SPHERE AND CYLINDEB. 


BOOK I. 


“Archimedes to Dositheus greeting. 

On a former occasion I sent you the investigations which I had up to that time completed, including the proofs, showing that 
any segment bounded by a straight line and a section of a right-angled cone [a parabola] is four-thirds of the triangle which has 
the same base with the segment and equal height. Since then certain theorems not hitherto demonstrated (avsXgyKxcov) have 
occurred to me, and I have worked out the proofs of them They are these: first, that the surface of any sphere is four times its 
greatest circle (rc»{j peyCoxov kUkXov ); next, that the surface of any segment of a sphere is equal to a circle whose radius (rj gc 
TO v K^vzpov) is equal to the straight line drawn from the vertex (jcopvfirj) of the segment to the circumference of the circle 
which is the base of the segment; and, further, that any cylinder having its base equal to the greatest circle of those in the 
sphere, and height equal to the diameter of the sphere, is itself [i.e. in content] half as large again as the sphere, and its surface 
also [including its bases] is half as large again as the surface of the sphere. Now these properties were all along naturally 
inherent in the figures referred to (a.Ux-ij x-jj (j)6oei novnfjpxsv nepi xa eiprjpgoa a/tjpaxa), but remained unknown to those who 
were before my time engaged in the study of geometry. Having, however, now discovered that the properties are true of these 
figures, I cannot feel any hesitation in setting them side by side both with my former investigations and with those of the 
theorems of Eudoxus on solids which are held to be most irrefragably established, namely, that any pyramid is one third part of 
the prism which has the same base with the pyramid and equal height, and that any cone is one third part of the cylinder which 
has the same base with the cone and equal height. For, though these properties also were naturally inherent in the figures all 
along, yet they were in fact unknown to all the many able geometers who lived before Eudoxus, and had not been observed by 
any one. Now, however, it will be open to those who possess the requisite ability to examine these discoveries of mine. They 
ought to have been published while Conon was still alive, for I should conceive that he would best have been able to grasp 
them and to pronounce upon them the appropriate verdict; but, as I judge it well to communicate them to those who are 
conversant with mathematics, I send them to you with the proofs written out, which it will be open to mathematicians to 
examine. Farewell. 

I first set out the axioms* and the assumptions which I have used for the proofs of my propositions. 

Definitions. 

1. There are in a plane certain terminated bent lines (KagnuXai ypappaC nenepaopgvca )^, which either lie wholly on the 
same side of the straight lines joining their extremities, or have no part of them on the other side. 

2. I apply the term concave in the same direction to a line such that, if any two points on it are taken, either all the 
straight lines connecting the points fall on the same side of the line, or some fall on one and the same side while others fall on 
the line itself, but none on the other side. 

3. Similarly also there are certain terminated surfaces, not themselves being in a plane but having their extremities in a 
plane, and such that they will either be wholly on the same side of the plane containing their extremities, or have no part of 
them on the other side. 

4. I apply the term concave in the same direction to surfaces such that, if any two points on them are taken, the straight 
lines connecting the points either all fall on the same side of the surface, or some fall on one and the same side of it while some 
fall upon it, but none on the other side. 

5. I use the term solid sector, when a cone cuts a sphere, and has its apex at the centre of the sphere, to denote the figure 
comprehended by the surface of the cone and the surface of the sphere included within the cone. 

6. I apply the term solid rhombus, when two cones with the same base have their apices on opposite sides of the plane of 
the base in such a position that their axes lie in a straight line, to denote the solid figure made up of both the cones. 

Assumptions. 

1. Of all lines which have the same extremities the straight line is the least*. 

2. Of other lines in a plane and having the same extremities, [any two] such are unequal whenever both are concave in 
the same direction and one of them is either wholly included between the other and the straight line which has the same 
extremities with it, or is partly included by, and is partly common with, the other; and that [line] which is included is the lesser 
[of the two]. 



3. Similarly, of surfaces which have the same extremities, if those extremities are in a plane, the plane is the least [in 
area], 

4. Of other surfaces with the same extremities, the extremities being in a plane, [any two] such are unequal whenever 
both are concave in the same direction and one surface is either wholly included between the other and the plane which has the 
same extremities with it, or is partly included by, and partly common with, the other; and that [surface] which is included is the 
lesser [of the two in area]. 

5. Further, of unequal lines, unequal surfaces, and unequal solids, the greater exceeds the less by such a magnitude as, 
when added to itself, can be made to exceed any assigned magnitude among those which are comparable with [it and with] one 
another*. 

These things being premised, if a polygon be inscribed in a circle, it is plain that the perimeter of the inscribed polygon 
is less than the circumference of the circle ; for each of the sides of the polygon is less than that part of the circumference of 
the circle which is cut offby it.” 


Proposition 1. 

If a polygon be circumscribed about a circle, the perimeter of the circumscribed polygon is greater than the perimeter 
of the circle. 

Let any two adjacent sides, meeting in A, touch the circle at P, Q respectively. 

Then [. Assumptions , 2] 

PA + AQ > (arc PQ ). 



A similar inequality holds for each angle of the polygon; and, by addition, the required result follows. 


Proposition 2. 

Given two unequal magnitudes, it is possible to find two unequal straight lines such that the greater straight line has to 
the less a ratio less than the greater magnitude has to the less. 

Let AB, D represent the two unequal magnitudes, AB being the greater. 

Suppose BC measured along BA equal to D, and let GH be any straight line. 

Then, if CA be added to itself a sufficient number of times, the sum will exceed D. Let AF be this sum, and take E on GH 
produced such that GH is the same multiple of HE that AF is of AC. 


EH : HG = AC: AF 


a 


-B 


Thus 

But, since AF > D (or CB), 
Therefore, componendo, 


AC: 

AF < AC: 

CB. 

EG 

: GH <AB 

:D. 


Hence EG, GH are two lines satisfying the given condition. 


Proposition 3. 

Given two unequal magnitudes and a circle, it is possible to inscribe a polygon in the circle and to describe another 
about it so that the side of the circumscribed polygon may have to the side of the inscribed polygon a ratio less than that oj 
the greater magnitude to the less. 

Let A, B represent the given magnitudes, A being the greater. 

Find [Prop. 2] two straight lines F, KL, of which F is the greater, such that 


F : KL< A : B .....( 1 ). 


D 




Draw LM perpendicular to LK and of such length that KM = F. 

In the given circle let CE, DG be two diameters at right angles. Then, bisecting the angle DOC, bisecting the half again, and 
so on, we shall arrive ultimately at an angle (as NOC) less than twice the angle LKM. 

Join NC, which (by the construction) will be the side of a regular polygon inscribed in the circle. Let OP be the radius of 
the circle bisecting the angle NOC (and therefore bisecting NC at right angles, in H, say), and let the tangent at P meet OC, ON 
produced in S, T respectively. 

Now, since Z CON < 2 Z LKM, 

Z HOC < Z LKM, 
and the angles at H, L are right; 


therefore MK : LK > OC : OH 
> OP : OH. 
















Hence 


ST : ON < MK : LK 
<F ; LK\ 

therefore, a fortiori , by (1), 

ST : CN <A:B. 

Thus two polygons are found satisfying the given condition. 


Proposition 4. 

Again, given two unequal magnitudes and a sector, it is possible to describe a polygon about the sector and to inscribe 
another in it so that the side of the circumscribed polygon may have to the side of the inscribed polygon a ratio less than 
the greater magnitude has to the less. 

[The “inscribed polygon” found in this proposition is one which has for two sides the two radii bounding the sector, while 
the remaining sides (the number of which is, by construction, some power of 2) subtend equal parts of the arc of the sector; the 
“circumscribed polygon” is formed by the tangents parallel to the sides of the inscribed polygon and by the two bounding radii 
produced.] 




In this case we make the same construction as in the last proposition except that we bisect the angle COD of the sector, 
instead of the right angle between two diameters, then bisect the half again, and so on. The proof is exactly similar to the 
preceding one. 


Proposition 5. 

Given a circle and two unequal magnitudes, to describe a polygon about the circle and inscribe another in it, so that 
the circumscribed polygon may have to the inscribed a ratio less than the greater magnitude has to the less. 

Let A be the given circle and B, C the given magnitudes, B being the greater. 



F ——----- 

Take two unequal straight lines D, E, of which/) is the greater, such that D : E <B : C [Prop. 2], and let F be a mean 
proportional between/), E, so that D is also greater than F. 

Describe (in the manner of Prop. 3) one polygon about the circle, and inscribe another in it, so that the side of the former 
has to the side of the latter a ratio less than the ratio D : F. 

Thus the duplicate ratio of the side of the former polygon to the side of the latter is less than the ratio D 2 : F 2 . 













But the said duplicate ratio of the sides is equal to the ratio of the areas of the polygons, since they are similar; 

therefore the area of the circumscribed polygon has to the area of the inscribed polygon a ratio less than the ratio D 2 : F 2 , 
or D : E, and a fortiori less than the ratio B : C. 


Proposition 6. 

“Similarly we can show that, given two unequal magnitudes and a sector, it is possible to circumscribe a polygon about 
the sector and inscribe in it another similar one so that the circumscribed may have to the inscribed a ratio less than the 
greater magnitude has to the less. 

And it is likewise clear that, if a circle or a sector, as well as a certain area, be given, it is possible, by inscribing 
regular polygons in the circle or sector, and by continually inscribing such in the remaining segments, to leave segments of 
the circle or sector which are [together] less than the given area. For this is proved in the Elements [Eucl. XII. 2], 

But it is yet to be proved that, given a circle or sector and an area, it is possible to describe a polygon about the circle 
or sector, such that the area remaining between the circumference and the circumscribed figure is less than the given 
area. ” 




The proof for the circle (which, as Archimedes says, can be equally applied to a sector) is as follows. 

Let A be the given circle and B the given area. 

Now, there being two unequal magnitudes A + B and A, let a polygon (C) be circumscribed about the circle and a polygon 
(7) inscribed in it [as in Prop. 5], so that 

C : I < A + B t A ..( 1 ). 

The circumscribed polygon (Q shall be that required. For the circle (A) is greater than the inscribed polygon (I). 

Therefore, from(l), a fortiori. 


C: A<A + B : A, 

whence C < A + B, 

or C-A<B. 


Proposition 7. 

If in an isosceles cone [i.e. a right circular cone] a pyramid be inscribed having an equilateral base, the surface of the 
pyramid excluding the base is equal to a triangle having its base equal to the perimeter of the base of the pyramid and its 
height equal to the perpendicular drawn from the apex on one side of the base. 

Since the sides, of the base of the pyramid are equal, it follows that the perpendiculars from the apex to all the sides of the 
base are equal; and the proof of the proposition is obvious. 


Proposition 8. 

If a pyramid be circumscribed about an isosceles cone, the surface of the pyramid excluding its base is equal to a 






triangle having its base equal to the perimeter of the base of the pyramid and its height equal to the side [i.e. a generator] 
of the cone. 

The base of the pyramid is a polygon circumscribed about the circular base of the cone, and the line joining the apex of the 
cone or pyramid to the point of contact of any side of the polygon is perpendicular to that side. Also all these perpendiculars, 
being generators of the cone, are equal; whence the proposition follows immediately. 


Proposition 9. 

If in the circular base of an isosceles cone a chord be placed, and from its extremities straight lines be drawn to the 
apex of the cone, the triangle so formed will be less than the portion of the surface of the cone intercepted between the 
lines drawn to the apex. 

Let ABC be the circular base of the cone, and O its apex. 

Draw a chord AS in the circle, and join OA, OB. Bisect the arc ACS in C, and join AC, SC, OC. 

Then A OAC + A OBC > AOAB. 
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Let the excess of the sum of the first two triangles over the third be equal to the area D. 

Then D is either less than the sum of the segments AEC, CFB, or not less. 

I. Let D be not less than the sum of the segments referred to. 

We have now two surfaces 

(1) that consisting of the portion OAEC of the surface of the cone together with the segment AEC, and 

(2) the triangle OAC; 

and, since the two surfaces have the same extremities (the perimeter of the triangle OAC), the former surface is greater than the 
latter, which is included by it [Assumptions, 3 or 4], 

Hence (surface OAEG) + (segment AEG) > A OAC. 

Similarly (surface OCFB) + (segment CFB) > A OBC. 

Therefore, since D is not less than the sum of the segments, we have, by addition, 

(surface OAECFB) +D> A OAC + A OBC 

> AOAB + D, by hypothesis. 

Taking away the common part D, we have the required result. 

It. Let D be less than the sum of the segments AEC, GFB. 

If now we bisect the arcs AC, CB, then bisect the halves, and so on, we shall ultimately leave segments which are together 
less than D. [Prop. 6] 

Let AGE, EHC, CKF, FLB be those segments, and join OE, OF. 

Then, as before, 




(surface OAGE) + (segment AGE) > A OAE 
and (surface OEHC) + (segment EHC) > A OEC. 

Therefore (surface OAGHC) + (segments AGE, EHG) 

>AOAE + AOEC 
> AOAC, a fortiori. 

Similarly for the part of the surface of the cone bounded by OC, OB and the arc CEB. 

Hence, by addition, 

(surface OAGEHCKFLB)+ (segments AGE, EHC, CKF, FLB ) 

> AOAC + AOBC 

> A OAB + D, by hypothesis. 

But the sum of the segments is less thanD, and the required result follows. 

Proposition 10. 

If in the plane of the circular base of an isosceles cone two tangents be drawn to the circle meeting in a point, and the 
points of contact and the point of concourse of the tangents be respectively joined to the apex of the cone, the sum of the 
two triangles formed by the joining lines and the two tangents are together greater than the included portion of the surface 
of the cone. 

Let ABC be the circular base of the cone, o its apex, AD, BD the two tangents to the circle meeting in D. Join OA, OB: OD. 
Let ECF be drawn touching the circle at C, the middle point of the arc ACB, and therefore parallel to AB. Join OE, OF. 

Then ED + DF > EF, 

and, adding AE + FB to each side, 

AD + DB> AE + EF + FB. 

Now OA, OC, OB, being generators of the cone, are equal, and they are respectively perpendicular to the tangents at A, C, 
B. 
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It follows that 

AO AD + A ODB > A OAE + A OEF + A OFB. 

Let the area G be equal to the excess of the first sum over the second. 

G is then either less, or not less, than the sum of the spaces EAHC, FCKB remaining between the circle and the tangents, 
which sum we will call L. 




I. Let G be not less than L. 

We have now two surfaces 

(1) that of the pyramid with apex O and base AEFB, excluding the face OAB, 

(2) that consisting of the part OACB of the surface of the cone together with the segment ACB. 

These two surfaces have the same extremities, viz. the perimeter of the triangle OAB, and, since the former includes the 
latter, the former is the greater [. Assumptions , 4], 

That is, the surface of the pyramid exclusive of the face OAB is greater than the sum of the surface OACB and the segment 
ACB. 

Taking away the segment from each sum, we have 
A OAE + AOEF + A OFB + L > the surface OAHCKB. 

And G is not less than L. 

It follows that 

A OAE + AOEF + A OFB + G, 

which is by hypothesis equal to A OAD + A ODB, is greater than the same surface. 

II. Let G be less than L. 

If we bisect the arcs AC, CB and draw tangents at their middle points, then bisect the halves and draw tangents, and so on, 
we shall lastly arrive at a polygon such that the sum of the parts remaining between the sides of the polygon and the 
circumference of the segment is less than G. 

Let the remainders be those between the segment and the polygon APQRSB, and let their sum be M. Join OP, OQ, etc. 

Then, as before, 

A OAE + AOEF + A OFB > A OAP + A OPQ + ... +AOSB. 

Also, as before, 

(surface of pyramid OAPQRSB excluding the face OAB) 

> the part OAGB of the surface of the cone together with the segment ACB. 

Taking away the segment from each sum, 

A OAP + A OPQ + ... + M > the part OACB of the 

surface of the cone. 

Hence, a fortiori, 

A OAE + AOEF + A OFB + G, 

which is by hypothesis equal to 

A OAD + A ODB, 

is greater than the part OACB of the surface of the cone. 


Proposition 11. 

If a plane parallel to the axis of a right cylinder cut the cylinder, the part of the surface of the cylinder cut off by the 
plane is greater than the area of the parallelogram in which the plane cuts it. 


Proposition 12. 

If at the extremities of two generators of any right cylinder tangents be drawn to the circidar bases in the planes of 
those bases respectively, and if the pairs of tangents meet, the parallelograms formed by each generator and the two 
corresponding tangents respectively are together greater than the included portion of the surface of the cylinder between 
the two generators. 



[The proofs of these two propositions follow exactly the methods of Props. 9, lOrespectively, and it is therefore 
unnecessary to reproduce them] 

“From the properties thus proved it is clear (1) that, if a pyramid be inscribed in an isosceles cone, the surface of the 
pyramid excluding the base is less than the surface of the cone [excluding the base], and (2) that, if a pyramid be 
circumscribed about an isosceles coney the surface of the pyramid excluding the base is greater than the surface of the 
cone excluding the base. 

“It is also clear from what has been proved both (1) that, if a prism be inscribed in a right cylinder, the surface of the 
prism made up of its parallelograms [i.e. excluding its bases] is less than the surface of the cylinder excluding its bases, 
and (2) that, if a prism be circumscribed about a right cylinder, the surface of the prism made up of its parallelograms is 
greater than the surface of the cylinder excluding its bases.” 


Proposition 13. 

The surface of any right cylinder excluding the bases is equal to a circle whose radius is a mean proportional between 
the side [i.e. a generator] of the cylinder and the diameter of its base. 

Let the base of the cylinder be the circle A, and make CD equal to the diameter of this circle, and EF equal to the height of 
the cylinder. 



Let H be a mean proportional between CD, EF and B a circle with radius equal to H. 

Then the circle B shall be equal to the surface of the cylinder (excluding the bases), which we will call S. 

For, if not, B must be either greater or less than S. 

I. Suppose B < S. 

Then it is possible to circumscribe a regular polygon about B, and to inscribe another in it, such that the ratio of the former 
to the latter is less than the ratio S : B. 

Suppose this done, and circumscribe about A a polygon similar to that described about 5; then erect on the polygon about A 
a prism of the same height as the cylinder. The prism will therefore be circumscribed to the cylinder. 

Let KD, perpendicular to CD, and FL, perpendicular to EF, be each equal to the perimeter of the polygon about A. Bisect 
CD in M, and j oin MK. 

Then A KDM = the polygon about A. 

Also CJ el = surface of prism (excluding bases). 

Produce FE to N so that FE = EN and j oin NL. 

Now the polygons about A, B, being similar, are in the duplicate ratio of the radii of A, B. 










Thus 


A KDM : (polygon about B ) = MB 1 : IP 

= MB* : CD . EF 
- MB : NF 
= A ifDfrf : A LFN 
Therefore (polygon about B) — A LFN 

= LJ EL 

— (surface of prism about A ), 
from above. 

But (polygon about B ) : (polygon in B) < S : B. 

Therefore 

(surface of prism about A) : (polygon in B) < S : B, 
and, alternately, 

(surface of prism about A): S < (polygon in B ): B\ 

which is impossible, since the surface of the prism is greater than S, while the polygon inscribed in B is less than B. 

Therefore B ^ S. 

II. Suppose B > S. 

Let a regular polygon be circumscribed about B and another inscribed in it so that 

(polygon about B ): (polygon in B) < B : S. 

Inscribe in^f a polygon similar to that inscribed in B, and erect a prism on the polygon inscribed in A of the same height as 
the cylinder. 

Again, let DK, FL drawn as before, be each equal to the perimeter of the polygon inscribed in A. 

Then, in this case, 

A KDM > (polygon inscribed in^f) 

(since the perpendicular from the centre on a side of the polygon is less than the radius of A). 

Also A LFN = £j EL = surface of prism (excluding bases). 

Now 

(polygon in A) : (polygon in B) = MB* : II*, 

— A KBM : A LFN, as before. 

And A KDM > (polygon in A). 

Therefore 

A LFN, or (surface of prism) > (polygon in B). 

But this is impossible, because 


(polygon about B ) : (polygon in B) < B : S, 

< (polygon about B): S, a fortiori, 
so that (polygon in B) > S, 

> (surface of prism), a fortiori. 

Hence B is neither greater nor less than S, and therefore 


B = S. 



Proposition 14. 


The surface of any isosceles cone excluding the base is equal to a circle whose radius is a mean proportional between 
the side of the cone [a generator] and the radius of the circle which is the base of the cone. 

Let the circle A be the base of the cone; draw C equal to the radius of the circle, and D equal to the side of the cone, and let 
E be a mean proportional between C, D. 


c I 

E 

Draw a circle B with radius equal to E. 

Then shall B be equal to the surface of the cone (excluding the base), which we will call S. 

If not, B must be either greater or less than S. 

I. Suppose B <S. 

Let a regular polygon be described about B and a similar one inscribed in it such that the former has to the latter a ratio less 
than the ratio S: B. 

Describe about A another similar polygon, and on it set up a pyramid with apex the same as that of the cone. 

Then (polygon about A) : (polygon about B) 

= C a : E a 
~C:D 

= (polygon about A) : (surface of pyramid excluding base). 

Therefore 

(surface of pyramid) = (polygon about B). 

Now (polygon about B ): (polygon in B) < S : B. 

Therefore 

(surface of pyramid): (polygon in B) < S : B, 

which is impossible, (because the surface of the pyramid is greater than S, while the polygon in B is less than B). 

Hence B ^ S. 

n. Suppose B > S. 

Take regular polygons circumscribed and inscribed to B such that the ratio of the former to the latter is less than the ratio B 
:S. 

Inscribe in A a similar polygon to that inscribed in B, and erect a pyramid on the polygon inscribed in A with apex the same 
as that of the cone. 

In this case 

(polygon in A) : (polygon in 2?) = G 1 ; E i 

= <7;D 

> (polygon in A) : (surface of pyramid excluding base). 





This is clear because the ratio of C to D is greater than the ratio of the perpendicular from the centre of A on a side of the 
polygon to the perpendicular from the apex of the cone on the same side*. 

Therefore 

(surface of pyramid) > (polygon in B). 

But (polygonabout B ): (polygonin B) <B : S 

Therefore, a fortiori, 

(polygon about B ): (surface of pyramid) <B : S ; 

which is impossible. 

Since therefore B is neither greater nor less than S, 

B = S. 

Proposition 15. 

The surface of any isosceles cone has the same ratio to its base as the side of the cone has to the radius of the base. 

By Prop. 14, the surface of the cone is equal to a circle whose radius is a mean proportional between the side of the cone 
and the radius of the base. 

Hence, since circles are to one another as the squares of their radii, the proposition follows. 

Proposition 16. 

If an isosceles com be cut by a plane parallel to the base, the portion of the surface of the cone between the parallel 
planes is equal to a circle whose radius is a mean proportional between (1) the portion of the side of the cone intercepted 
by the parallel planes and (2) the line which is equal to the sum of the radii of the circles in the parallel planes. 

Let OAB be a triangle through the axis of a cone, BE its intersection with the plane cutting off the frustum, and OFC the axis 
of the cone. 

Then the surface of the cone OAB is equal to a circle whose radius is equal to 4(JATAG.- [Prop. 14.] 

Similarly the surface of the cone ODE is equal to a circle whose radius is equal to JQJ) J)F. 
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And the surface of the frustum is equal to the difference between the two circles. 

Now 

OA .AC - OD. DF = DA . AC + OD. AC - OD. DF. 

But OD . AC = OA. DF, 

since OA : AC = OD : DF. 

Hence OA .AC-OD. DF => DA . AG 4- DA.DF 

= DA . (AC + DF). 


And, since circles are to one another as the squares of their radii, it follows that the difference between the circles whose radii 






are fQAA G *JOD DF res P ec tively is equal to a circle whose radius is *fj)£ ~ 0 + DF)- 

Therefore the surface of the frustum is equal to this circle. 

Lemmas. 

“1. Cones having equal height have the same ratio as their bases; and those having equal bases have the same ratio as 
their heights *. 

2. If a cylinder be cut by a plane parallel to the base, then, as the cylinder is to the cylinder, so is the axis to the axis']'. 

3. The cones which have the same bases as the cylinders [and equal height ] are in the same ratio as the cylinders. 

4. Also the bases of equal cones are reciprocally proportional to their heights ; and those cones whose bases are 
reciprocally proportional to their heights are equal%. 

5. Also the cones, the diameters of whose bases have the same ratio as their axes, are to one another in the triplicate 
ratio of the diameters of the bases §. 

And all these propositions have been proved by earlier geometers.” 


Proposition 17. 

If there be two isosceles cones, and the surface of one cone be equal to the base of the other, while the perpendicular 
from the centre of the base [of the first cone] on the side of that cone is equal to the height [of the second], the cones will 
be equal. 

Let OAB, DEF be triangles through the axes of two cones respectively, C, G the centres of the respective bases, GH the 
perpendicular from G on FD; and suppose that the base of the cone OAB is equal to the surface of the cone DEF, and that OC = 
GH. 




Then, since the base of OAB is equal to the surface of DEF, 
(base of cone OAB ) : (base of cone DEF) 


= (surface of DEF) : (base of DEF) 
=DF:FG [Prop. 15] 

= DG : GH, by similar triangles, 

= DG: OC. 


Therefore the bases of the cones are reciprocally proportional to their heights; whence the cones are equal. [Lemma 4.] 


Proposition 18. 

Any solid rhombus consisting of isosceles cones is equal to the cone which has its base equal to the surface of one of 
the cones composing the rhombus and its height equal to the perpendicular drawn from the apex of the second cone to one 
side of the first cone. 









Let the rhombus be OABD consisting of two cones with apices O, D and with a common base (the circle about AB as 
diameter). 
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Let FHK be another cone with base equal to the surface of the cone OAB and height FG equal to DE, the perpendicular 
from/) on OB. 

Then shall the cone FHK be equal to the rhombus. 

Construct a third cone LMN with base (the circle about MN) equal to the base of OAB and height LP equal to OD. 

Then, since LP = OD, 

LP : CD = OD : OD. 

But [Lemma 1 ] OD : CD = (rhombus OADB ): (cone DAB), 
and LP : CD = (cone LMN ): (cone DAB). 

It follows that 


(rhombus OADB) — (cone LMN)... .(1). 

Again, since AB = MN, and 

(surface of OAB) = (base of FHK), 

(base of FHK): (base of LMN) 

= (surface of OAB): (base of OAB) 

= OB : BC [Prop. 15] 

= OD : DE, by similar triangles, 

= LP : FG, by hypothesis. 

Thus, in the cones FHK LMN, the bases are reciprocally proportional to the heights. 

Therefore the cones FHK, LMN are equal, and hence, by (1), the cone FHK is equal to the given solid rhombus. 


Proposition 19. 

If an isosceles cone be cut by a plane parallel to the base, and on the resulting circular section a cone be described 
having as its apex the centre of the base [of the first cone ], and if the rhombus so formed be taken away from the whole 
cone, the part remaining will be equal to the cone with base equal to the surface of the portion of the first cone between the 
parallel planes and with height equal to the perpendicular drawn from the centre of the base of the first cone on one side 
of that cone. 

Let the cone OAB be cut by a plane parallel to the base in the circle on DE as diameter. Let C be the centre of the base of 
the cone, and with C as apex and the circle about DE as base describe a cone, making with the cone ODE the rhombus ODCE. 

Take a cone FGH with base equal to the surface of the frustum DA BE and height equal to the perpendicular (CK) from C on 
AO. 









Then shall the cone FGH be equal to the difference between the cone OAB and the rhombus ODCE. 
Take (1) a cone LMN with base equal to the surface of the cone OAB, and height equal to CK, 

(2) a cone PQR with base equal to the surface of the cone ODE and height equal to CK. 






Now, since the surface of the cone OAB is equal to the surface of the cone ODE together with that of the frustum DABE, we 
have, by the construction, 

(base of LMN) = (base of FGH) + (base of PQR) 

and, since the heights of the three cones are equal, 

(cone LMN) = (cone FGH) + (cone PQR). 

But the cone LMN is equal to the cone OAB [Prop. 17], and the cone PQR is equal to the rhombus ODCE [Prop. 18]. 
Therefore (cone OAB) = (cone FGH) + (rhombus ODCE), and the proposition is proved. 


Proposition 20. 

If one of the two isosceles cones forming a rhombus be cut by a plane parallel to the base and on the resulting circular 
section a cone be described having the same apex as the second cone, and if the resulting rhombus be taken from the whole 
rhombus, the remainder will be equal to the cone with base equal to the surface of the portion of the cone between the 
parallel planes and with height equal to the perpendicular drawn from the apex of the second * cone to the side of the first 
cone. 

Let the rhombus be OACB, and let the cone OAB be cut by a plane parallel to its base in the circle about DE as diameter. 
With this circle as base and C as apex describe a cone, which therefore with ODE forms the rhombus ODCE. 



OA. 


Take a cone FGH with base equal to the surface of the frustum DABE and height equal to the perpendicular ( CK) from C on 





















The cone FGH shall be equal to the difference between the rhombi OACB, ODCE. 

For take (1) a cone LMN with base equal to the surface of OAB and height equal to CK, 

(2) a cone PQR, with base equal to the surface of ODE, and height equal to CK. 

Then, since the surface of OAB is equal to the surface of ODE together with that of the frustum DABE, we have, by 
construction, 

(base of LMN) = (base of PQR) + (base of FGH), 

and the three cones are of equal height; 

therefore (cone LMN) = (cone PQR) + (cone FGH). 

But the cone LMN is equal to the rhombus OACB, and the cone PQR is equal to the rhombus ODCE [Prop. 18]. 

Hence the cone FGH is equal to the difference between the two rhombi OACB, ODCE. 


Proposition 21. 

A regular polygon of an even number of sides being inscribed in a circle, as ABC...A'... CBA, so that AA' is a diameter, 
if two angular points next but one to each other, as B, B\ be joined, and the other lines parallel to BB' and joining pairs of 
angular points be drawn, as CO, DD'..., then 

(BB'+CC'+ ...):AA' = A'B:BA. 

Let BB', CO, DD',... meet A A' inF, G, H,...; and let CB\ DC',... be joined meeting^ 'in K, L,... respectively. 
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Then clearly CB\ DC',... are parallel to one another and to AB. 
Hence, by similar triangles, 


BF : FA = B'F : FK 


- CG : GK 
=G'G : GL 

= E'l : I A '; 

and, summing the antecedents and consequents respectively, we have 

(BB'+CC + ...) ; AA' ~BF : FA 

= A’B : BA. 


Proposition 22. 















If a polygon be inscribed in a segment of a circle LAL' so that all its sides excluding the base are equal and their 
number even, as LK...A...K'L', A being the middle point of the segment, and if the lines BB' CC ',... parallel to the base LL' 
and joining pairs of angular points be drawn, then 

(BB' + CC'+ ... +LM) : AM = A'B : BA 

where M is the middle point of LL' and AA' is the diameter through M. 



Joining CB', DC',...LK', as in the last proposition, and supposing that they meet AM in P, Q,...R, while BB', CC,..., KK 1 
meet AM in F, G,... H, we have, by similar triangles, 

BF: FA=B'F:FP 
= CG : PG 
= C'G : GQ 


= LM:RM; 


and, summing the antecedents and consequents, we obtain 

(BB' + CC'+... + LM) : AM — BF : FA 

= A'B: BA. 


Proposition 23. 

Take a great circle ABC. .. of a sphere, and inscribe in it a regular polygon whose sides are a multiple of four in number. 
Let AA', MM' be diameters at right angles and joining opposite angular points of the polygon. 
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Then, if the polygon and great circle revolve together about the diameter AA', the angular points of the polygon, except A, A', 
will describe circles on the surface of the sphere at right angles to the diameter A A'. Also the sides of the polygon will 
describe portions of conical surfaces, e.g. BC will describe a surface forming part of a cone whose base is a circle about CC' 
as diameter and whose apex is the point in which CB, C'B' produced meet each other and the diameter AA’. 

Comparing the hemisphere MAM' and that half of the figure described by the revolution of the polygon which is included in 
the hemisphere, we see that the surface of the hemisphere and the surface of the inscribed figure have the same boundaries in 
one plane (viz. the circle on MM' as diameter), the former surface entirely includes the latter, and they are both concave in the 
same direction. 

Therefore [. Assumptions , 4] the surface of the hemisphere is greater than that of the inscribed figure; and the same is true of 
the other halves of the figures. 

Hence the surface of the sphere is greater than the surface described by the revolution of the polygon inscribed in the 
great circle about the diameter of the great circle. 


Proposition 24. 

If a regular polygon AB...A'...B' A, the number of whose sides is a multiple offour, be inscribed in a great circle of a 
sphere, and if BB' subtending two sides be joined, and all the other lines parallel to BB' and joining pairs of angular points 
be drawn, then the surface of the figure inscribed in the sphere by the revolution of the polygon about the diameter AA' is 
equal to a circle the square of whose radius is equal to the rectangle 

BA(BB'+CC'+ ...). 

The surface of the figure is made up of the surfaces of parts of different cones. 
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Now the surface of the cone ABB' is equal to a circle whose radius is f BA . Jr BB' ■ 


[Prop. 14] 




















[Prop. 16] 


The surface of the frustum BB 'C'C is equal to a circle of radius \ l BC. lr(BB' + CC'),, 
and so on. 

It follows, since BA = BC = ..., that the whole surface is equal to a circle whose radius is equal to 

*JBA {BF + CG ' + •.. + MM' ^ ... + YT j. 

Proposition 25. 

The surface of the figure inscribed in a sphere as in the last propositions, consisting ofportions of conical surfaces, is 
less than four times the greatest circle in the sphere. 

Let AB...A' ...B’A be a regular polygon inscribed in a great circle, the number of its sides being a multiple of four. 
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As before, let BB' be drawn subtending two sides, and CC'... YY' parallel to BB'. 

Let R be a circle such that the square of its radius is equal to 

AB(BB' + CC'+ ... + YY), 

so that the surface of the figure inscribed in the sphere is equal to R. [Prop. 24] 

Now 

(J BB’ + CC'+ ... + YY) : AA' = A'B : AB, [Prop. 21] 
whence AB(BB' + CC' + ... + YY) =AA'. A'B. 

Hence (radius of R) 2 = AA'. A'B 

<AA' 2 . 

Therefore the surface of the inscribed figure, or the circle R, is less than four times the circle AMA'M'. 

Proposition 26. 

The figure inscribed as above in a sphere is equal [in volume ] to a cone whose base is a circle equal to the surface of 
the figure inscribed in the sphere and whose height is equal to the perpendicular drawn from the centre of the sphere to 
one side of the polygon. 

Suppose, as before, that AB...A'...B'A is the regular polygon inscribed in a great circle, and let BB', CC', ... be joined. 
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With apex O construct cones whose bases are the circles on BB', CC', ... as diameters in planes perpendicular to AA’. 

Then OBAB' is a solid rhombus, and its volume is equal to a cone whose base is equal to the surface of the cone ABB' and 
whose height is equal to the perpendicular from O on AB [Prop. 18]. Let the length of the perpendicular be p. 

Again, if CB, C'B' produced meet in T, the portion of the solid figure which is described by the revolution of the triangle 
BOC about A A' is equal to the difference between the rhombi OCTC' and OBTB', i.e. to a cone whose base is equal to the 
surface of the frustum BB 'C'C and whose height is p [Prop. 20], 

Proceeding in this manner, and adding, we prove that, since cones of equal height are to one another as their bases, the 
volume of the solid of revolution is equal to a cone with height p and base equal to the sum of the surfaces of the cone BAB', the 
frustum BB'C'C, etc., i.e. a cone with height p and base equal to the surface of the solid. 


Proposition 27. 

The figure inscribed in the sphere as before is less than four times the cone whose base is equal to a great circle of the 
sphere and whose height is equal to the radius of the sphere. 

By Prop. 26 the volume of the solid figure is equal to a cone whose base is equal to the surface of the solid and whose 
height is p, the perpendicular from O on any side of the polygon. Let R be such a cone. 

Take also a cone S with base equal to the great circle, and height equal to the radius, of the sphere. 

Now, since the surface of the inscribed solid is less than four times the great circle [Prop. 25], the base of the cone R is 
less than four times the base of the cone S. 

Also the height (p ) of R is less than the height of S. 

Therefore the volume of R is less than four times that of S; and the proposition is proved. 


Proposition 28. 

Let a regular polygon, whose sides are a multiple of four in number, be circumscribed about a great circle of a given 
sphere, as AB...A' ...B'A; and about the polygon describe another circle, which will therefore have the same centre as the great 
circle of the sphere. Let AA' bisect the polygon and cut the sphere in a, a'. 
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If the great circle and the circumscribed polygon revolve together about AA the great circle will describe the surface of a 
sphere, the angular points of the polygon except^, A' will move round the surface of a larger sphere, the points of contact of the 
sides of the polygon with the great circle of the inner sphere will describe circles on that sphere in planes perpendicular to AA' 
and the sides of the polygon themselves will describe portions of conical surfaces. The circumscribed figure will thus be 
greater than the sphere itself. 

Let any side, as BM, touch the inner circle in K, and let K ’ be the point of contact of the circle with B'M'. 

Then the circle described by the revolution of KK' about AA' is the boundary in one plane of two surfaces 

(1) the surface formed by the revolution of the circular segment KaK' and 

(2) the surface formed by the revolution of the part KB...A...B'K' of the polygon. 

Now the second surface entirely includes the first, and they are both concave in the same direction; 

therefore [. Assumptions , 4] the second surface is greater than the first. 

The same is true of the portion of the surface on the opposite side of the circle on KK' as diameter. 

Hence, adding, we see that the surface of the figure circumscribed to the given sphere is greater than that of the sphere 
itself 


Proposition 29. 

In a figure circumscribed to a sphere in the manner shown in the previous proposition the surface is equal to a circle 
the square on whose radius is equal to AB{BB' + CC' +...). 

For the figure circumscribed to the sphere is inscribed in a larger sphere, and the proof of Prop. 24 applies. 


Proposition 30. 

The surface of a figure circumscribed as before about a sphere is greater than four times the great circle of the sphere. 
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Let AB...A' ...B'A be the regular polygon of 4 n sides which by its revolution about AA' describes the figure circumscribing 
the sphere of which ama'm'is a great circle. Suppose aa', AA' to be in one straight line. 

Let R be a circle equal to the surface of the circumscribed solid. 

Now (. BB' + CC' +...): AA' = A'B : BA, [as in Prop. 21 ] 

so that AB (BB’ + CC' +...)= AA'. A'B. 

Hence (radius of R ) = f A A '. A'B [Prop. 29] 

> A'B 


But A'B = 2 OP, where P is the point in which AB touches the circle ama'm'. 

Therefore (radius off?) > (diameter of circle ama'mf, 

whence R, and therefore the surface of the circumscribed solid, is greater than four times the great circle of the given sphere. 


Proposition 31. 

The solid of revolution circumscribed as before about a sphere is equal to a cone whose base is equal to the surface of 
the solid and whose height is equal to the radius of the sphere. 

The solid is, as before, a solid inscribed in a larger sphere; and, since the perpendicular on any side of the revolving 
polygon is equal to the radius of the inner sphere, the proposition is identical with Prop. 26. 

Cor. The solid circumscribed about the smaller sphere is greater than four times the cone whose base is a great circle 
of the sphere and whose height is equal to the radius of the sphere. 

For, since the surface of the solid is greater than four times the great circle of the inner sphere [Prop. 30], the cone whose 
base is equal to the surface of the solid and whose height is the radius of the sphere is greater than four times the cone of the 
same height which has the great circle for base. [Lemma 1.] 

Hence, by the proposition, the volume of the solid is greater than four times the latter cone. 


Proposition 32. 

If a regular polygon with 4n sides be inscribed in a great circle of a sphere, as ab... a'... b'a, and a similar polygon AB... 
A'... B'A be described about the great circle, and if the polygons revolve with the great circle about the diameters aa', AA' 
respectively, so that they describe the surfaces of solid figures inscribed in and circumscribed to the sphere respectively, 
then 

(1) the surfaces of the circumscribed and inscribed figures are to one another in the duplicate ratio of their sides, and 

(2) the figures themselves [i.e. their volumes ] are in the triplicate ratio of their sides. 

(1) Let AA', aa' be in the same straight line, and let MmOm'M'be a diameter at right angles to them. 
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Join BB\ CC'... and bb\ cc',... which will all be parallel to one another and MM'. 

Suppose R, S to be circles such that 

R = (surface of circumscribed solid), 

S = (surface of inscribed solid). 

Then (radius of R) 2 = AB(BB' + CC' + ...) [Prop. 29] 

(radius of S) 2 = ab (bb' + cc' + ...). [Prop. 24] 

And, since the polygons are similar, the rectangles in these two equations are similar, and are therefore in the ratio of 

AB 2 : ab 2 . 

Hence 

(surface of circumscribed solid): (surface of inscribed solid) 

= AB 2 : ab 2 . 

(2) Take a cone V whose base is the circle R and whose height is equal to Oa, and a cone W whose base is the circle S and 
whose height is equal to the perpendicular from O on ab, which we will call p. 

Then V, W are respectively equal to the volumes of the circumscribed and inscribed figures. [Props. 31, 26] 

Now, since the polygons are similar, 

AB : ab = Oa : p 

= (height of cone V) : (height of cone W); 

and, as shown above, the bases of the cones (the circles R, S) are in the ratio of AB 2 to ab 2 . 

Therefore V : W=AB 3 : ab 3 . 


Proposition 33. 

The surface of any sphere is equal to four times the greatest circle in it. 

Let C be a circle equal to four times the great circle. 

Then, if C is not equal to the surface of the sphere, it must either be less or greater. 

I. Suppose C less than the surface of the sphere. 

It is then possible to find two lines ft, y, of which /? is the greater, such that 

P : y< (surface of sphere): C. [Prop. 2] 

Take such lines, and let 8 be a mean proportional between them. 

Suppose similar regular polygons with 4 n sides circumscribed about and inscribed in a great circle such that the ratio of 
their sides is less than the ratio ft : S. [Prop. 3] 









Let the polygons with the circle revolve together about a diameter common to all, describing solids of revolution as before. 
Then (surface of outer solid) : (surface of inner solid) 

= (side of outer) 2 : (side of inner) 2 [Prop. 32] 

< fi 2 : d 2 , or fi : y 

< (surface of sphere) : C, a fortiori. 

But this is impossible, since the surface of the circumscribed solid is greater than that of the sphere [Prop. 28], while the 
surface of the inscribed solid is less than C [Prop. 25]. 

Therefore C is not less than the surface of the sphere. 

n. Suppose C greater than the surface of the sphere. 

Take lines fi, y, of which fi is the greater, such that 

fi: y<C: (surface of sphere). 

Circumscribe and inscribe to the great circle similar regular polygons, as before, such that their sides are in a ratio less 
than that of fi to S, and suppose solids of revolution generated in the usual manner. 

Then, in this case, 

(surface of circumscribed solid): (surface of inscribed solid) 

< C: (surface of sphere). 

But this is impossible, because the surface of the circumscribed solid is greater than C [Prop. 30], while the surface of the 
inscribed solid is less than that of the sphere [Prop. 23], 

Thus C is not greater than the surface of the sphere. 

Therefore, since it is neither greater nor less, C is equal to the surface of the sphere. 

Proposition 34. 

Any sphere is equal to four times the cone which has its base equal to the greatest circle in the sphere and its height 
equal to the radius of the sphere. 

Let the sphere be that of which ama'm' is a great circle. 

If now the sphere is not equal to four times the cone described, it is either greater or less. 

I. If possible, let the sphere be greater than four times the cone. 

Suppose V to be a cone whose base is equal to four times the great circle and whose height is equal to the radius of the 
sphere. 

Then, by hypothesis, the sphere is greater than V; and two lines fi, y can be found (of which fi is the greater) such that 










fi: y > (volume of sphere): V. 

Between /? and y place two arithmetic means 3, s. 

As before, let similar regular polygons with sides 4 n in number be circumscribed about and inscribed in the great circle, 
such that their sides are in a ratio less than ft : 3. 

Imagine the diameter aa' of the circle to be in the same straight line with a diameter of both polygons, and imagine the latter 
to revolve with the circle about aa', describing the surfaces of two solids of revolution. The volumes of these solids are 
therefore in the triplicate ratio of their sides. [Prop. 32] 

Thus (vol. of outer solid): (vol. of inscribed solid) 

< ff : y 3 , by hypothesis, 

< /?: y, a fortiori (since : y > ff : c) 3 )*, 

< (volume of sphere) : V, a fortiori. 

But this is impossible, since the volume of the circumscribed solid is greater than that of the sphere [Prop. 28], while the 
volume of the inscribed solid is less than F[Prop. 27], 




Hence the sphere is not greater than V, or four times the cone described in the enunciation. 

n. If possible, let the sphere be less than V. 

In this case we take p, y (P being the greater) such that 

f\y<V\ (volume of sphere). 

The rest of the construction and proof proceeding as before, we have finally 
(volume of outer solid) : (volume of inscribed solid) 

< V : (volume of sphere). 

But this is impossible, because the volume of the outer solid is greater than V [Prop. 31, Cor.], and the volume of the 
inscribed solid is less than the volume of the sphere. 

Hence the sphere is not less than V. 

Since then the sphere is neither less nor greater than V, it is equal to V, or to four times the cone described in the 
enunciation. 

Cor. From what has been proved it follows that every cylinder whose base is the greatest circle in a sphere and whose 
height is equal to the diameter of the sphere is f of the sphere, and its surface together with its bases is \ of the surface of 
the sphere. 

For the cylinder is three times the cone with the same base and height [Eucl. xii. 10], i.e. six times the cone with the same 
base and with height equal to the radius of the sphere. 

But the sphere is four times the latter cone [Prop. 34], Therefore the cylinder is f of the sphere. 










Again, the surface of a cylinder (excluding the bases) is equal to a circle whose radius is a mean proportional between the 
height of the cylinder and the diameter of its base [Prop. 13]. 

In this case the height is equal to the diameter of the base and therefore the circle is that whose radius is the diameter of the 
sphere, or a circle equal to four times the great circle of the sphere. 

Therefore the surface of the cylinder with the bases is equal to six times the great circle. 

And the surface of the sphere is four times the great circle [Prop. 33]; whence 

(surface of cylinder with bases) = f • (surface of sphere). 


Proposition 35. 

If in a segment of a circle LAL' (where A is the middle point of the arc) a polygon LK...A...K'L' be inscribed of which 
LL' is one side, while the other sides are 2n in number and all equal, and if the polygon revolve with the segment about the 
diameter AM, generating a solid figure inscribed in a segment of a sphere, then the surface of the inscribed solid is equal 
to a circle the square on whose radius is equal to the rectangle 

f T T\ 

AB{BB' + CC , + ... + KK'+t~). 
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The surface of the inscribed figure is made up of portions of surfaces of cones. 

If we take these successively, the surface of the cone BAB' is equal to a circle whose radius is 

fAB.lEB 1 . [Prop. 14] 

The surface of the frustum of a cone BCCB' is equal to a circle whose radius is 



BB' + CC' 
2 ; 


[Prop. 16] 


and so on. 

Proceeding in this way and adding, we find, since circles are to one another as the squares of their radii, that the surface of 
the inscribed figure is equal to a circle whose radius is 

Jab (bb' + cc'+ ... + kk' + ^. 


Proposition 36. 

The surface of the figure inscribed as before in the segment of a sphere is less than that of the segment of the sphere. 












This is clear, because the circular base of the segment is a common boundary of each of two surfaces, of which one, the 
segment, includes the other, the solid, while both are concave in the same direction [Assumptions , 4], 


Proposition 37. 

The surface of the solid figure inscribed in the segment of the sphere by the revolution of LK...A...K'L' about AM is less 
than a circle with radius equal to AL. 

Let the diameter AM meet the circle of which LAL' is a segment again in A'. Join A 'B. 

As in Prop. 35, the surface of the inscribed solid is equal to a circle the square on whose radius is 

AB(BB' + CC'+ ... +KK' + LM ). 

But this rectangle = A'B . AM [Prop. 22] 

<A'A . AM 
<AL 2 . 
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Hence the surface of the inscribed solid is less than the circle whose radius is AL. 

Proposition 38. 

The solid figure described as before in a segment of a sphere less than a hemisphere, together with the cone whose base 
is the base of the segment and whose apex is the centre of the sphere, is equal to a cone whose base is equal to the surface 
of the inscribed solid and whose height is equal to the perpendicular from the centre of the sphere on any side of the 
polygon. 

Let O be the centre of the sphere, and p the length of the perpendicular from O on AB. 

Suppose cones described with O as apex, and with the circles on BB\ CC', ... as diameters as bases. 

Then the rhombus OBAB' is equal to a cone whose base is equal to the surface of the cone BAB', and whose height is p. 

[Prop. 18] 

Again, if CB, C'B' meet in T, the solid described by the triangle BOC as the polygon revolves about AO is the difference 
between the rhombi OCTC' and OBTB', and is therefore equal to a cone whose base is equal to the surface of the frustum 
BCC'B' and whose height is p. [Prop. 20] 

Similarly for the part of the solid described by the triangle COD as the polygon revolves ; and so on. 
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Hence, by addition, the solid figure inscribed in the segment together with the cone OLL' is equal to a cone whose base is 
the surface of the inscribed solid and whose height is p. 

Cor. The cone whose base is a circle with radius equal to AL and whose height is equal to the radius of the sphere is 
greater than the sum of the inscribed solid and the cone OLL'. 

For, by the proposition, the inscribed solid together with the cone OLL' is equal to a cone with base equal to the surface of 
the solid and with height p. 

This latter cone is less than a cone with height equal to OA and with base equal to the circle whose radius is AL, because 
the height p is less than OA, while the surface of the solid is less than a circle with radius AL. [Prop. 37] 


Proposition 39. 

Let lal' be a segment of a great circle of a sphere, being less than a semicircle. Let O be the centre of the sphere, and join 
Ol, OV. Suppose a polygon circumscribed about the sector Olal' such that its sides, excluding the two radii, are 2n in number 
and all equal, as LK,... BA, AB'... K'L'; and let OA be that radius of the great circle which bisects the segment lal'. 

The circle circumscribing the polygon will then have the same centre O as the given great circle. 

Now suppose the polygon and the two circles to revolve together about OA. The two circles will describe spheres, the 
angular points except A will describe circles on the outer sphere, with diameters BB' etc., the points of contact of the sides with 
the inner segment will describe circles on the inner sphere, the sides themselves will describe the surfaces of cones or frusta of 
cones, and the whole figure circumscribed to the segment of the inner sphere by the revolution of the equal sides of the polygon 
will have for its base the circle on LL' as diameter. 
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The surface of the solid figure so circumscribed about the sector of the sphere [excluding its base] will be greater than 
that of the segment of the sphere whose base is the circle on W as diameter. 

For draw the tangents IT, I'T to the inner segment at l, T. These with the sides of the polygon will describe by their 
revolution a solid whose surface is greater than that of the segment [Assumptions, 4], 

But the surface described by the revolution of IT is less than that described by the revolution of LT, since the angle TIL is a 
right angle, and therefore LT > IT. 

Hence, a fortiori, the surface described by LK...A...KL' is greater than that of the segment. 

Cor. The surface of the figure so described about the sector of the sphere is equal to a circle the square on whose 
radius is equal to the rectangle 













+ CC'+ ...+ KK' + %LL'). 

For the circumscribed figure is inscribed in the outer sphere, and the proof of Prop. 35 therefore applies. 


Proposition 40. 

The surface of the figure circumscribed to the sector as before is greater than a circle whose radius is equal to al. 

Let the diameter AaO meet the great circle and the circle circumscribing the revolving polygon again in a', A'. Join A'B, and 
let ON be drawn to N, the point of contact of AB with the inner circle. 
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Now, by Prop. 39, Cor., the surface of the solid figure circumscribed to the sector OlAT is equal to a circle the square on 
whose radius is equal to the rectangle 


AB (BB' + CC +... + KK'+^LL'). 

But this rectangle is equal to A’B. AM [as in Prop. 22], 

Next, since AL’, al 'are parallel, the triangles AML', ami 'are similar. And AL' > al'-, therefore AM > am. 

Also A'B = 20N= aa'. 

Therefore A'B .AM > am . aa' 

> al' 2 . 

Hence the surface of the solid figure circumscribed to the sector is greater than a circle whose radius is equal to al', or al. 

Cor. 1. The volume of the figure circumscribed about the sector together with the cone whose apex is O and base the 
circle on LL' as diameter, is equal to the volume of a cone whose base is equal to the surface of the circumscribed figure 
and whose height is ON. 

For the figure is inscribed in the outer sphere which has the same centre as the inner. Hence the proof of Prop. 38 applies. 

Cor. 2. The volume of the circumscribed figure with the cone OLL' is greater than the cone whose base is a circle with 
radius equal to al and whose height is equal to the radius ( Oa ) of the inner sphere. 

For the volume of the figure with the cone OLL' is equal to a cone whose base is equal to the surface of the figure and 
whose height is equal to ON. 

And the surface of the figure is greater than a circle with radius equal to al [Prop. 40], while the heights Oa, ON are equal. 


Proposition 41. 









Let lal' be a segment of a great circle of a sphere which is less than a semicircle. 

Suppose a polygon inscribed in the sector Olal' such that the sides Ik,... ba, ah',... kT are 2 n in number and all equal. Let a 
similar polygon be circumscribed about the sector so that its sides are parallel to those of the first polygon; and draw the circle 
circumscribing the outer polygon. 

Now let the polygons and circles revolve together about OaA, the radius bisecting the segment lal'. 

Then (1) the surfaces of the outer and inner solids of revolution so described are in the ratio of AB 2 to ab 2 , and (2) 
their volumes together with the corresponding cones with the same base and with apex O in each case are as AB 3 to ab 3 . 
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(1) For the surfaces are equal to circles the squares on whose radii are equal respectively to 

AB (BB' + CG'+...+ KK‘ + , 

[Prop. 39, Cor.] 

and ab (w + cd + ... + W + . [Prop. 35] 

But these rectangles are in the ratio of AB 2 to ab 2 . Therefore so are the surfaces. 

(2) Let OnN be drawn perpendicular to ab and AB; and suppose the circles which are equal to the surfaces of the outer 
and inner solids of revolution to be denoted by S, s respectively. 

Now the volume of the circumscribed solid together with the cone OLL' is equal to a cone whose base is S and whose 
height is CW[Prop. 40, Cor. 1], 

And the volume of the inscribed figure with the cone Oil' is equal to a cone with base 5 and height On [Prop. 38]. 

But S : s = AB 2 : ab 2 , 

and ON: On = AB : ab. 

Therefore the volume of the circumscribed solid together with the cone OLL' is to the volume of the inscribed solid together 
with the cone Oil' as AB 3 is to alf [Lemma 5]. 


Proposition 42. 

If lal' be a segment of a sphere less than a hemisphere and. Oa the radius perpendicular to the base of the segment, the 
surface of the segment is equal to a circle whose radius is equal to al. 

Let R be a circle whose radius is equal to al. Then the surface of the segment, which we will call S, must, if it be not equal 
to R, be either greater or less than R. 
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I. Suppose, if possible, S > R. 

Let lal' be a segment of a great circle which is less than a semicircle. Join 01, Ol\ and let similar polygons with 2 n equal 
sides be circumscribed and inscribed to the sector, as in the previous propositions, but such that 

(circumscribed polygon): (inscribed polygon) < S : H. 

[Prop. 6] 

Let the polygons now revolve with the segment about OaA, generating solids of revolution circumscribed and inscribed to the 
segment of the sphere. 

Then 


(surface of outer solid) : (surface of inner solid) 

— -45* : ah' [Prop- 41] 

= (circumscribed polygon) : (inscribed polygon) 

< S : J£, by hypothesis. 

But the surface of the outer solid is greater than S [Prop. 39], 

Therefore the surface of the inner solid is greater than R; which is impossible, by Prop. 37. 

II. Suppose, if possible, S < R. 

In this case we circumscribe and inscribe polygons such that their ratio is less than R : S; and we arrive at the result that 

(surface of outer solid) : (surface of inner solid) 

<R : S. 

But the surface of the outer solid is greater than R [Prop. 40], Therefore the surface of the inner solid is greater than S': which 
is impossible [Prop. 36]. 

Hence, since S is neither greater nor less than R, 

S = R. 


Proposition 43. 

Even if the segment of the sphere is greater than a hemisphere, its surface is still equal to a circle whose radius is 
equal to al. 

For let lal 'a' be a great circle of the sphere, aa' being the diameter perpendicular to ll and let la T be a segment less than a 
semicircle. 


Then, by Prop. 42, the surface of the segment la'l' of the sphere is equal to a circle with radius equal to a'l. 
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Also the surface of the whole sphere is equal to a circle with radius equal to aa' [Prop. 33]. 

But aa' 2 - a'l 2 = al 2 and circles are to one another as the squares on their radii. 

Therefore the surface of the segment lal', being the difference between the surfaces of the sphere and of la'l', is equal to a 
circle with radius equal to al. 


Proposition 44. 

The volume of any sector of a sphere is equal to a cone whose base is equal to the surface of the segment of the sphere 
included in the sector, and whose height is equal to the radius of the sphere. 

Let R be a cone whose base is equal to the surface of the segment lal' of a sphere and whose height is equal to the radius of 
the sphere; and let S be the volume of the sector Olal'. 
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Then, if S is not equal to R, it must be either greater or less. 

I. Suppose, if possible, that S > R. 

Find two straight lines /?, y, of which [i is the greater, such that 

fi : y > S :R; 

and let 5, s be two arithmetic means between f, y. 

Let lal’ be a segment of a great circle of the sphere. Join Ol, OT, and let similar polygons with 2 n equal sides be 
circumscribed and inscribed to the sector of the circle as before, but such that their sides are in a ratio less than p : 5. [Prop. 

4]- 

Then let the two polygons revolve with the segment about OaA, generating two solids of revolution. 

Denoting the volumes of these solids by V, u respectively, we have 

(V + cone OLL') : (v + cone Oil ') =AB i : ab 3 [Prop. 41] 

< -§i 

<J3:y,a fortiori *, 














< S : R, by hypothesis. 


Now (V+ cone OLL') > S. 

Therefore also (v + cone Oil’) > R 

But this is impossible, by Prop. 38, Cor. combined with Props. 42, 43. 

Hence S ^ R. 

II. Suppose, if possible, that S < R. 

In this case we take P, y such that 

fi : y < R : S, 

and the rest of the construction proceeds as before. 

We thus obtain the relation 

(V+ cone OLL ') : (o + cone Oil 1 ) <R : S. 

Now ( v + cone Oil') < S. 

Therefore ( V + cone OLL ') < R; 

which is impossible, by Prop. 40, Cor. 2 combined with Props. 42, 43. 

Since then S is neither greater nor less than R, 

S = R. 


* Though the word used is a^itl) para, the “axioms” are more of the nature of definitions; and in fact Eutocius in his notes speaks of them as such (5poi). 

t Under the term bent line Archimedes includes not only curved lines of continuous curvature, but lines made up of any number of lines which may be either straight or 
curved. 

* This well-known Archimedean assumption is scarcely, as it stands, a definition of a straight line, though Proclus says [p. 110 ed. Eriedlein] “Archimedes defined 
(i Uploazo ) the straight line as the least of those [lines] which have the same extremities. For because, as Euclid’s definition says, Lcrov Ksizai zois £(/) ’ £avzjjs arjfisiois , 
it is in consequence the least of those which have the same extremities.” Proclus had just before [p. 109] explained Euclid’s definition, which, as will be seen, is different 
from the ordinary version given in our textbooks; a straight line is not “that which lies evenly between its extreme points,” but “that which £c Loov Ksizai zois £(f) ’ £avzyjs 
otj/usLok; Ksizai” The words of Proclus are, “He [Euclid] shows by means of this that the straight line alone [of all lines] occupies a distance (kolz^siv Sidozrjpa) equal to 
that between the points on it. For, as far as one of its points is removed from another, so great is the length (fi^ysOos) of the straight line of which the points are the 
extremities; and this is the meaning of zd laov Ksizai zois £cj) ’ £avz-fjs orjjuslois. But, if you take two points on a circumference or any other line, the distance cut off 
between them along the line is greater than the interval separating them; and this is the case with every line except the straight line.” It appears then from this that Euclid’s 
definition should be understood in a sense very like that of Archimedes’ assumption, and we might perhaps translate as follows, “A straight line is that which extends 
equally Loon Ksixai) with the points on it,” or, to follow Proclus’ interpretation more closely, “A straight line is that which represents equal extension with [the distances 
separating] the points on it.” 

* With regard to this assumption compare the Introduction, chapter III. § 2. 

* This is of course the geometrical equivalent of saying that, if a, P be two angles each less than a right angle, and a > (3, then sin a > sin (3. 

* Euclid xn. 11. “Cones and cylinders of equal height are to one another as their bases.” 

Euclid xn. 14. “Cones and cylinders on equal bases are to one another as their heights.” 

f Euclid xn. 13. “If a cylinder be cut by a plane parallel to the opposite planes [the bases], then, as the cylinder is to the cylinder, so will the axis be to the axis.” 

% Euclid xn. 15. “The bases of equal cones and cylinders are reciprocally proportional to their heights; and those cones and cylinders whose based are reciprocally 
proportional to their heights are equal.” 

§ Euclid xn. 12. “Similar cones and cylinders are to one another in the triplicate ratio of the diameters of their bases.” 

* There is a slight error in Heiberg’s translation “prioris coni” and in the corresponding note, p. 93. The perpendicular is not drawn from the apex of the cone which is 
cut by the plane but from the apex of the other. 

3 3 

* That P : y > P : 5 is assumed by Archimedes. Eutocius proves the property in his commentary as follows. 

Take x such that p : 5 = 5 : x. 

Thus P-5:y = y- x:5 

and, since p > 5, p - 5 > 5 - x. 

But, by hypothesis, 

Therefore 
or 

Again, suppose 
and, as before, we have 
so that, a fortiori, 

Therefore 

and, since x > s, y > y. 

Now, by hypothesis, P, 5, x, y are in continued proportion; 

therefore P^ : 5^ = P : y 

<P :5. 

* Cf. note on Prop. 34, p. 42.. 


P - 5 = 5 - s. 

5 - s > 5 - x, 

x >8. 

5 :x =x :y, 

5 -x > x -y, 
5 - s > x -y, 
s-5 > x-y; 


ON THE SPHERE AND CYLINDER. 


BOOK II. 


” Archimedes to Dositheus greeting. 

On a former occasion you asked me to write out the proofs of the problems the enunciations of which I had myself sent to 
Conon. In point of fact they depend for the most part on the theorems of which I have already sent you the demonstrations, 
namely (1) that the surface of any sphere is four times the greatest circle in the sphere, (2) that the surface of any segment of a 
sphere is equal to a circle whose radius is equal to the straight line drawn from the vertex of the segment to the circumference 
of its base, (3) that the cylinder whose base is the greatest circle in any sphere and whose height is equal to the diameter of the 
sphere is itself in magnitude half as large again as the sphere, while its surface [including the two bases] is half as large again 
as the surface of the sphere, and (4) that any solid sector is equal to a cone whose base is the circle which is equal to the 
surface of the segment of the sphere included in the sector, and whose height is equal to the radius of the sphere. Such then of 
the theorems and problems as depend on these theorems I have written out in the book which I send herewith; those which are 
discovered by means of a different sort of investigation, those namely which relate to spirals and the conoids, I will endeavour 
to send you soon. 

The first of the problems was as follows: Given a sphere, to find a plane area equal to the surface of the sphere. 

The solution of this is obvious from the theorems aforesaid. For four times the greatest circle in the sphere is both a plane 
area and equal to the surface of the sphere. 

The second problem was the following.” 


Proposition 1. (Problem.) 


Given a cone or a cylinder, to find a sphere equal to the cone or to the cylinder. 

If V be the given cone or cylinder, we can make a cylinder equal to f. Let this cylinder be the cylinder whose base is the 
circle on AB as diameter and whose height is OD. 

Now, if we could make another cylinder, equal to the cylinder ( OD) but such that its height is equal to the diameter of its 
base, the problem would be solved, because this latter cylinder would be equal to f V, and the sphere whose diameter is equal 
to the height (or to the diameter of the base) of the same cylinder would then be the sphere required [I. 34, Cor.]. 



Suppose the problem solved, and let the cylinder ( CG) be equal to the cylinder (OD), while EF, the diameter of the base, is 
equal to the height CG. 

Then, since in equal cylinders the heights and bases are reciprocally proportional, 


AB 1 : EF* = CG : OD 
= EF : OD 


( 1 ). 




Suppose MN to be such a line that 


EF a = AB.MN .(2). 

Hence AB:EF = EF:MN, 

and, combining (1) and (2), we have 

AB : MN=EF: OD, 

or AB : EF = MN: OD. 

Therefore AB : EF = EF: MN=MN: OD, 

and EF, MN are two mean proportionals between AB, OD. 

The synthesis of the problem is therefore as follows. Take two mean proportionals EF, MN between^ and OD, and 
describe a cylinder whose base is a circle on EF as diameter and whose height CG is equal to EF. 

Then, since 

AB : EF = EF: MN = MN: OD, 

EF 2 = AB .MN, 

and therefore AB 2 : EF 2 = AB : MN 

= EF: OD 
= CG: OD ; 

whence the bases of the two cylinders (OD), ( CG) are reciprocally proportional to their heights. 

Therefore the cylinders are equal, and it follows that 

cylinder (CG) = f V. 

The sphere on EF as diameter is therefore the sphere required, being equal to V. 

Proposition 2. 

If BAB' be a segment of a sphere, BB' a diameter of the base of the segment, and O the centre of the sphere, and if AA' 
be the diameter of the sphere bisecting BB' in M, then the volume of the segment is equal to that of a cone whose base is the 
same as that of the segment and whose height is h, where 

h : AM = OA'+ A'M: A'M. 

Measure MH along MA equal to h, and MH' along MA' equal to h', where 

h': A'M = OA + AM: AM. 

Suppose the three cones constructed which have O, H, H' for their apices and the base (BB') of the segment for their 
common base. Joints, A'B. 



Let C be a cone whose base is equal to the surface of the segment BAB' of the sphere, i.e. to a circle with radius equal to 
AB [I. 42], and whose height is equal to OA. 

Then the cone C is equal to the solid sector OBAB' [I. 44], 

Now, since HM: MA = OA'+ A'M: A'M, 








dividendo, HA : AM = OA : AM, 
and, alternately, HA : AO = AM: MA', 
so that 


HO : OA = AA f : A'M 
= AB* : BM* 

— (base of cone C) : (circle on BB‘ as diameter). 


But OA is equal to the height of the cone C; therefore, since cones are equal if their bases and heights are reciprocally 
proportional, it follows that the cone C (or the solid sector OBAB ) is equal to a cone whose base is the circle on BB' as 
diameter and whose height is equal to OH. 

And this latter cone is equal to the sum of two others having the same base and with heights OM, MH, i.e. to the solid 
rhombus OBHB'. 

Hence the sector OBAB'is equal to the rhombus OBHB'. 

Taking away the common part, the cone OBB', 
the segment BAB' = the cone HBB'. 

Similarly, by the same method, we can prove that 
the segment BA'B' = the cone H'BB'. 

Alternative proof of the latter property. 

Suppose D to be a cone whose base is equal to the surface of the whole sphere and whose height is equal to OA. 

Thus D is equal to the volume of the sphere. [I. 33, 34] 

Now, since OA'+ A'M: A'M = HM: MA, 
dividendo and alternando, as before, 

OA : AH = A'M: MA. 

Again, since H'M: MA' = OA + AM: AM, 

H'A': OA = A'M: MA 


= OA : AH, from above. 
Componendo, H'O ; OA — OH : HA .. (1). 

Alternately, HO : OH = OA : AH .......,.,(2), 

and, componendo, HH ': HO — OH : HA, 


whence 

Next, since 


= H'Q : 0A t from (1), 

HH . OA = H'O. OH .....(3). 

HO : OH — OA ; AH, by (2), 


= A'M : MA, 

{H'O + OH) 2 : H’O . OH= {A'M + MA ) 1 : A'M. MA, 


whence, by means of (3), 


HH' 2 : HH'. OA= AA' 2 : A'M . MA, 


or HH : OA=AA' 2 : BM 2 . 

Now the cone D, which is equal to the sphere, has for its base a circle whose radius is equal to AA', and for its height a line 
equal to OA. 

Hence this cone D is equal to a cone whose base is the circle on BB' as diameter and whose height is equal to HH'-, 
therefore the cone D = the rhombus HBH'B', 
or the rhombus HBH'B' = the sphere. 

But the segment BAB' = the cone HBB'-, 





therefore the remaining segment BA'B' = the cone HBB'. 

Cor. The segment BAB' is to a cone with the same base and equal height in the ratio of OA' + A'M to A'M. 

Proposition 3. (Problem.) 

To cut a given sphere by a plane so that the surfaces of the segments may have to one another a given ratio. 

Suppose the problem solved. LetAA' be a diameter of a great circle of the sphere, and suppose that a plane perpendicular 
to AA' cuts the plane of the great circle in the straight line BB', and AA' in M, and that it divides the sphere so that the surface of 
the segments 'B 'has to the surface of the segment BA'B 'the given ratio. 



Now these surfaces are respectively equal to circles with radii equal to AB, A'B [I. 42, 43], 
Hence the ratio AB 2 : A'B 2 is equal to the given ratio, i.e. AM is to MA' in the given ratio. 
Accordingly the synthesis proceeds as follows. 

If H: K be the given ratio, divide AA' in M so that 

AM:MA' = H.K. 

Then AM: MA'= AB 2 : A'B 2 

= (circle with radius AB) : (circle with radius A'B) 

= (surface of segment BAB') : (surface of segment BA'B'). 

Thus the ratio of the surfaces of the segments is equal to the ratio H: K. 


Proposition 4. (Problem.) 


To cut a given sphere by a plane so that the volumes of the segments are to one another in a given ratio. 

Suppose the problem solved, and let the required plane cut the great circle ABA' at right angles in the line BB'. Let AA' be 
that diameter of the great circle which bisects BB' at right angles (in M), and let O be the centre of the sphere. 



Take if on OA produced, and H' on OA' produced, such that 


0A'+ A'M : A'M - EM : MA,..., .(1), 


and OA + AM : AM = H'M : MA' ....(2). 


Join BH, B’H, BH', B'H'. 




Then the cones HBB\ HBB' are respectively equal to the segments BAB', BAB' of the sphere [Prop. 2], 
Hence the ratio of the cones, and therefore of their altitudes, is given, i.e. 


IIM : H'M = the given ratio.(3). 

We have now three equations (1), (2), (3), in which there appear three as yet undetermined points M, H, H; and it is first 
necessary to find, by means of them, another equation in which only one of these points (M) appears, i.e. we have, so to speak, 
to eliminate H, H’. 

Now, from (3), it is clear that HH: H'M is also a given ratio; and Archimedes’ method of elimination is , first, to find 
values for each of the ratios AH': H'M and HH': H'A' which are alike independent of H, H', and then, secondly, to equate the 
ratio compounded of these • two ratios to the known value of the ratio HH : H'M. 

(a) To find such a value for AH': H'M. 

It is at once clear from equation (2) above that 


A'H ': H'M — OA : OA + AM ...(4). 


(b) To find such a value for HH : AH'. From ( 1) we derive 


and, from (2), 


Thus 

whence 

or 


A'H : MA ~ H'M : OA + AM 

= A'H ': OA ...(6). 

HA : AO = OA’: A'H', 

OH : OA'= OH': A'H', 

OH : OH' = OA': A'H'. 


It follows that 

HH': OH' = OH': A'H’, 

HH'. H'A'= OH'. 2 

Therefore HH' : H'A' = OH ' 2 : H'A' 2 

= A A ' 1 : A'M 2 , by means of (6) 


A’M : MA = OA' + A'M : HM 


= OA ': AH 


( 5 ); 


(c) To express the ratios A'H': H'M and HH': H'M more simply we make the following construction. Produce OA to D so 
that OA = AD. (D will lie beyond H, for A'M > MA, and therefore, by (5), OA > AH.) 

Then A'H' : H'M = OA : OA -f AM 

= AD : DM .. (7). 

Now divide AD at E so that 


HH' :H'M = AD : DE ..(8). 

Thus, using equations (8), (7) and the value of HH': H'A' above found, we have 

AD : DE — HH ': H'M 

= {HH': H'A '). {A'H ': H'M) 

= {AA ' 2 : A'M 2 ).{AD : DM), 

But AD : DE = {DM : DE). {AD : DM). 

Therefore MD .DE = AA ' 2 : A'M* . (9). 

And D is given, since AD = OA. Also AD : DE (being equal to HH': H'M) is a given ratio. Therefore DE is given. 








Hence the problem reduces itself to the problem of dividing A'D into two parts at M so that 

MD : (a given length) = (a given area) : A'M 2 . 

Archimedes adds: “If the problem is propounded in this general form, it requires a Siopiapoq [i.e. it is necessary to 
investigate the limits of possibility], but, if there be added the conditions subsisting in the present case, it does not require a 
biopiopoq.” 

In the present case the problem is: 

Given a straight line A'A produced to D so that A' A 2 =2 AD, and given a point E on AD, to cut AA' in a point M so that 

AA' 2 : A'M 2 = MD : DE. 

“And the analysis and synthesis of both problems will be given at the end*.” 

The synthesis of the main problem will be as follows. Let R : S be the given ratio, R being less than S. AA' being a diameter 
of a great circle, and O the centre, produce OA to D so that OA = AD, and divide AD in E so that 

AE : ED = R: S. 

Then cut AA' in M so that 

MD:DE = AA' 2 :A'M 2 . 

Through M erect a plane perpendicular to AA"; this plane will then divide the sphere into segments which will be to one 
another as R to S. 

Take HonA'A produced, and H 'on AA' produced, so that 


OA' + A'M : A'M = HM : MA, .(1), 

OA + AM : AM** H'M : MA' .(2). 


We have then to show that 


HM : MH’ = R : S,oxAE: ED. 


(a) We first find the value of HH’: H'A' as follows. 

As was shown in the analysis (b), 

HH . H'A'= OH' 2 , 

HE ': H'A' = 0H n : H'A* 

= AA'*iA'M* 

™ MD : DE, by construction. 


(/?) Next we have 

H'A': H'M = OA : OA + AM 
= AD : DM, 

Therefore HH ': HM=(HH r : H'A').(H'A' : H'M > 

= (MD : DE)fAD : DM) 

= AD : DE, 

whence HM : MH' = AE : ED 

= R : S . Q. E. D. 


Note. The solution of the subsidiary problem to which the original problem of Prop. 4 is reduced, and of which 
Archimedes promises a discussion, is given in a highly interesting and important note by Eutocius, who introduces the subject 
with the following explanation. 

“He [Archimedes] promised to give a solution of this problem at the end, but we do not find the promise kept in any of the 
copies. Hence we find that Dionysodorus too failed to light upon the promised discussion and, being unable to grapple with the 
omitted lemma, approached the original problem in a different way, which I shall describe later, Diodes also expressed in his 





work nepi mpicov the opinion that Archimedes made the promise but did not perform it, and tried to supply the omission 
himself. His attempt I shall also give in its order. It will however be seen to have no relation to the omitted discussion but to 
give, like Dionysodorus, a construction arrived at by a different method of proof. On the other hand, as the result of unremitting 
and extensive research, I found in a certain old book some theorems discussed which, although the reverse of clear owing to 
errors and in many ways faulty as regards the figures, nevertheless gave the substance of what I sought, and moreover to some 
extent kept to the Doric dialect affected by Archimedes, while they retained the names familiar in old usage, the parabola being 
called a section of a right-angled cone, and the hyperbola a section of an obtuse-angled cone; whence I was led to consider 
whether these theorems might not in fact be what he promised he would give at the end. For this reason I paid them the closer 
attention, and, after finding great difficulty with the actual text owing to the multitude of the mistakes above referred to, I made 
out the sense gradually and now proceed to set it out, as well as I can, in more familiar and clearer language. And first the 
theorem will be treated generally, in order that what Archimedes says about the limits of possibility may be made clear; after 
which there will follow the special application to the conditions stated in his analysis of the problem” 

The investigation which follows maybe thus reproduced. The general problem is: 

Given two straight lines AB, AC and an area D, to divide AB at M so that 

AM: AC = D : MB 2 . 


Analysis. 

Suppose M found, and suppose AC placed at right angles to AB. Join CM and produce it. Draw EBN through B parallel to 
AC meeting CM in N, and through C draw CHE parallel to AB meeting EBN in E. Complete the parallelogram CENF, and 
through M draw PMH parallel to AC meeting FN in P. 

Measure EL alone: EN so that 

CE . EL (or AB . EL) = D. 


Then, by hypothesis, 


AM: AC = CE . EL : MB 2 . 


And 


AM: AC = CE: EN, 

by similar triangle 
= CE .EL: EL. EN. 


It follows that PN 2 = MB 2 = EL. EN. 



Hence, if a parabola be described with vertex E, axis EN, and parameter equal to EL, it will pass through P\ and it will be 
given in position, since EL is given. 

Therefore P lies on a given parabola. 

Next, since the rectangles FH, AE are equal, 

FP.PH = AB .BE. 

Hence, if a rectangular hyperbola be described with CE, CF, as asymptotes and passing through B, it will pass through P. 
And the hyperbola is given in position. 

Therefore P lies on a given hyperbola. 

Thus P is determined as the intersection of the parabola and hyperbola. And since P is thus given, M is also given. 




Siopia/iOg. 
Now, since 


AM: AC = D : MB 2 , 

AM .MB 1 = AC .D. 

But AC.D is given, and it will be proved later that the maximum value of AM. MB 2 is that which it assumes when BM = 
2 AM. 

Hence it is a necessary condition of the possibility of a solution that AC.D must not be greater than (fAB . (fAB'f or 

&AB\ 

Synthesis. 

If O be such a point onAB that BO = 2AO, we have seen that, in order that the solution may be possible, 

AC.D}AO. OB 1 

Thus AC. D is either equal to, or less than, AO.OB 2 . 

(1) If AC.D = AO. OB 2 then the point O itself solves the problem. 

(2) Let AC.D be less than AO. OB 2 . 

Place AC at right angles to AB. Join CO and produce it to R. Draw EBR through B parallel to AC meeting CO in R and 
through C draw CE parallel to AB meeting EBR in E. Complete the parallelogram CERF and through O draw QOK parallel to 
AC meeting FR in Q and CE in K. 



Then, since 

AC .D < AO . OB 2 , 

measure RQ' along RQ so that 

AC. D = AO . Q'R 2 , 

or AO : AC = D : Q'R 1 . 

Measure EL along ER so that 

D=CE .EL (or AB .EL). 

Now, since AO : AC = D : Q'R 1 , by hypothesis, 

= CE . EL : Q'R 1 , 

and AO : AC = CE : ER, by similar triangles, 

= CE. EL: EL. ER, 

it follows that 

Q'R 2 = EL.ER. 

Describe a parabola with vertex E, axis ER and parameter equal to EL. This parabola will then pass through Q' 

Again, rect. FK = rect. AE, 

or FQ.QK = AB .BE; 

and, if we describe a rectangular hyperbola with asymptotes CE, CF and passing through B, it will also pass through Q. 

Let the parabola and hyperbola intersect at P, and through P draw PMH parallel to iC meeting AB in M and CE in H, and 
GPN parallel to AB meeting CF in G and ER in N. 




Then shall Mbe the required point of division. 

Since PG .PH=AB .BE, 

rect. GM = rect. ME, 

and therefore CMN is a straight line. 

Thus AB . BE = PG . PH = AM. EN .(1). 

Again, by the property of the parabola, 

pn 2 =el.en, 

or MB 2 = EL. EN .. (2). 

From(l) and (2) 

AM : EL = AB . BE : MB 2 , 

or AM. AB : AB . EL=AB . AC : MB 2 . 

Alternately, 

AM .AB :AB .AG = AB .EL: MB 2 , 
or AM : AC = D : MB 2 . 

Proof ofdiopiopOq. 

It remains to be proved that, if AB be divided at O so that BO = 2AO, then AO.OB 2 is the maximum value of AM.MB 2 , 
or AO. OB 2 > AM. MB 2 , 

where M is any point on AB other than 0. 

Suppose that AO : AC = OE .EL' : OB 2 , 

so that AO. OB 2 = CE . EL'. AC. 

Join CO and produce it to N; draw EBN through B parallel to AC and complete the parallelogram CENF. 

Through O draw POH parallel to AC meeting FN in P and CE in H. 

With vertex E axis EN and parameter EL' describe a parabola. This will pass through P, as shown in the analysis above, 
and beyond P will meet the diameter CF of the parabola in some point. 





Next draw a rectangular hyperbola with asymptotes CE, CF and passing through B. This hyperbola will also pass through 
P, as shown in the analysis. 

Produce NE to T so that TE = EN. Join TP meeting CE in Y, and produce it to meet CF in W. Thus TP will touch the 
parabola at P. 

Then, since BO = 2AO, 

TP = 2PW. 

And TP = 2 PY. 

Therefore PW= 2 PY. 

Since, then, UY between the asymptotes is bisected at P, the point where it meets the hyperbola, 

WY is a tangent to the hyperbola. 

Hence the hyperbola and parabola, having a common tangent at P, touch one another at P. 

Now take any point M on AB, and through M draw QMK parallel to AC meeting the hyperbola in Q and CE in K. Lastly, 
draw GqQR through Q parallel to AB meeting CF in G, the parabola in q, and EN in R. 

Then, since, by the property of the hyperbola, the rectangles GK, AE are equal, CMR is a straight line. 

By the property of the parabola, 


so that 
Suppose 


QR 2 < EL'. ER. 
QR 2 = EL.ER, 


qR 2 = EL' .ER, 



and we have 


AM : AG = CE : ER 


= CE, EL : EL.ER 
= GE.EL ; QR* 

- GE. EL : MB 2 , 

or AM MB 2 = CE . EL . AC. 

Therefore AM. MB 2 < CE. EL'. AC 

< AO. OB 2 . 

If AC.D <AO.OB 2 there are two solutions because there will be two points of intersection between the parabola and the 
hyperbola. 

For, if we draw with vertex E and axis EN a parabola whose parameter is equal to EL, the parabola will pass through the 
point Q (see the last figure); and, since the parabola meets the diameter CF beyond Q, it must meet the hyperbola again (which 
has CF for its asymptote). 

[If we put AB = a, BM = x, AC = c and D = b 2 the proportion 

AM: AC = D : MB 2 

is seen to be equivalent to the equation 

x 2 (a-x) = b 2 c, 

being a cubic equation with the term containing x omitted. 

Now suppose EN, EC to be axes of coordinates, EN being the axis of v. 

Then the parabola used in the above solution is the parabola 




b 2 


a 




and the rectangular hyperbola is 


y (a-x) = ac. 

Thus the solution of the cubic equation and the conditions under which there are no positive solutions, or one, or two positive 
solutions are obtained by the use of the two conics.] 


[For the sake of completeness, and for their intrinsic interest, the solutions of the original problem in Prop. 4 given by 
Dionysodorus and Diodes are here appended. 


Dionysodorus’ solution. 

Let A A' be a diameter of the given sphere. It is required to find a plane cutting A A' at right angles (in a point M suppose) so 
that the segments into which the sphere is divided are in a given ratio, as CD : DE. 

Produce A!A to F so that AF = OA, where O is the centre of the sphere. 



c 


D 

- F- 











Draw AH perpendicular to A A n and of such length that 

FA : AH = CE : ED, 

and produce AH to K so that 

AK* — FA . AH .(«). 

With vertex F axis FA and parameter equal to AH describe a parabola. This will pass through K by the equation (a). 

Draw A’ K' parallel to AK and meeting the parabola in K'; and with A'F, A'K' as asymptotes describe a rectangular 
hyperbola passing through H. This hyperbola will meet the parabola at some point, as P between^ and K'. 

Draw PM perpendicular to A A' meeting the great circle in B, B' and from//, P draw/ZL, PR both parallel to A A’ and 
meeting A' K' in L, R respectively. 

Then, by the property of the hyperbola, 

PR . PM = AH. HL, 

i.e. PM. MA' = HA . AA', 

or PM : AH=AA': A'M, 

and PM 2 : AH 2 = AA' 2 : A'M 2 . 

Also, by the property of the parabola, 

PM 2 = FM.AH, 

i.e. FM: PM = PM: AH, 

or FM: AH= PM 2 : AH 2 

= AA' 2 : A'M 2 , from above. 

Thus, since circles are to one another as the squares of their radii, the cone whose base is the circle with A' M as radius 
and whose height is equal to FM, and the cone whose base is the circle with A A' as radius and whose height is equal to AH 
have their bases and heights reciprocally proportional. 

Hence the cones are equal; i.e., if we denote the first cone by the symbol c (. A' M), FM and so on, 

c (A'M), FM= c (AA'), AH. 

Now c (AA'), FA : c (AA'),AH = FA : AH 

= CE : ED, by construction. 

Therefore 

c (AA 1 ), FA : c(A'M), FM = CE : ED .(£). 

But c(AA'), FA = the sphere. [I. 34] 

(2) c(A' M), FM can be proved equal to the segment of the sphere whose vertex is A! and height A' M. 

For take G on A A' produced such that 

GM : MA' = FM : MA 

= 0A+ AM : AM. 

Then the cone GBB' is equal to the segment^' BB' [Prop. 2], 

And FM : MG = AM : MA', by hypothesis, 

= BM*: A'M\ 

Therefore 

(circle with rad. BM) : (circle with rad. A'M) 

= FM : MG, 




so that 


c {A'M), FM~ c (BM), MG 

= the segment A'BB'. 

We have therefore, from the equation (/>) above, 

(the sphere) : (segmt. A'BB') = GE : ED, 

whence (segmt. ABB' ) : (segmt. A'BB 1 ) = CD : DE. 

Diodes’ solution. 

Diodes starts, like Archimedes, from the property, proved in Prop. 2, that, if the plane of section cut a diameter A A' of the 
sphere at right angles in M and if H, ET be taken on OA, OA' produced respectively so that 

OA' + A'M: A'M = HM : MA, 

OA + AM : AM = H'M : MA', 
then the cones HBB' H' BB' are respectively equal to the segments ABB', A'BB'. 

Then, drawing the inference that 


HA : AM = OA': A'M, 
H’A' : A'M= OA : AM, 



he proceeds to state the problem in the following form, slightly generalising it by the substitution of any given straight line for 
OA or OA': 

Given a straight line AA', its extremities A, A', a ratio C : D, and another straight line as AK, to divide AA'atM and to 
find two points H, ET on A' A and A A' produced respectively so that the following relations may hold simultaneously 


C ; D = HM : MH' 
HA : AM = AK : A’M ■ 
H'A '; A'M= AK : AM 1 


■—(«), 

...</?), 

...(7). 


Analysis. 

Suppose the problem solved and the points M, H, H all found. 

Place AK at right angles to A A' and draw A' K parallel and equal to AK. Join KM, K M, and produce them to meet A 7 A', 
KA respectively in E, F. Join KK, draw EG through E parallel to A' A meeting AT 7 in G, and through M draw QMN parallel to 
AK meetine EG in Q nnd K in N. 

Now HA ; am = A’K' : A'M, by (J3), 

= FA : AM, by simitar triangles, 
whence HA = FA. 

Similarly H'A’ = A'E. 

Next, 

FA + AM : A'K' + A'M - AM: A'M 

= AK + AM : BA' + A'M, by similar triangles. 


Therefore 












(FA + AM). (EA'+ AM) = (KA + AM). (K'A' + AM). 

Take AR along AH and A' R' along A! H such that 

AR = A'R' = AK. 

Then, since FA + AM = HM, EA' + AM = MH', we have 

HM. MH 1 = RM.MR' .(£). 

(Thus, if R falls between A and H, R' falls on the side of FT remote from A' and vice versa.) 



Now C : D — HM : MH', by hypothesis, 

- HM. MH' : MH'* 

= RM.MR' i MW\ by (S). 

Measure MV along MN so that MV=A ' M. Joind' V and product it both ways. Draw RP, R' P' perpendicular to R R' meeting A' 
V produced in P,P' respectively. Then, the angle MAV being half a right angle, PP' is given in position, and, since R,R' are 
given, so are P,P'. 

And, by parades, 

P'V: PV = R'M: MR. 

Therefore PV.P'V: PV 2 = RM. MR': RM 2 . 

But PV 2 = 2RM 2 . 

Therefore PV.P'V = 2RM.MR'. 

And it was shown that 

RM.MR': MH' 2 = C: D. 

Hence PV.P': MH' 2 = 2C: D. 

But MH' = A'M + A'E = VM + MQ = QV. 

Therefore QV 3 : PV.P'V = D : 2C, a given ratio. 

Thus, if we take a line p such that 

D : 2C=p : PP'*, 

and if we describe an ellipse with PP' as a diameter and p as the corresponding parameter [= DD'/PP' in the ordinary notation 
of geometrical conics], and such that the ordinates to PP' are inclined to it at an angle equal to half a right angle, i.e. are 
parallel to QV or AK, then the ellipse will pass through Q. 

Hence Q lies on an ellipse given in position. 

Again, since EK is a diagonal of the parallelogram GK', 











GQ.QN = AA'.A'K'. 

If therefore a rectangular hyperbola be described with KG, KK as asymptotes and passing through H', it will also pass 
through Q. 

Hence Q lies on a given rectangular hyperbola. 

Thus Q is determined as the intersection of a given ellipse and a given hyperbola, and is therefore given. Thus M is given, 
and H, H can at once be found. 

Synthesis. 

Place AA', AK at right angles, draw A' K parallel and equal to AK, and join KK'. 

Make Hi? (measured along A' A produced) and A' R' (measured along A A’ produced) each equal to AK, and through R R' 
draw perpendiculars to RR'. 

Then through A’ draw PF making an angle (AA’ P) with A A' equal to half a right angle and meeting the perpendiculars just 
drawn in P, P' respectively. 

Take a length p such that 

D: 2 C=p: PP'*, 

and with PP' as diameter and p as the corresponding parameter describe an ellipse such that the ordinates to PP' are inclined to 
it at an angle equal to AA'P, i.e. are parallel to AK. 

With asymptotes KA, KK' draw a rectangular hyperbola passing through A'. 

Let the hyperbola and ellipse meet in Q, and from Q draw QMVN perpendicular to AA! meeting AA' in M, PP' in V and KK 
in N. Also draw GQE parallel to AA! meeting AK, A' K respectively in G, E. 

Produce KA, KM to meet in F. 

Then, from the property of the hyperbola, 

GQ.QN=AA'.A'K, 

and, since these rectangles are equal, KME is a straight line. 

Measure AH along Hi? equal to AF, and A'H along H'/?' equal to A'E. 

From the property of the ellipse, 

QV*:PV.P'V=p :PP' 

= D : 20 . 

And, by parallels, 

P V :P' V = RM: R'M, 

or PV. P'V: P'V 2 = RM. MR': R'M 2 , 

while P' V 2 = IR'M 2 , since the angle RA'P is halp a right angle. 

Therefore PV. P'V = 2RM.MR', 

whence QV 2 : 2RM. MR'= D : 2C. 

But QV = EA' + A'M = MH'. 

Therefore RM. MR': MH' 2 = C: D. 

Again, by similar triangles, 

FA + AM : K'A* + A'M = AM: A'M 

= KA + AM : EA’ + A'M. 

Therefore 


(FA +AM) .(EA' + A'M) =(KA+ AM) . (K'A' + A'M) 
or HM. MH' = RM. MR'. 


It follows that 


HM. MH': MH' 2 = C:D, 

.(«)• 


or 


Also 


and 


HM:MH'=C:D .. 

HA : AM=FA : AM, 

— A'K ': A'M, by similar 

triangles... (0), 

H'A’: A'M= EA ': A'M 


= AK : AM ..(iy). 

Hence the points M, H, H' satisfy the three given relations.] 


Proposition 5. (Problem.) 

To construct a segment of a sphere similar to one segment and equal in volume to another. 

Let ABB' be one segment whose vertex is A and whose base is the circle on BB' as diameter; and let DEF be another 
segment whose vertex isD and whose base is the circle on EF as diameter. Let AA',DD' be diameters of the great circles 
passing through BB', EF respectively, and let O, Cbe the respective centres of the spheres. 

Suppose it required to draw a segment similar to DEF and equal in volume to ABB'. 

Analysis. Suppose the problem solved, and let def be the required segment, d being the vertex and ef the diameter of the 
base. Let dd' be the diameter of the sphere which bisects ef at right angles, c the centre of the sphere. 




s 

ft 



Let M, G, g be the points where BB', EF, ef are bisected at right angles by AA' DD', dd' respectively, and produce OA, CD, 
cd respectively to H, K, k, so that 


OA' + A'M x A'M ^ HM xMA\ 


C£>' + B'G:D'G = KG:GD , 
cd' + d'g : d'g = kg ; gd t 


and suppose cones formed with vertices H, K, k and with the same bases as the respective segments. The cones will then be 
equal to the segments respectively [Prop. 2], 

Therefore, by hypothesis, 

the cone HBB' = the cone kef. 

Hence 

(circle on diameter BB') : (circle on diameter ef) = kg : HM 
so that BB ,S : e/‘ = kg : HM . (1). 














But, since the segments DEF, def are similar, so are the cones KEF, kef. 

Therefore KG : E F~kg: ef 

And the ratio KG : EF is given. Therefore the ratio kg : ef is given. 

Suppose a length R taken such that 

kg : ef— HM : R ..(2). 


Thus R is given. 

Again, since kg : HM = BB' 2 -. ef = ef.R by (1) and (2), suppose a length S taken such that 

ef = BB'.S, 

or BB' 2 : ef = BB'.S. 

Thus BB': ef= ef: S = S : R, 

and ef S are two mean proportionals in continued proportion between BB', R. 

Synthesis. Let ABB', DEF be great circles, AA', DD' the diameters bisecting BB', EF at right angles in M, G respectively, 
and O, G the centres. 

Take H, K in the same way as before, and construct the cones HBB', KEF, which are therefore equal to the respective 
segments ABB', DEF. 

Let R be a straight line such that 

KG : EF = HM : R, 

and between BB', R take two mean proportionals ef S. 

On ef as base describe a segment of a circle with vertex d and similar to the segment of a circle DEF. Complete the circle, 
and let dd' be the diameter through d and c the centre. Conceive a sphere constructed of which def is a great circle, and through 
ef draw a plane at right angles to dd'. 

Then shall def be the required segment of a sphere. 

For the segments DEF, def of the spheres are similar, like the circular segments DEF, def 
Produce cd to k so that 

cd' + d'g : d'g = kg : gd. 

The cones KEF, kef are then similar. 

Therefore kg : ef= KG : EF = HM: U, 

whence kg : HM = ef: R. 

But, since BB', ef, S, R are in continued proportion, 

BB'* : ef* = BB':S 

— ef\R 

— kg : HM. 

Thus the bases of the cones HBB', kef are reciprocally proportional to their heights. The cones are therefore equal, and def 
is the segment required, being equal in volume to the cone kef [Prop. 2] 

Proposition 6. (Problem.) 

Given two segments of spheres, to find a third segment of a sphere similar to one of the given segments and having its 
surface equal to that of the other. 

Let ABB' be the segment to whose surface the surface of the required segment is to be equal, ABA’B' the great circle whose 
plane cuts the plane of the base of the segment ABB' at right angles in BB'. Let AA' be the diameter which bisects BB' at right 
angles. 

Let DEF be the segment to which the required segment is to be similar, DED'F the great circle cutting the base of the 



segment at right angles in EF. Let DU be the diameter bisecting EF at right angles in G. 

Suppose the problem solved, def being a segment similar to DEF and having its surface equal to that of ABB’; and complete 
the figure for def as for DEF corresponding points being denoted by small and capital letters respectively. 


p 



d’ 


Joints, DF, df. 

Now, since the surfaces of the segments def ABB' are equal, so are the circles on df, AB as 
diameters; [I. 42, 43] 

that is, df= AB. 

From the similarity of the segments DEF, def we obtain 

d'd: dg + D'D : DG, 

and dg : df= DG : DF; 

whence d'd: df= D'D : DF, 

or d'd : AB = D'D : DF. 

But AB, D’D, DF are all given; 

therefore d'd is given. 

Accordingly the synthesis is as follows. 

Take d'd such that 


d'd x AB — D'D : DF, ..(1). 

Describe a circle on d'd as diameter, and conceive a sphere constructed of which this circle is a great circle. 

Divide d'd at g so that 

d'g : gd = D'G : GD, 

and draw through g a plane perpendicular to d'd cutting off the segment def of the sphere and intersecting the plane of the great 
circle in ef. The segments def DEF are thus similar, 
and dg : d f= DG : DF. 

But from above, componendo, 

d'd : dg = D'D : DG. 

Therefore, ex aequali, d'd: df= D'D : DF, 
whence, by (1), df=AB. 

Therefore the segment def has its surface equal to the surface of the segment ABB' [I. 42, 43], while it is also similar to the 
segment DEF. 




Proposition 7. (Problem.) 

From a given sphere to cut off a segment by a plane so that the segment may have a given ratio to the cone which has 
the same base as the segment and equal height 

Let AA! be the diameter of a great circle of the sphere. It is required to draw a plane at right angles to AA! cutting off a 
segment, as ABB' such that the segment ABB' has to the cone ABB' a given ratio. 

Analysis. 

Suppose the problem solved, and let the plane of section cut the plane of the great circle in BB', and the diameter AA! in M. 

D 

-f 


li 

Produce OA to H so that 


Let O be the centre of the sphere. 



OA' + AM : AM = HM : MA .(1). 

Thus the cone HBB’ is equal to the segment ABB’. [Prop. 2] 

Therefore the given ratio must be equal to the ratio of the cone HBB’ to the cone ABB', i.e. to the ratio HM: MA. 

Hence the ratio OA' + A'M : A'M is given; and therefore A’M is given. 

Siopiapoo. 

Now OA' :A'M < OA': A'A, 

+u + OA' + A’M : A'M > OA' + A'A : A'A 

so that 

>3 : 2. 

Thus, in order that a solution may he possible, it is a necessary condition that the given ratio must be greater than 3 : 

2. 

The synthesis proceeds thus. 

Let A A’ be a diameter of a great circle of the sphere, O the centre. 

Take a line DE, and a point F on it, such that DE : EF is equal to the given ratio, being greater than 3 : 2. 

Now, since OA' + A'A : A'A = 3:2, 

DE: EF > OA' + A'A : A'A, 

so that DF: FE > OA': A'A. 

Hence a point M can be found on AA' such that 

DF:FE= OA' : A’M. .(2). 

Through M draw a plane at right angles to AA! intersecting the plane of the great circle in BB’ and cutting off from the 
sphere the segment ABB'. 

As before, take H on OA produced such that 

OA' + A'M: A'M = HM: MA. 

Therefore HM: MA = DE: EF by means of (2). 

It follows that the cone HBB' or the segment ABB', is to the cone ABB' in the given ratio DE: EF. 







Propostion 8. 

If a sphere be cut by a plane not passing through the centre into two segments A'BB', ABB', of which A'BB' is the 
greater, then the ratio 


(segmt. A'BB '); (segmt. ABB') 

< (surface of A’BB'f : (surface of ABB'f 
but > (surface of A'BB ')*: (surface of ABB')**. 

Let the plane of section cut a great circle A'BAB' at right angles in BB' and let A A! be the diameter bisecting BB' at right 
angles inM. 

Let O be the centre of the sphere. 

Join ^4'i?, AB. 



As usual, take H on OA produced, and H on OA' produced, so that 

OA‘ + A'M : A'M = HM : MA .(1), 

OA + AM : AM = H'M : MA' .(2), 

and conceive cones drawn each with the same base as the two segments and with apices H, IT respectively. The cones are then 
respectively equal to the segments [Prop. 2], and they are in the ratio of their heights HM, HM. 

Also 


(surface of A BB'): (surface of ABB') = A'H : AH [I. 42, 43] 

= A'M. AM. 


We have therefore to prove 

(a) that H' M : MH < A'M 2 : MA 2 

(b) that H'M: MH<A'Mf : MAf 
(a) From (2) above, 

A'M * AM - H'M : OA A- AM 

- H'A' : OA', since OA = OA'. 

Since A'M > AM, HA > OA'; therefore, if we take K on HA' so that OA' = A'K, K will fall between H and A'. 
And, by (1), A'M: AM = KM: MH. 

Thus KM :MH = H'A': A'K, since A'K = OA', 

> H'M: MK. 

Therefore H'M . MH < KM 2 . 

It follows that 

H’M. MH: MH 2 < KM 2 : MH 2 , 








or 


H'M : MH < KM 1 : MH* 


< A'M* : AM*, by (1). 


0 b ) Since OA'= OA, 


A'M.MA<A'0. OA, 

A'M: OA' <0A : AM 

< H'A ': A’M, by means of (2). 
Therefore A'M* < H'A ', CL4' 


< ZTM'. A'A. 

Take a point JV on A'A such that 

Thus H'A': A'K = A'N* : A'iT’ 

Also FTH'; A TV = ,4 TV: A'K, 

and, componendo 


A'N 2 = H'A’. A’K. 


..(3). 


H'N: A'N= NK: A'K, 


whence A'N 2 : A'K 2 = H'N 2 : N K 2 . 

Therefore, by (3), 

H'A': A'K = H'N 2 : NK 2 . 


Now H'M: MK < H'N: NK. 

Therefore H'M *: MK a > H'A ': A'K 

> H'A ': OA' 

> A'M : MA , by (2), as above, 

> OA'+ A'M ■ MH, by (1), 
>KM:MH 

Hence H'M 1 : MH* = (H'M *: MK *). (KM *: MH*) 

> (KM: MH ). : il/iF). 

It follows that 


H’M:MH>KM*: MH* 

> A'M*: AM*, by(l). 

[The text of Archimedes adds an alternative proof of this proposition, which is here omitted because it is in fact neither 
clearer nor shorter than the above.] 


Proposition 9. 

Of all segments of spheres which have equal surfaces the hemisphere is the greatest in volume. 

Let ABA’B' be a great circle of a sphere,^' being a diameter, and O the centre. Let the sphere be cut by a plane, not 
passing through O, perpendicular to A A’ (at M), and intersecting the plane of the great circle in BB'. The segment ABB' may then 
be either less than a hemisphere as in Fig. 1, or greater than a hemisphere as in Fig. 2. 

Let DED'E' be a great circle of another sphere, DD' being a diameter and C the centre. Let the sphere be cut by a plane 
through C perpendicular to DD' and intersecting the plane of the great circle in the diameter EE'. 

Suppose the surfaces of the segment ABB' and of the hemisphere DEE' to be equal. 





EJ' 




Since the surfaces are equal, AB = DE. [I. 42, 43] 

Now, in Fig. 1, AB 2 < 2AM 2 and < 2AO 2 . 
and, in Fig. 2, AB 2 < 2AM 2 and > 2A0 2 . 

Hence, if R be taken on AA! such that 

AR 2 = JfAB 2 , 

R will fall between O and M. 

Also, since AB 2 = DE 2 , AR = CD. 

Produce OA' to K so that OA' = A'K, and produce A A to H so that 

A'K: AM = HA : AM, 

or, componendo, A'K + A'M : A!M — HM : MA. .. .(!)- 

Thus the cone HBB' is equal to the segment ABB'. 

[Prop. 2] 

Again, produce CD to F so that CD = DF and the cone FEE' will be equal to the hemisphere 
DEE'. [Prop. 2] 

Now AR.RA'< AM. MA\ 

and AR 2 = ^AB 2 = AM.AA' = AM. A'K. 

Hence 

AR . RA' + RA* < AM. MA' + AM. A'K, 

or AA',AR>AM.MK 

> HM. A'M, by (1). 

Therefore AA': A'M > HM: AR, 

or AB 2 : BM 2 > HM: AR, 

i.e. AR* : BM * > HM,: 2 AR, since AB 2 = SLdii 2 , 

> HM : OF. 

Thus, since AR = CD or CE, 

(circle on diam EE') : (circle on diam BB ') > ;HM: CF. 

It follows that 

(the cone FEE') > (the cone HBB') 

and therefore the hemisphere DEE' is greater in volume than the segment ABB' 

QV 2 :PV.P'V=PP':p, 

whereas the two latter terms should be reversed, the correct property of the ellipse being 









QV 2 :PV.P'V=p : PP'. [Apollonius I. 21] 

The mistake would appear to have originated as far back as Eutocius, but I think that Eutocius is more likely to have made the slip than Diodes himself, because any 
intelligent mathematician would be more likely to make such a slip in writing out another man’s work than to overlook it if made by another. 

* See the note following this proposition. 

* Here too the Greek text repeat the same error as that noted on p.77. 

* This is expressed in Archimedes’ phrase by saying that the greater segment has to the lasser a ratio “less than the duplicate (SmAaoiov) of that which the surface of 
the greater segment has to the surface of the lesser, but greater than the sesquialterate (HpioAxov [of the ratio.]” 

* There is a mistake in the Greek text here which seems to have escaped the notice of all the editors up to the present. The words are ^av 7toif|o<ji>|iev, (f)xf|v A 
7tpos xf)v SmAxoiav x^j T, oiixcos xf)v Tr 7ipos £Xk qv xiva U)s xr)v i, e. (with the lettering above) “ If we take a length p such that D :2 C = PP': p” This cannot be right, 
because we should then have 


MEASUREMENT OF A CIRCLE 


Proposition 1. 

The area of any circle is equal to a right-angled triangle in which one of the sides about the right angle is equal to the 
radius, and the other to the circumference, of the circle. 

Let ABCD be the given circle, K the triangle described. 




Then, if the circle is not equal to K, it must be either greater or less. 

I. If possible, let the circle be greater than K. 

Inscribe a square ABCD, bisect the arcs AB, BC, CD, DA then bisect (if necessary) the halves, and so on, until the sides of 
the inscribed polygon whose angular points are the points of division subtend segments whose sum is less than the excess of the 
area of the circle over K. 

Thus the area of the polygon is greater than K. 

Let AE be any side of it, and ON the perpendicular on AE from the centre O. 

Then ON is less than the radius of the circle and therefore less than one of the sides about the right angle in K. Also the 
perimeter of the polygon is less than the circumference of the circle, i.e. less than the other side about the right angle in K. 

Therefore the area of the polygon is less than K; which is inconsistent with the hypothesis. 

Thus the area of the circle is not greater than K. 

II. If possible, let the circle be less than K. 

Circumscribe a square, and let two adjacent sides, touching the circle in E, H, meet in T. Bisect the arcs between adjacent 
points of contact and draw the tangents at the points of bisection. Let A be the middle point of the arc EH, and FAG the tangent 
at A. 

Then the angle TAG is a right angle. 

Therefore TG> GA 

> GIL 

It follows that the triangle FTG is greater than half the area TEAR ; 

Similarly, if the arc AH be bisected and the tangent at the point of bisection be drawn, it will cut off from the area GAH 
more than one-half. 

Thus, by continuiug the process, we shall ultimately arrive at a circumscribed polygon such that the spaces intercepted 
between it and the circle are together less than the excess of K over the area of the circle. 

Thus the area of the polygon will be less than K. 

Now, since the perpendicular from O on any side of the polygon is equal to the radius of the circle, while the perimeter of 
the polygon is greater than the circumference of the circle, it follows that the area of the polygon is greater than the triangle K; 
which is impossible. 



Therefore the area of the circle is not less than K. 

Since then the area of the circle is neither greater nor less than K, it is equal to it. 

Proposition 2. 

The area of a circle is to the square on its diameter as 11 to 14. 

[The text of this proposition is not satisfactory, and Archimedes cannot have placed it before Proposition 3, as the 
approximation depends upon the result of that proposition,] 


Proposition 3. 

The ratio of the circumference of any circle to its diameter is less than 3 i- but greater than 

[In view of the interesting questions arising out of the arithmetical content of this proposition of Archimedes, it is 
necessary, in reproducing it, to distinguish carefully the actual steps set out in the text as we have it from the intermediate steps 
(mostly supplied by Eutocius) which it is convenient to put in for the purpose of making the proof easier to follow. 
Accordingly all the steps not actually appearing in the text have been enclosed in square brackets, in order that it may be 
clearly seen how far Archimedes omits actual calculations and only gives results. It will be observed that he gives two 
fractional approximations to (one being less and the other greater than the real value) without any explanation as to how he 
arrived at them; and in like manner approximations to the square roots of several large numbers which are not complete 
squares are merely stated. These various approximations and the machinery of Greek arithmetic in general will be found 
discussed in the Introduction, Chapter IV.] 

I. Let AB be the diameter of any circle, O its centre, AC the tangent at A; and let the angle AOC be one-third of a right 
angle. 

Then CM : AC [= ^3 : 1] > 265 : 153.. (1), 

and OC : CA [= 2:1] = 306 : 153.(2). 

First, draw OD bisecting the angle AOC and meeting AC in D. 

Now CO. OA = CD: DA, [Eucl. VI. 3 ] 

so that [CO + OA : OA = CA : DA, or] 

CO + OA : CA = OA : AD. 


Therefore [by (1) and (2)] 


OA : AD >511 : 153 ..(.3), 

Hence OD 2 : AD' 1 [= (OA* + AD 1 ): AD 2 
>(571*+ 153*) : 153 s ] 

> 349450 ; 23409, 

so that OD - DA > 59l£ ; 153.(4), 







Secondly, let OE bisect the angle A OD, meeting AD in E. 

[Then DO : 0 A =D E : EA, 

so that DO + OA : DA = OA : AE .] 

Therefore OA ; AE[> (591& + 571) : 153, by (3) and (4)] 

>1162£ : 153.(5). 

[It follows that 

OE* : EA 9 > {(11624)* +153*} : 153 s 

> (1350534|| + 23409) : 23409 

> 1373943H : 23409.] 

Thus OE : EA > 11724 : 153.(6). 

Thirdly, let OF bisect the angle AOE and meet AE in F. 

We thus obtain the result [corresponding to (3) and (5) above] that 

OA : AF[> (U62|+ 1172$): 153] 

>23344 : 153..(7). 

[Therefore OF* : FA* > {(23344)* + 153*} : 153* 

> 5472132^ : 23409.] 

Thus OF : FA > 23394 : 153.(8). 

Fourthly, let OG bisect the angle AOF meeting AF in G. 

We have then 

OA : AG [> (23344 + 23394) : 1^3, by means of (7) and (8)] 

> 46734 : 1 * 8 . 

Now the angle AOC, which is one-third of a right angle, has been bisected four times, and it follows that 

Z.AOG = -Jg (a right angle). 

Make the angle AOH on the other side of OA equal to the angle AOC, and let GA produced meet OFI in H. 
Then < GOEl= ^l. (a right angle). 

Thus GH is one side of a regular polygon of 96 sides circumscribed to the given circle. 






And, since OA : AG > 4673^.: 153, 
while AB = 20 A, OH = 2 AG, 

it follows that 


AB : (perimeter of polygon of 96 sides) 


[>4673£ 

>4673£ 


But 


14688 667£ 

4673£ + 4673| 



667 ^ 

4G72£ 


<3f 


153 x 96] 
14688. 


Therefore the circumference of the circle (being less than the perimeter of the polygon) is a fortiori less than 31 times the 
diameter AB. 

II. Next let AB be the diameter of a circle, and let AC meeting the circle in C, make the angle CAB equal to one-third of a 
right angle. Join BC. 

Then AC: CB [= 1351 : 780. 

First let AD bisect the angle BAC and meet BC in d and the circle in D. Join BD. 

Then Z BAD = A dAG 


— z dBD, 

and the angles at D, C are both right angles. 

It follows that the triangles ADB [ ACd ], BDd are similar. 



AD.DB = BD: Dd 
[= AC : Cd] 

Therefore **AB :Bd [Eucl. VI, 3] 

= AB + AC: Bd + Cd 
=AB+AC:BC 


or BA + AG : BC= AD : DB. 

[But AG: CB < 1351 : 780, from above, 

while BA : BO =2:1 

= 1560 : 780.] 

Therefore AD \DB< 2911 : 780..(1). 

[Hence AB *: BD 4 < (291 l a + 780*) : 780* 

< 9082321 : 608400.] 




Thus AB : BD < 3013$ : 780.(2). 

Secondly let AE bisect the angle BAD, meeting the circle in E; and let BE be joined. 

Then we prove, in the same way as before, that 

AE : EB [= BA+AD:BD 

< (30l3f + 2911) : 780, by (1) and (2)] 

< 5924$ : 780 

< 5924$ x ft : 780 x ft 

< 1823 : 240..(3). 

[Hence AB 1 : BE * < (1823* + 240*) : 240* 

< 3380929 : 57600.] 

Therefore AB : BE < 1838ft : 240.(4). 

Thirdly let AF bisect the angle BAE, meeting the circle in F. 

Thus AF : FB [= BA + AE : BE 

< 3661ft : 240, by (3) and (4)] 

< 3661ft x $$ : 240 x ft 

< 1007 : 66...(5). 

[It follows that AB* : BF* < (1007* + 66*) : 66* 

< 1018405 :4356.] 

Therefore^# ; BF < 1009$ : 66...(6). 

Fourthly, let the angle BAF be bisected by AG meeting the circle in G. 

Then AG : GB [= BA + AF : BF ] 

< 2016$: 66, by (5) and (6). 

[And AE *: BG* < {(2016£) S + 66 s } : 66* 

< 4069284ft • 4356.] 

Therefore AB : BG<20 \71 : 66, 

whence BG : AB > 66 : 2017$.,.(7), 

[Now the angle BAG which is the result of the fourth bisection of the angle BAG, or of one-third of a right angle, is equal to 
one-fortyeighth of a right angle. 

Thus the angle subtended by BG at the centre is ft (a right angle).] 

Therefore BG is a side of a regular inscribed polygon of 96 sides. 

It follows from (7) that 


And 


(perimeter of polygon): AB [> 96 X 66 : 2017$] 

>6336 : 2017$. 

6336 


> 3$y. 


2017$ 

Much more then is the circumference of the circle greater than 3j^ times the diameter. 
Thus the ratio of the circumference to the diameter 


< 3$ but > 3$f 









ON CONOIDS AND SPHEROIDS 


Introduction*. 


“Archimedes to Dositheus greeting. 

In this book I have set forth and send you the proofs of the remaining theorems not included in what I sent you before, and 
also of some others discovered later which, though I had often tried to investigate them previously, I had failed to arrive at 
because I found their discovery attended with some difficulty. And this is why even the propositions themselves were not 
published with the rest. But afterwards, when I had studied them with greater care, I discovered what I had failed in before. 

Now the remainder of the earlier theorems were propositions concerning the right-angled conoid [paraboloid of 
revolution]; but the discoveries which I have now added relate to an obtuseangled conoid [hyperboloid of revolution] and to 
spheroidal figures, some of which I call oblong {napapdtK^a) and others flat . 

I. Concerning the right-angled conoid it was laid down that, if a section of a right-angled cone [a parabola] be made to 
revolve about the diameter [axis] which remains fixed and return to the position from which it started, the figure comprehended 
by the section of the right-angled cone is called a rightangled conoid, and the diameter which has remained fixed is called its 
axis, while its vertex is the point in which the axis meets (fijiisiar) the surface of the conoid. And if .a plane touch the right- 
angled conoid, and another plane drawn parallel to the tangent plane cut off a segment of the conoid, the base of the segment cut 
off is defined as the portion intercepted by the section of the conoid on the cutting plane, the vertex [of the segment] as the 
point in which the first plane touches the conoid, and the axis [of the segment] as the portion cut off within the segment from the 
line drawn through the vertex of the segment parallel to the axis of the conoid. 

The questions propounded for consideration were 

(1) why, if a segment of the right-angled conoid be cut off by a plane at right angles to the axis, will the segment so cut off 
be half as large again as the cone which has the same base as the segment and the same axis, and 

(2) why, if two segments be cut off from the right-angled conoid by planes drawn in any manner, will the segments so cut 
off have to one another the duplicate ratio of their axes. 

n. Respecting the obtuse-angled conoid we lay down the following premisses. If there be in a plane a section of an obtuse- 
angled cone [a hyperbola], its diameter [axis], and the nearest lines to the section of the obtuse-angled cone [i.e. the asymptotes 
of the hyperbola], and if, the diameter [axis] remaining fixed, the plane containing the aforesaid lines be made to revolve about 
it and return to the position from which it started, the nearest lines to the section of the obtuse-angled cone [the asymptotes] 
will clearly comprehend an isosceles cone whose vertex will be the point of concourse of the nearest lines and whose axis 
will be the diameter [axis] which has remained fixed. The figure comprehended by the section of the obtuseangled cone is 
called an obtuse-angled conoid [hyperboloid of revolution], its axis is the diameter which has remained fixed, and its vertex 
the point in which the axis meets the surface of the conoid. The cone comprehended by the nearest lines to the section of the 
obtuse-angled cone is called [the cone] enveloping the conoid (n^pi^/cov to Kcovo&Sgg) and the straight line between the 
vertex of the conoid and the vertex of the cone enveloping the conoid is called [the line] adjacent to the axis (7iOT£Ojca x“ s. 
c,ovi). And if a plane touch the obtuse-angled conoid, and another plane drawn parallel to the tangent plane cut off a segment of 
the conoid, the base of the segment so cut off is defined as the portion intercepted by the section of the conoid on the cutting 
plane, the vertex [of the segment] as the point of contact of the plane which touches the conoid, the axis [of the segment] as the 
portion cut off within the segment from the line drawn through the vertex of the segment and the vertex of the cone enveloping 
the conoid; and the straight line between the said vertices is called adjacent to the axis. 

Right-angled conoids are all similar; but of obtuse-angled conoids let those be called similar in which the cones 
enveloping the conoids are similar. 

The following questions are propounded for consideration, 

(1) why, if a segment be cut off from the obtuse-angled conoid by a plane at right angles to the axis, the segment so cut off 
has to the cone which has the same base as the segment and the same axis the ratio which the line equal to the sum of the axis of 
the segment and three times the line adjacent to the axis bears to the line equal to the sum of the axis of the segment and twice 
the line adjacent to the axis, and 

(2) why, if a segment of the obtuse-angled conoid be cut off by a plane not at right angles to the axis, the segment so cut off 



will bear to the figure which has the same base as the segment and the same axis, being a segment of a cone* (anorpapa 
KtOvov), the ratio which the line equal to the sum of the axis of the segment and three times the line adjacent to the axis bears to 
the line equal to the sum of the axis of the segment and twice the line adjacent to the axis. 

III. Concerning spheroidal figures we lay down the following premisses. If a section of an acute-angled cone [ellipse] be 
made to revolve about the greater diameter [major axis] which remains fixed and return to the position from which it started, 
the figure comprehended by the section of the acute-angled cone is called an oblong spheroid (;iapapaKS<; acpaipo&dg;). But if 
the section of the acute-angled cone revolve about the lesser diameter [minor axis] which remains fixed and return to the 
position from which it started, the figure comprehended by the section of the acute-angled cone is called a fiat spheroid Q 
nuiXazU mpaipogiS^). In either of the spheroids the axis is defined as the diameter [axis] which has remained fixed, the vertex 
as the point in which the axis meets the surface of the spheroid, the centre as the middle point of the axis, and the diameter as 
the line drawn through the centre at right angles to the axis. And, if parallel planes touch, without cutting, either of the 
spheroidal figures, and if another plane be drawn parallel to the tangent planes and cutting the spheroid, the base of the 
resulting segments is defined as the portion intercepted by the section of the spheroid on the cutting plane, their vertices as the 
points in which the parallel planes touch the spheroid, and their axes as the portions cut off within the segments from the 
straight line joining their vertices. And that the planes touching the spheroid meet its surface at one point only, and that the 
straight line joining the points of contact passes through the centre of the spheroid, we shall prove. Those spheroidal figures 
are called similar in which the axes have the same ratio to the ‘diameters.’ And let segments of spheroidal figures and conoids 
be called similar if they are cut off from similar figures and have their bases similar, while their axes, being either at right 
angles to the planes of the bases or making equal angles with the corresponding diameters [axes] of the bases, have the same 
ratio to one another as the corresponding diameters [axes] of the bases. 

The following questions about spheroids are propounded for consideration, 

(1) why, if one of the spheroidal figures be cut by a plane through the centre at right angles to the axis, each of the 
resulting segments will be double of the cone having the same base as the segment and the same axis; while, if the plane of 
section be at right angles to the axis without passing through the centre, ( a ) the greater of the resulting segments will bear to the 
cone which has the same base as the segment and the same axis the ratio which the line equal to the sum of half the straight line 
which is the axis of the spheroid and the axis of the lesser segment bears to the axis of the lesser segment, and ( b ) the lesser 
segment bears to the cone which has the same base as the segment and the same axis the ratio which the line equal to the sum of 
half the straight line which is the axis of the spheroid and the axis of the greater segment bears to the axis of the greater 
segment; 

(2) why, if one of the spheroids be cut by a plane passing through the centre but not at right angles to the axis, each of the 
resulting segments will be double of the figure having the same base as the segment and the same axis and consisting of a 
segment of a cone*. 

(3) But, if the plane cutting the spheroid be neither through the centre nor at right angles to the axis, ( a ) the greater of the 
resulting segments will have to the figure which has the same base as the segment and the same axis the ratio which the line 
equal to the sum of half the line joining the vertices of the segments and the axis of the lesser segment bears to the axis of the 
lesser segment, and ( b ) the lesser segment will have to the figure with the same base as the segment and the same axis the ratio 
which the line equal to the sum of half the line joining the vertices of the segments and the axis of the greater segment bears to 
the axis of the greater segment. And the figure referred to is in these cases also a segment of a cone*. 

When the aforesaid theorems are proved, there are discovered by means of them many theorems and problems. 

Such, for example, are the theorems 

(1) that similar spheroids and similar segments both of spheroidal figures and conoids have to one another the triplicate 
ratio of their axes, and 

(2) that in equal spheroidal figures the squares on the ‘diameters’ are reciprocally proportional to the axes, and, if in 
spheroidal figures the squares on the ‘diameters’ are reciprocally proportional to the axes, the spheroids are equal. 

Such also is the problem, From a given spheroidal figure or conoid to cut off a segment by a plane drawn parallel to a 
given plane so that the segment cut off is equal to a given cone or cylinder or to a given sphere. 

After prefixing therefore the theorems and directions (^ 7 iiiaypaTa) which are necessary for the proof of them, I will then 
proceed to expound the propositions themselves to you. Farewell. 


Definitions. 


If a cone be cut by a plane meeting all the sides [generators] of the cone, the section will be either a circle or a section of 
an acute-angled cone [an ellipse]. If then the section be a circle, it is clear that the segment cut off from the cone towards the 
same parts as the vertex of the cone will be a cone. But, if the section be a section of an acute-angled cone [an ellipse], let the 
figure cut off from the cone towards the same parts as the vertex of the cone be called a segment of a cone. Let the base of the 
segment be defined as the plane comprehended by the section of the acute-angled cone, its vertex as the point which is also the 
vertex of the cone, and its axis as the straight line joining the vertex of the cone to the centre of the section of the acute-angled 
cone. 

And if a cylinder be cut by two parallel planes meeting all the sides [generators] of the cylinder, the sections will be either 
circles or sections of acute-angled cones [ellipses] equal and similar to one another. If then the sections be circles, it is clear 
that the figure cut off from the cylinder between the parallel planes will be a cylinder. But, if the sections be sections of acute- 
angled cones [ellipses], let the figure cut off from the cylinder between the parallel planes be called a frustum (xopog) of a 
cylinder. And let the bases of the frustum be defined as the planes comprehended by the sections of the acute-angled cones 
[ellipses], and the axis as the straight line joining the centres of the sections of the acute-angled cones, so that the axis will be 
in the same straight line with the axis of the cylinder.” 


Lemma. 


If in an ascending arithmetical progression consisting of the magnitudes A } , A 2 , ... A n the common difference be equal 
to the least term Aj, then 

n - A n < 2 (A 1 + A 2 + ... + A n ), 
and >2(Aj + A 3 + ... + A n .j). 

[The proof of this is given incidentally in the treatise On Spirals, Prop. 11 . By placing lines side by side to represent the 
terms of the progression and then producing each so as to make it equal to the greatest term, Archimedes gives the equivalent of 
the following proof. 

If S n = A 1 +A 2 +...+A n . l +A n , 

we have also S n =A n + A n _ } + ... +Aj. 

And Aj +A 2 +A n _ 2 = ... =A n . 

Therefore 2 S n = (n + 1 )A n , 

whence n . A n < 2 Sn, 

and n.A n >2S n _ 1 . 

Thus, if the progression is a, 2a,... na. 


s„=*±± I>„, 


and n 2 a < 2 S n , 

but < 2 iS n .j. ] 


Proposition 1. 

If A\, B j, Ci,.. ,K { and A 2 , B 2 , C 2 , .. .K 2 be two series of magnitudes such that 

A l : ; B a , 

2Ji : Cj — B a ; C ai and so on 

and if A 3 , B 3 , C 3 , .. ,K 3 and and A 4 , B 4 , C 4 , .. ,K 4 be two other series such that 



At - j4_s — : A if 

B 1 : B 3 =B a : B it 



and so on 





then 4* Oi + + H%) : (A t + S a + 0% 4* • ♦ * 4- Us) 

— + £ 34 * C% + *** + ICfi t (A 4 4* + •.. + 

The proof is as follows. 

Since A 3 : A t = A 4 : A 2 ) 

and Aj : Bj = A 2 : B 2 , 

while Bj : B 3 = B 2 : B 4 , 

we have, ex aequali, 

Similarly 

Again, it follows from equations (a) that 

A i : A 2 = B i : B 2 = Q : C 2 = .... 

Therefore 

A 1 :A 2 = (A 1 +B 1 + C 1 : C 2 = ... 
or (yfj + + Cj + ... + ^j) : A\ = ( A 2 + B 2 + C 2 + ... + K 2 ) : A 2 ; 

and A 1 :A 3 =A 2 :A 4 

while from equations (y) it follows in like manner that 
A 3 : (A 3 + B 3 + C 3 + ... +A" 3 ) = (A 4 + B 4 + C 4 + ... +K 4 
By the last three equations, ex aequali, 

+ $1 4- Oi + *.. 4- KJ t (A g + J9 S + C s 4 - mi 4- 

~ {A 2 4- S 3 + + • • ■ + * C-^-4 4* B* 4" Ci + ,,. + JiTj). 

Cor. If any terms in the third and fourth series corresponding to terms in the first and second be left out, the result is the same. 
For example, if the last terms K 3 , K 4 , are absent, 

(4i + 1?! -F C?i + ... + ifi) :(iij-|- S 3 + Oj + ♦». + I t ) 

= (.4*4- B s 4 * 4- ... + Us) t 4- B t 4" 0 4 4- ••• 4 -1 tit 

where / immediately precedes K in each series. 

Lemma to Proposition 2. 

[on Spirals Prop. 10.] 

If A 1 , A 2 , A 3 , .. ,A n , be n lines forming an ascending arithmetical progression in which the common difference is equal to 
the least term A x , then 


At 1 St — At 1 S 4 t 
B 3 :G S = B t : Ct, and so on 


'( 7 )* 


0* + 1) An 4- AfAt 4- A 2 4- A 3 4- 4- 4 n ) 

= 3 (A* 4- A* +AJ +... 4 - A n *). 








*n A«_i A& Aj Ai 

Let the lines A n , A n _ l ,A n _ l , .. ,A 1 be placed in a row from left to right. Produce A n _ ,, A n _ 2 , .. .A x until they are each 
equal to A n , so that the parts produced are respectively equal to A h A 2 , .. .A n _ x . 

Taking each line successively, we have 

2A n *=2A n \ 

(A, + A n _tf - A* + 4V, + 2A t . A n _ lt 
(■^2 + 0 = A 2 + A n + 2dL. A n „* f 

ilM ..til 

— A\^ x + ^lj 3 + 2il n _j. A lt 

And, by addition, 

(n+l)A n *=2(A? + A* + .„+A n *) 

+ 2 A 1 * A n —i + 2A S . A n _ 2 + *.* + 2A n —x * A y * 

Therefore, in order to obtain the required result, we have to prove that 

2(j4 1 , J 4 n _ 1 + A 2 . A n -%-\-... +A n ^i* A^)-\-A 1 (A 1 aA^ +A$+ *** +A n ) 

= Ay T d/ + *** + .. ( a )- 

Now 2A % .A n _, 2 = Aj * 4*A n „ 2i because = 2 A 1 > 

2dj, dfj_^ = dj, 6d n _^ because dj — 3d^, 

i i i i i i 

2A n „ l ,A l — A ,. 2(n — 1) 

It follows that 


2(^i .A n ^ L *L -^2 *4"* ■ ■ 4" An—i .^Ij) + Ai(A\ 4* -4a 4“ • 4" An) 

" Ai {ilft 4- i 4" 4* • •»4" (2w 

And this last expression can be proved to be equal to 

A 1 2 + A 2 2 +...+A n 2 






For 


A n — Ai(n, A n ) 

= A i [A n + (n — 1) 

— Ai{A n + 2( J d n _ 1 + A n ^2 + ... + Aj)}, 
because (n — 1) A n = A^ + A x 
+ A }1 _m + A<± 
j"~ 

+ Ai + A n ^. 

Similarly A\^ ~ A x { A n + 2( J 4*_ 2 + A n _j + ... + .iij)}, 

* + * *'**■<« n***t*Mtt**m<* 

Af -A^A, + 2A,), 

AS = Aj. A 1 ; 

whence, by addition, 

dj’ + AS + AS + ... + .din* 

~ AjiAn + oAn—i + n< + (2 n l)^i}> 

Thus the equation marked (a) above is true; and it follows that 
(n + 1) A n 2 + + A 2 + A 3 + ... + A n ) = 3(A 2 + A 2 + ... +d n ^). 

Cor. 1. From this it is evident that 

n . A n 2 < Z(AS + AS +... + AJ) ...(1). 

Also A 2 = A j {A n + 2(A n _ l + A n _ 2 + ... +A l )}, as above, 

so that A 2 > A 1 (A n + A n .j + ... +Af, 

and therefore 

A n + A M\ + A 1 + • • • + A n) < 2 A n- 

It follows from the proposition that 

n.A*> 3 {AS + AS + . + A 1 \_)..(2). 

Cor. 2. All these results will hold if we substitute similar figures for squares on all the lines; for similar figures are in the 
duplicate ratio of their sides. 

[In the above proposition the symbols A h A 2 , A 3 , ...A n have been used instead of a, 2a, 3 a, ...na in order to exhibit the 
geometrical character of the proof; but, if we now substitute the latter terms in the various results, we have (1) 

(n +1) n*a* + a (a + 2a +... + na) 

= 3{a*-t-(2a)*+(3a)*+... + (na)*}. 

Therefore a* + (2a)* + (3a)* + ■•■ + (na)* 

a* L . * . n(n + 1)1 

= 3{(" + l )B+ 2 J 

s n(n-f-1) (2« +1) 

^ - 

n 3 < 3(1 2 + 2 2 + 3 2 + ... +n 2 ), 


Also (2) 







and (3) «»> 3 (1* + 2* + 3* +... + w-ll*).] 


Proposition 2. 

If A h A 2 ... A n be any number of areas such that* 

A, = ax 4- a? 2 , 

A a = a . 2x + (2a:)*, 
A 3 = a ,3x + (3®)*, 

Iff »*P*l*f*li 

A n — a. nx + (na?)*, 

then n.A n : {A x 4 - A 3 4-... 4 - A n )< (a + nx) : ( - 4 - -yj , 

( CL 7l-3s\ 

2 * 

For, by the Lemma immediately preceding Prop. 1, 


n.anx< 2 (eta? 4-«. 2® 4 -... 4 -a.w®) f 
and > 2 (a® 4-a. 2® 4- ... +a.» — 1#). 


Also, by the Lemma preceding this proposition, 


n.{nxf < 3 (a?* 4* (2a?) 2 4 * (3a?)* 4 - ... 4-(w®)*} 
and > 3 {a?4- (2a?) J +... + (« — 1 ®) a }. 


Hence 

— 2 “ H-< [(<&£ + a?*) 4 - {a. 2x 4 (2a?) 3 } + ... + {a. nx 4 - (n®)*)], 

and 


> [(a® 4- a? 2 ) 4 - {a.. 2® 4 * (2®)*} 4 -... 4- {a- 1 ® 4 - (n — 1 ®)*}], 


or 


an*x n (nxf 


< At. + A 3 4 -... 4 A, 


and >A\ + A 2 + ... + A n _ j. 

It follows that 


n . A n : 4 - A a 4 - ... 4- A n ) <»{«, nxA(nxf} : j~- 4 - W X^)*| ? 

or n,A n : (.dj 4- al,4-... 4- A n ) < (a 4- nx) : + 

also n. A n : ( A j 4- -d 2 4 -... 4- >(a 4 - nx ): 4 - . 

Proposition 3 

(1) If TP, TP' be two tangents to any conic meeting in T, and if Qq, Q'q' be any two chords parallel respectively to TP, 
TP' and meeting in O, then 

QO . Oq : Q'O . Oq'= TP 2 : TP 2 ' 2 . 

“And this is proved in the elements of conics*.” 












(2) If QQ be a chord of a parabola bisected in V by the diameter PV, and if PV be of constant length, then the areas oj 
the triangle PQQ' and of the segment PQQ- are both constant whatever be the direction of QQ'. 

Let ABB' be the particular segment of the parabola whose vertex is A, so that BB' is bisected perpendicularly by the axis at 
the point H, where AH = PV. 

Draw QD perpendicular to PV. 



Let p a be the parameter of the principal ordinates, and let p be another line of such length that 

QV 2 : QD 2 =p :pa; 

it will then follow that p is equal to the parameter of the ordinates to the diameter PV i.e. those which are parallel to QV. 

* i.e. in the treatises on conics by Aristaeus and Euclid. 

“For this is proved in the conics*.” 

Thus QV 2 

And BH 2 = pa.AH, while AH = pv. 

Therefore QV 2 : BH 2 =p.pa. 

But QV 2 : QD 2 = p.pa. 

hence BH = QD 

Thus BH. AH = QD . PV, 

and therefore A ABB' = APQQ'; 

that is, the area of the triangle PQQ' is constant so long as PV is of constant length. 

Hence also the area of the segment PQQ’ is constant under the same conditions: for the segment is equal toi APQQ. 
['Quadrature of the Parabola, Prop. 17 or 24.] 


Proposition 4. 

The area of any ellipse is to that of the auxiliary circle as the minor axis to the major. 

Let AA’ be the major and BB' the minor axis of the ellipse, and let BB' meet the auxiliary circle in b, b’. 

Suppose O to be such a cir cle that 

(circle AbA'bj : O = CA:CB. 

Then shall O be equal to the area of the ellipse. 

For, if not, O must be either greater or less than the ellipse. 

I. If possible, let O be greater than the ellipse. 

We can then inscribe in the circle O an equilateral polygon of 4 n sides such that its area is greater than that of the ellipse, 
[cf. On the Sphere and Cylinder I. 6.] 










b 



b' 


Let this be done, and inscribe in the auxiliary circle of the ellipse the polygon AefbghA’... similar to that inscribed in O. Let 
the perpendiculars eM,fN,... on AA! meet the ellipse in E,F,... respectively. Joints, EF, FB,.... 

Suppose that F denotes the area of the polygon inscribed in the auxiliary circle, and P that of the polygon inscribed in the 
ellipse. 

Then, since all the lines eM,fN,... are cut in the same proportions at E,F..., 
i.e. eM: EM =fN: FN = ... = bC: BC, 

the pairs of triangles, as eAM, EAM, and the pairs of trapeziums, as eMNfEMNF , are all in the same ratio to one another as 
bC to BC, or as CA to CB. 

Therefore, by addition, 

P' :P=CA: CB. 

Now F : (polygon inscribed in O) 

= (circle AbA'b'): 0 
= CA : CB, by hypothesis. 

Therefore P is equal to the polygon inscribed in O. 

But this is impossible, because the latter polygon is by hypothesis greater than the ellipse, and a fortiori greater than P. 
Hence O is not greater than the ellipse, 
n. If possible, let O be less than the ellipse. 

In this case we inscribe in the ellipse a polygon P with 4 n equal sides such that P> O. 

Let the perpendiculars from the angular points on the axis A A’ be produced to meet the auxiliary circle, and let the 
corresponding polygon {Pj in the circle be formed. 

Inscribe in O a polygon similar to F. 

P’:P = CA:CB 

Then = (circle AbA'b') : 0, by hypothesis, 

= P' : (polygon inscribed in 0 ). 

Therefore the polygon inscribed in O is equal to the polygon P; which is impossible, because P> O. 

Hence O, being neither greater nor less than the ellipse, is equal to it; and the required result follows. 

Proposition 5. 

If AA', BB' be the major and minor axis of an ellipse respectively, and if d be the diameter of any circle, then 


{area of ellipse) : {area of circle ) = AA'. BB': d 2 . 






For 

(area of ellipse): (area of auxiliary circle) — BB' \ A A' [ Prop. 4] 

= AA\BB' z A A” 

And 

(area of aux. circle) : (area of circle with diam d) = AA' 2 : d 2 . 
Therefore the required result follows ex aequali. 


Proposition 6. 

The areas of ellipses are as the rectangles under their axes. 

This follows at once from Props. 4, 5. 

Cor. The areas of similar ellipses are as the squares of corresponding axes. 


Proposition 7. 

Given an ellipse with centre C, and a line GO drawn perpendicidar to its plane, it is possible to find a circular cone 
with vertex O and such that the given ellipse is a section of it [or, in other words, to find the circular sections of the cone 
with vertex O passing through the circumference of the ellipse]. 

Conceive an ellipse with BB' as its minor axis and lying in a plane perpendicular to that of the paper. Let CO be drawn 
perpendicular to the plane of the ellipse, and let O be the vertex of the required cone. Produce OB, OC, OB', and in the same 
plane with them draw BED meeting OC, OB' produced in E, D respectively and in such a direction that 

BE. ED: EO 2 = CA : CO 2 , 

where CA is half the major axis of the ellipse. 

“And this is possible, since 

BE .ED: EO 2 > BC. CB': CO 2 .” 

[Both the construction and this proposition are assumed as known.] 


o 



Now conceive a circle with BD as diameter lying in a plane at right angles to that of the paper, and describe a cone with 
this circle for its base and with vertex O. 

We have therefore to prove that the given ellipse is a section of the cone, or, if P be any point on the ellipse, that P lies on 
the surface of the cone. 

Draw PN perpendicular to BB'. Join ON and produce it to meet BD in M, and let MQ be drawn in the plane of the circle on 
BD as diameter perpendicular to BD and meeting the circle in Q. Also let EG, HK be drawn through E, M • respectively 
parallel to BB'. 


We have then 







QM 2 : IIM. MK « BM, MD : HM. MK 
= BE.ED : 

= (#£?. ED : i?O a ). (#0 2 : FE . £<?> 

= (CM*: CO*). (00*: BC. CB) 

= GA 2 : <7i5 a 
= PiT : BN . NB\ 

Therefore QM 2 : ™ 2 - HM .MK: BN. NB' 

- 0M* : ON*; 

whence, since PN, QM are parallel, OPQ is a straight line. 

But Q is on the circumference of the circle on BD as diameter; therefore OQ is a generator of the cone, and hence P lies on 
the cone. 

Thus the cone passes through all points on the ellipse. 


Proposition 8. 

Given an ellipse, a plane through one of its axes AA’ and perpendicular to the plane of the ellipse, and a line CO drawn 
from C, the centre, in the given plane through AA' but not perpendicidar to AA', it is possible to find a cone with vertex O 
such that the given ellipse is a section of it [or, in other words, to find the circular sections of the cone with vertex O whose 
surface passes through the circumference of the ellipse ]. 

By hypothesis, OA, OA' are unequal. Produce OA’ to D so that OA = OD. Join AD, and draw FG through C parallel to it. 

The given ellipse is to be supposed to lie in a plane perpendicular to the plane of the paper. Let BB' be the other axis of the 
ellipse. 

Conceive a plane through AD perpendicular to the plane of the paper, and in it describe either (a), if CB 2 =FG ■ CG, a 
circle with diameter AD, or ( b ), if not, an ellipse on AD as axis such that, if d be the other axis, 

d 2 : AD 2 = CB 2 : FC. CG. 

Take a cone with vertex O whose surface passes through the circle or ellipse just drawn. This is possible even when the 
curve is an ellipse, because the line fromO to the middle point of AD is perpendicular to the plane of the ellipse, and the 
construction is effected by means of Prop. 7. 

Let P be any point on the given ellipse,- and we have only to prove that P lies on the surface of the cone so described. 

Draw PN perpendicular to AA'. Join ON and produce it to meet AD in M. Through M draw UK parallel o A’A. 


O 





Lastly, draw MQ perpendicular to the plane of the paper (and therefore perpendicular to both HK and AD) meeting the 
ellipse or circle about AD (and therefore the surface of the cone) in Q. 

Then 


QM* : HM . MK = (QM 2 : DM. MA ). (DM. MA ; HM. MK ) 

= ( d 2 : AD*). (. FC.CG : A'C. CA) 

= (CB 2 : FC. CQ ). (JP£7. C(? : A'C. GA) 

= CB 2 ‘. 0A 2 
= PN* : A’N.NA, 

Therefore, alternately, 

QM 2 : PN 2 = HM. MK : A’N.NA 
= OM *: 0N\ 

Thus, since PN, QM are parallel, OPQ is a straight line; and, Q being on the surface of the cone, it follows that P is also on 
the surface of the cone. 

Similarly all points on the ellipse are also on the cone, and the ellipse is therefore a section of the cone. 


Proposition 9. 

Given an ellipse, a plane through one of its aoces and perpendicular to that of the ellipse, and a straight line CO drawn 
from the centre C of the ellipse in the given plane through the axis but not perpendicular to that axis, it is possible to find a 
cylinder ivith aods OC such that the ellipse is a section of it [or, in other words, to find the circular sections of the cylinder 
with axis OC whose surface passes through the circumference of the given ellipse]. 

Let AA’ be an axis of the ellipse, and suppose the plane of the ellipse to be perpendicular to that of the paper, so that O C 
lies in the plane of the paper. 
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Draw AD, A'E parallel to CO, and let DE be the line through O perpendicular to both AD and A'E. 

We have now three different cases according as the other axis BB' of the ellipse is (1) equal to, (2) greater than, or (3) less 
than, DE. 

(1) Suppose BB' = DE. 

Draw a plane through DE at right angles to OC, and in this plane describe a circle on DE as diameter. Through this circle 
describe a cylinder with axis OC. 

This cylinder shall be the cylinder required, or its surface shall pass through every point P of the ellipse. 

For, if P be any point on the ellipse, draw PN perpendicular to AA'; through N draw NM parallel to CO meeting DE in if, 
and through if, in the plane of the circle on DE as diameter, draw MQ perpendicular to DE, meeting the circle in Q. 

Then, since DE = BB’, 

PN 2 : AN. NA' = DO 2 : AG . CA'. 

DM .ME: AN, NA = DO 2 : AO 2 , 



And 




since AD, NM, CO, A'E are parallel. 

Therefore PN* — DM . ME 

= QM\ 

by the property of the circle. 

Hence, since PN, QM are equal as well as parallel, PQ is parallel to MN and therefore to CO. It follows that PQ is a 
generator of the cylinder, whose surface accordingly passes through P. 

(2) IfBB' > DE, we take E' on .17: such that DE ' = BB' and describe a circle on DE' as diameter in a plane perpendicular 
to that of the paper; and the rest of the construction and proof is exactly similar to those given for case (1). 

(3) Suppose BB' > DE. 

Take a point K on CO produced such that 

DO 1 - CB 2 = OK 2 . 

From if draw KR perpendicular to the plane of the paper and equal to CB. 

Thus OR 2 = OK 2 + CB 2 = OD 2 . 
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In the plane containing DE, OR describe a circle on DE as diameter. Through this circle (which must pass through R) draw 
a cylinder with axis OC 

We have then to prove that, if P be any point on the given ellipse, P lies on the cylinder so described. 

Draw PN perpendicular to AA', and through N draw NM parallel to CO meeting DE in M. In the plane of the circle on DE 
as diameter draw MQ perpendicular to DE and meeting the circle in Q. 

Lastly, draw QH perpendicular to NM produced. QH will then be perpendicular to the plane containing AC, DE, i.e. the 
plane of the paper. 

Now QM 2 = QM 2 = KR 2 : OR 2 , by similar triangles. 

And QM 2 : AN. NA' = DM. ME : AN. NA' 

= OD 2 : CA\ 

Hence, ex aequali, since OR = OD, 


QH 2 : AN.NA' = KR 1 : CA * 

« OB 2 : CA 2 
= PN 2 : AN.NA\ 

Thus QH = PN. And QH, PN are also parallel. Accordingly PQ is parallel to MN, and therefore to CO, so that PQ is a 
generator, and the cylinder passes through P. 


Proposition 10. 


It was proved by the earlier geometers that any two cones have to one anothei ’ the ratio compounded of the ratios of 
their bases and of their heights*. The same method of proof will show that any segments of cones have to one another the 







ratio compounded of the ratios of their bases and of their heights t. 

The proposition that any frustum ’ of a cylinder is triple of the conical segment which has the same base as the frustum 
and equal height is also proved in the same manner as the proposition that the cylinder is triple of the cone which has the 
same base as the cylinder and equal height f. 


Proposition 11. 

(1) If a paraboloid of revolution be cut by a plane through, or parallel to, the axis, the section will be a parabola 
equal to the original parabola which by its revolution generates the paraboloid. And the axis of the section will be the 
intersection between the cutting plane and the plane through the axis of the paraboloid at right angles to the cutting plane. 

If the paraboloid be cut by a plane at right angles to its axis, the section will be a circle whose centre is on the axis. 

(2) If a hyperboloid of revolution be cut by a plane through the axis, parallel to the axis, or through the centre, the 
section tuill be a hyperbola, (a) if the section be through the axis, equal, (b) if parallel to the axis, similar, (c) if through 
the centre, not similar, to the original hyperbola which by its revolution generates the hyperboloid. And the axis of the 
section will be the intersection of the cutting plane and the plane through the axis of the hyperboloid at right angles to the 
cutting plane. 

Any section of the hyperboloid by a plane at right angles to the axis will be a circle whose centre is on the axis. 

(3) If any of the spheroidal figures be cut by a plane through the axis or parallel to the axis, the section will be an 
ellipse, (a) if the section be through the axis, equal, (b ) if parallel to the axis, similar, to the ellipse which by its revolution 
generates the figure. And the aocis of the section will be the intersection of the cutting plane and the plane through the axis 
of the spheroid at right angles to the cutting plane. 

If the section be by a plane at right angles to the axis of the spheroid, it will be a circle whose centre is on the axis. 

(4) If any of the said figures be cut by a plane through the axis, and if a perpendicular be drawn to the plane of 
section from any point on the surface of the figure but not on the section, that perpendicular will fall within the section. 

“And the proofs of all these propositions are evident.”* 


Proposition 12. 

If a paraboloid of revolution be cut by a plane neither parallel nor perpendicular to the axis, and if the plane through 
the axis perpendicular to the cutting plane intersect it in a straight line of which the portion intercepted within the 
paraboloid is RR', the section of the paraboloid will be an ellipse whose major axis is RR' and whose minor axis is equal to 
the perpendicular distance between the lines through R, R' parallel to the axis of the paraboloid. 

Suppose the cutting plane to be perpendicular to the plane of the paper, and let the latter be the plane through the axis ANF 
of the paraboloid which intersects the cutting plane at right angles in RR’ Let RH be parallel to the axis of the paraboloid, and 
#7/perpendicular to RH. 

Let Q be any point on the section made by the cutting plane, and from Q draw QM perpendicular to RR' QM will therefore 
be perpendicular to the plane of the paper. 

Through M draw DMFE perpendicular to the axis ANF meeting the parabolic section made by the plane of the paper i n D, 
E. Then QM is perpendicular to DE, and, if a plane be drawn through DE, QM, it will be perpendicular to the axis and will cut 
the paraboloid in a circular section. 








Since Q is on this circle, 


qm 2 = dm.me. 

Again, if PT be that tangent to the parabolic section in the plane of the paper which is parallel to RR' and if the tangent at A 
meet PT in O, then, from the property of the parabola, 

DM . ME: RM . MR’ = A0*: OP* [Prop. 3(1)] 

= AO*; OT 2 , since AN = AT. 

Therefore QM *: RM. MR' = AO* : OT* 

= R'H *: RR'\ 
by similar triangles. 

Hence Q lies on an ellipse whose major axis is RR 1 and whose minor axis is equal to R'H. 


Propositions 13,14. 

If a hyperboloid of revolution be cut by a plane meeting all the generators of the enveloping cone, or if an ‘ oblong ’ 
spheroid be cut by a plane not perpendicular to the axis * and if a plane through the axis intersect the cutting plane at 
right angles in a straight line on which the hyperboloid or spheroid intercepts a length RR' then the section by the cutting 
plane will be an ellipse whose major axis is RR'. 

Suppose the cutting plane to be at right angles to the plane of the paper, and suppose the latter plane to be that through the 
axis ANF which intersects the cutting plane at right angles in RR'. The section of the hyperboloid or spheroid by the plane of the 
paper is thus a hyperbola or ellipse having ANF for its transverse or major axis. 
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Take any point on the section made by the cutting plane, as Q, and draw QM perpendicular to RR'. QM will then be 
perpendicular to the plane of the paper. 

Through M draw DFE at right angles to the axis ANF meeting the hyperbola or ellipse in D,E ; and through QM, DE let a 
plane be described. This plane will accordingly be perpendicular to the axis and will cut the hyperboloid or spheroid in a 
circular section. 

Thus QM 2 = DM.ME. 

Let PT be that tangent to the hyperbola or ellipse which is parallel to RR', and let the tangent at A meet PT in O. 

Then, by the property of the hyperbola or ellipse, 

DM .ME: RM. MR' = OA 2 : OP 2 , 

or QM 2 : RM. MR' = OA 2 : OP 2 . 

Now (1) in the hyperbola OA < OP, because AT < AN*, and accordingly OT < OP, while OA < OT, 

(2) in the ellipse, if KK' be the diameter parallel to RR', and BB' the minor axis, 











BC. CB': KC. CK'= OA 2 : OP 2 ; 

and BC. CB' < KG . GK\ so that OA < OP. 

Hence in both cases the locus of Q is an ellipse whose major axis is RR'. 

Cor. 1. If the spheroid be a ‘flat’ spheroid, the section will be an ellipse, and everything will proceed as before except 
that RR' will in this case be the minor axis. 

Cor. 2. In all conoids or spheroids parallel sections will be similar, since the ratio OA 2 : OP 2 is the same for all the 
parallel sections. 

* With reference to this assumption cf. the Introduction, chapter III.s 3. 


Proposition 15. 

(1) If from any point on the surface of a conoid a line be drawn, in the case of the paraboloid, parallel to the axis, 
and, in the case of the hyperboloid, parallel to any line passing through the vertex of the enveloping cone, the part of the 
straight line ‘which is in the same direction as the convexity of the surface will fall without it, and the part which is in the 
other direction within it. 

For, if a plane be drawn, in the case of the paraboloid, through the axis and the point, and, in the case of the hyperboloid, 
through the given point and through the given straight line drawn through the vertex of the enveloping cone, the section by the 
plane will be (a) in the paraboloid a parabola whose axis is the axis of the paraboloid, ( b ) in the hyperboloid a hyperbola in 
which the given line through the vertex of the enveloping cone is a diameter *. [Pro. 1 1] 

Hence the property follows from the plane properties of the 

(2) If a plane touch a conoid without cutting it, it toil I touch it at one point only, and the plane drawn through the 
point of contact and the axis of the conoid ivill be at right angles to the plane which touches it. 

For, if possible, let the plane touch at two points. Draw through each point a parallel to the axis. The plane passing through 
both parallels will therefore either pass through, or be parallel to, the axis. Hence the section of the conoid made by this plane 
will be a conic [Prop. 11 (1), (2)], the two points will lie on this conic, and the line joining them will lie within the conic and 
therefore within the conoid. But this line will be in the tangent plane, since the two points are in it. Therefore some portion of 
the tangent plane will be within the conoid; which is impossible, since the plane does not cut it. 

* There seems to be some error in the text here, which says that “the diameter ” (i.e. axis) of the hyperbola is “the straight line drawn in the conoid from the vertex of 
the cone.” But this straight line is not, in general, the axis of the section. 

Therefore the tangent plane touches in one point only. 

That the plane through the point of contact and the axis is perpendicular to the tangent plane is evident in the particular case 
where the point of contact is the vertex of the conoid. For, if two planes through the axis cut it in two conics, the tangents at the 
vertex in both conics will be perpendicular to the axis of the conoid. And all such tangents will be in the tangent plane, which 
must therefore be perpendicular to the axis and to any plane through the axis. 

If the point of contact P is not the vertex, draw the plane passing through the axis AN and the point P. 
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It will cut the conoid in a conic whose axis is AN and the tangent plane in a line DPE touching the conic at P. Draw PNP 
perpendicular to the axis, and draw a plane through it also perpendicular to the axis. This plane will make a circular section 
and meet the tangent plane in a tangent to the circle, which will therefore be at right angles to PN. Hence the tangent to the 
circle will be at right angles to the plane containing PN, AN; and it follows that this last plane is perpendicular to the tangent 
plane. 




Proposition 16. 


(1) If a plane touch any of the spheroidal figures without cutting it, it will touch at one point only, and the plane 
through the point of contact and the aoois will be at right angles to the tangent plane. 

This is proved by the same method as the last proposition. 

(2) If any conoid or spheroid be cut by a plane through the aoois, and if through any tangent to the resulting conic a 
plane be erected at right angles to the plane of section, the plane so erected will touch the conoid or spheroid in the same 
point as that in which the line touches the conic. 

For it cannot meet the surface at any other point. If it did, the perpendicular from the second point on the cutting plane 
would be perpendicular also to the tangent to the conic and would therefore fall outside the surface. But it must fall within 
it. [Prop. 11 (4)] 

(3) If two parallel planes touch any of the spheroidal figures, the line joining the points of contact will pass through 
the centre of the spheroid. 

If the planes are at right angles to the axis, the proposition is obvious. If not, the plane through the axis and one point of 
contact is at right angles to the tangent plane at that point. It is therefore at right angles to the parallel tangent plane, and 
therefore passes through the second point of contact. Hence both points of contact lie on one plane through the axis, and the 
proposition is reduced to a plane one. 


Proposition 17. 

If two parallel planes touch any of the spheroidal figures, and another plane be drawn parallel to the tangent planes 
and passing through the centre, the line drawn through any point of the circumference of the residting section parallel to 
the chord of contact of the tangent planes will fall outside the spheroid. 

This is proved at once by reduction to a plane proposition. 

Archimedes adds that it is evident that, if the plane parallel to the tangent planes does not pass through the centre, a straight 
line drawn in the manner described will fall without the spheroid in the direction of the smaller segment but within it in the 
other direction. 


Proposition 18. 

Any spheroidal figure which is cut by a plane through the centre is divided, both as regards its surface and its volume, 
into two equal parts by that plane. 

To prove this, Archimedes takes another equal and similar spheroid, divides it similarly by a plane through the centre, and 
then uses the method of application. 


Proposition 19, 20. 

Given a segment cut off by a plane from a paraboloid or hyperboloid of revolution, or a segment of a spheroid less than 
half the spheroid also cut off by a plane, it is possible to inscribe in the segment one solid figure and to circumscribe about 
it another solid figure, each made up of cylinders or frusta’’ of cylinders of equal height, and such that the circumscribed 
figure exceeds the inscribed figure by a volume less than that of any given solid. 

Let the plane base of the segment be perpendicular to the plane of the paper, and let the plane of the paper be the plane 
through the axis of the conoid or spheroid which cuts the base of the segment at right angles i n BC. The section in the plane of 
the paper is then a conic BAC. [Prop. 11] 

Let EAF be that tangent to the conic which is parallel to BC, and let A be the point of contact. Through EAF draw a plane 
parallel to the plane through BC bounding the segment. The plane so drawn will then touch the conoid or spheroid at 
A. [Prop. 16] 

(1) If the base of the segment is at right angles to the axis of the conoid or spheroid, A will be the vertex of the conoid or 
spheroid, and its axis AD will bisect BC at right angles. 


(2) If the base of the segment is not at right angles to the axis of the conoid or spheroid, we draw AD 

(a) in the paraboloid, parallel to the axis, 

(b) in the hyperboloid, through the centre (or the vertex of the enveloping cone), 

(c) in the spheroid, through the centre, and in all the cases it will follow that AD bisects BC in D. 

Then A will be the vertex of the segment, and AD will be its axis. 

Further, the base of the segment will be a circle or an ellipse with BC as diameter or as an axis respectively, and with 
centre D. We can therefore describe through this circle or ellipse a cylinder or a ‘frustum’ of a cylinder whose axis is 
AD. [Prop. 9] 



Dividing this cylinder or frustum continually into equal parts by planes parallel to the base, we shall at length arrive at a 
cylinder or frustum less in volume than any given solid. 

Let this cylinder or frustum be that whose axis is OD, and let AD be divided into parts equal to OD, at L, M,.... Through L, 
M,... draw lines parallel to BC meeting the conic inP, Q,..., and through these lines draw planes parallel to the base of the 
segment. These will cut the conoid or spheroid in circles or similar ellipses. On each of these circles or ellipses describe two 
cylinders or frusta of cylinders each with axis equal to OD, one of them lying in the direction of A and the other in the direction 
of D, as shown in the figure. 

Then the cylinders or frusta of cylinders drawn in the direction of A make up a circumscribed figure, and those in the 
direction of D an inscribed figure, in relation to the segment. 

Also the cylinder or frustum PG in the circumscribed figure is equal to the cylinder or frustum PH in the inscribed figure, 
QI in the circumscribed figure is equal to QK in the inscribed figure, and so on. 

Therefore, by addition, 


(circumscribed fig,) = (inscr. fig.) 

+ (cylinder or frustum whose axis is OD). 

But the cylinder or frustum whose axis is OD is less than the given solid figure; wrhence the proposition follows. 


“ Having set out these preliminary propositions, let us proceed to demonstrate the theorems propounded with reference to 
the figures.” 


Propositions 21, 22. 

Any segment of a paraboloid of revolution is half as large again as the cone or segment of a cone which has the same 
base and the same axis. 

Let the base of the segment be perpendicular to the plane of the paper, and let the plane of the paper be the plane through 
the axis of the paraboloid which cuts the base of the segment at right angles in BC and makes the parabolic section BAC. 

Let EF be that tangent to the parabola which is parallel to BC, and let A be the point of contact. 

Then (1), if the plane of the base of the segment is perpendicular to the axis of the paraboloid, that axis is the line AD 
bisecting BG at right angles in D. 

(2) If the plane of the base is not perpendicular to the axis of the paraboloid, draw AD parallel to the axis of the 
paraboloid. AD will then bisect BC, but not at right angles. 















Draw through EF a plane parallel to the base of the segment. This will touch the paraboloid at A, and A will be the vertex 
of the segment, AD its axis. 

The base of the segment will be a circle with diameter BC or an ellipse with BC as major axis. 

Accordingly a cylinder or a frustum of a cylinder can be found passing through the circle or ellipse and having AD for its 
axis [Prop. 9J; and likewise a cone or a segment of a cone can be drawn passing through the circle or ellipse and having^ for 
vertex and AD for axis. [Prop. 8] 

Suppose A to be a cone equal to 4 (cone or segment of cone ABC). The cone A is therefore equal to half the cylinder or 
frustum of a cylinder EC. [Cf. Prop. 10] 

We shall prove that the volume of the segment of the paraboloid is equal to A. 

If not, the segment must be either greater or less than A. 

I. If possible, let the segment be greater than A. 

We can then inscribe and circumscribe, as in the last proposition, figures made up of cylinders or frusta of cylinders with 
equal height and such that 

(circumscribed fig.) - (inscribed fig.) < (segment) - X. 

Let the greatest of the cylinders or frusta forming the circumscribed figure be that whose base is the circle or ellipse about 
BC and whose axis is OD, and let the smallest of them be that whose base is the circle or ellipse about PP' and whose axis is 
AL. 

Let the greatest of the cylinders forming the inscribed figure be that whose base is the circle or ellipse about RR' and whose 
axis is OD, and let the smallest be that whose base is the circle or ellipse about PP' and whose axis is LM. 



Produce all the plane bases of the cylinders or frusta to meet the surface of the complete cylinder or frustum EC. 

Now, since 

(circumscribed fig.) - (inscr. fig.) < (segment) - X, 
it follows that (inscribed figure) > X ...(a).- 

Next, comparing successively the cylinders or frusta with heights equal to OD and respectively forming parts of the 
complete cylinder or frustum EC and of the inscribed figure, we have 

(first cylinder or frustum in EC): (first in inscr. fig.) 

= BD * : RO * 

=AD:A0 

= BD : TO, where AB meets OR in T. 

And (second cylinder or frustum in EC) : (second in inscr. fig.), 

= HO : SN, in like manner, 

and so on. 

Hence [Prop. 1] (cylinder or frustum EC) : (inscribed figure) 

= (BD + HO+ ...) : (TO + SN+ ...), 

where BD, HO,... are all equal, and BD, TO, SN,... diminish in arithmetical progression. 

But [Lemma preceding Prop. 1] 













BD + HO+ ... >2{T0 + SN+ ...)■ 
Therefore (cylinder or frustum EC) > 2 (inscribed fig.), 
or X > (inscribed fig.); 

which is impossible, by (a) above, 
n. If possible, let the segment be less thanX. 

In this case we inscribe and circumscribe figures as before, but such that 

(circumscr. fig.) - (inscr. fig.) < X -(segment), 
whence it follows that 


(circumscribed figure) < X ..(/?). 

And, comparing the cylinders or frusta making up the complete cylinder or frustum CE and the circumscribed figure 
respectively, we have 

(first cylinder or frustum in CE): (first in circumscr. fig.) 

= BD 1 : BD ■ 

- BD : BD. 

(second in GE) : (second in circumscr, fig,) 

= AD:AO 
= HO : TO, 

and so on. 

Hence [Prop. 1] 

(cylinder or frustum CE) : (circumscribed fig.) 

= {BD + HO +i {BD + TO + ...), 

<2:1, [Lemma preceding Prop. 1] 


and it follows that 

X < (circumscribed fig.); 

which is impossible, by (/}). 

Thus the segment, being neither greater nor less thanX is equal to it, and therefore to ABC). 


Proposition 23 

If from a paraboloid of revolution two segments be cut off one by a plane perpendicular to the axis, the other by a 
plane not perpendicular to the axis, and if the axes of the segments are equal, the segments will be equal in volume. 

Let the two planes be supposed perpendicular to the plane of the paper, and let the latter plane be the plane through the axis 
of the paraboloid cutting the other two planes at right angles in BB', QQ respectively and the paraboloid itself in the parabola 
QPQ'B'. 

Let XV, PFbe the equal axes of the segments, and A, P their respective vertices. 
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Draw QL parallel to AN or PV and Q'L perpendicular to QL. 

Now, since the segments of the parabolic section cut off by BB', QQ' have equal axes, the triangles ABB', PQQ are equal 
[Prop. 3], Also, if QD be perpendicular to PV, QD = BN in the same Prop. 3). 

Conceive two cones drawn with the same bases as the segments and with A, P as vertices respectively. The height of the 
cone PQQ' is then PAT is perpendicular to QQ'. 

Now the cones are in the ratio compounded of the ratios of their bases and of their heights, i.e. the ratio compounded of (1) 
the ratio of the circle about BB' to the ellipse about QQ', and (2) the ratio of AN to PK. 

That is to say, we have, by means of Props. 5, 12, 

(cone ABB') : (cone PQQ ') = (BB 2 : QQ'. Q’L). (AN: PK). 

Therefore 


(cone ABB') : (cone PQQ') - (QD \QV). (AN : PK) 

= (PK : PV ). (AN ; PK) 

= AN : PV. 

Since AN = PV, the ratio of the cones is a ratio of equality : and it follows that the segments, being each half as large again 
as the respective cones [Prop. 22], are equal, 


Proposition 24. 

If from a paraboloid of revolution two segments be cut off by planes drawn in any manner, the segments will be to one 
another as the squares on their axes. 

For let the paraboloid be cut by a plane through the axis in the parabolic section P'PApp', and let the axis of the parabola 
and paraboloid be ANN. 

Measure along ANN', the lengths AN, AN equal to the respective axes of the given segments, and through N, N draw planes 
perpendicular to the axis, making circular sections on Pp, P'p' as diameters respectively. With these circles as bases and with 
the common vertex ^4 let two cones be described. 










Now the segments of the paraboloid whose bases are the circles about Pp, P'p' are equal to the given segments 
respectively, since their respective axes are equal [Prop. 23]; and, since the segments APp, AP'p' are half as large again as the 
cones APp, AP'p' respectively, we have only to show that the cones are in the ratio of AN 2 to APT 2 . 

But 


(cone APp) : (cone AP'p') = { PN a : P'N'*).(AN : AN') 

= {AN : AN’).{AN ‘.AN’) 

= AN *: AN'*-, 


thus the proposition is proved. 


Propositions 25, 26. 

In any hyperboloid of revolution, if A be the vertex and AD the axis of any segment cut off by a plane, and if CA be the 
semidiameter of the hyperboloid through A (CA being of course in the same straight line with AD), then 

(segment) : (cone with same base and axis) 

= (AD + 3 CA) : (AD + 2CA). 

Let the plane cutting off the segment be perpendicular to the plane of the paper, and let the latter plane be the plane through 
the axis of the hyperboloid which intersects the cutting plane at right angles in BB', and makes the hyperbolic segment BAB'. Let 
C be the centre of the hyperboloid (or the vertex of the enveloping cone). 

Let EF be that tangent to the hyperbolic section which is parallel to BB'. Let EF touch at A, and join CA. Then CA produced 
will bisect at A CA will be a semi-diameter of the hyperboloid, A will be the vertex of the segment, and AD its axis. 
Produce AC to A' and H, so that AC =CA' = A'H. 

Through EF draw a plane parallel to the base of the segment. This plane will touch the hyperboloid at A. 

Then (1), if the base of the segment is at right angles to the axis of the hyperboloid, A will be the vertex, and AD the axis, of 
the hyperboloid as well as of the segment, and the base of the segment will be a circle on BB' as diameter. 

(2) If the base of the segment is not perpendicular to the axis of the hyperboloid, the base will be an ellipse on BB' as 
major axis. [prop. 13] 
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Then we can draw a cylinder or a frustum of a cylinder EBB'F passing through the circle or ellipse about BB' and having 
AD for its axis; also we can describe a cone or a segment of a cone through the circle or ellipse and having A for its vertex. 

We have to prove that 

(segment ABB '): (cone or segment of cone ABB') =HD : A'D. 

Let Lbe a cone such that 


V : (cone or segment of cone ABB') — HD : A'D, .(a) 

and we have to prove that V is equal to the segment. 

Now 

(cylinder or frustum EB') : (cone or segmt. of cone ABB') = 3:1. 

Therefore, by means of (a), 

HD 

(cylinder or frustum EB') : V= A'D : -g-. (/3). 

If the segment is not equal to V, it must either be greater or less. 

I. If possible, let the segment be greater than V. 

Inscribe and circumscribe to the segment figures made up of cylinders or frusta of cylinders, with axes along AD and all 
equal to one another, such that 

(circumscribed fig.) - (inscr. fig.) <(segmt.) - V, 

whence (inscribed figure) > V .. .(y).- 

Produce all the planes forming the bases of the cylinders or frusta of cylinders to meet the surface of the complete cylinder 
or frustum EB’. 





Then, if ND be the axis of the greatest cylinder or frustum in the circumscribed figure, the complete cylinder will be 
divided into cylinders or frusta each equal to this greatest cylinder or frustum 

Let there be a number of straight lines a equal to AA and as many in number as the parts into which AD is divided by the 
bases of the cylinders or frusta. To each line a apply a rectangle which shall overlap it by a square, and let the greatest of the 
rectangles be equal to the rectangle AD. AD and the least equal to the rectangle AL . A'L ; also let the sides of the overlapping 
squares b,p,q,...I be in descending arithmetical progression. Thus b,p, q,...l will be respectively equal to AD, AN, AM,...AL, 
and the rectangles (ab + b 2 ), (ap + p 2 ),.. .(al + l 2 ) will be respectively equal to AD. AD, AN. AN,.. .AL . AL. 

Suppose, further, that we have a series of spaces S each equal to the largest rectangle AD. AD and as many in number as the 
diminishing rectangles. 

Comparing now the successive cylinders or frusta (1) in the complete cylinder or frustum £2?' and (2) in the inscribed 
figure, beginning from the base of the segment, we have 

(first cylinder or frustum in EB'): (first in inscr. figure) 

= BD *: FN* 

— AD , A'D : AN . A'N, from the hyperbola, 

= S : (ap + p 3 ). 

Again 

(second cylinder or frustum in EB') : (second in inscr. fig.) 

= BD 2 : QM* 

= AD. A'D : AM. A M 
— 8 : (aq + q a ), 

and so on. 

The last cylinder or frustum in the complete cylinder or frustum EB' has no cylinder or frustum corresponding to it in the 
inscribed figure. 

Combining the proportions, we have [Prop. 1] 

the spaces S) : (ap + p 1 ) + (aq + q 3 ) + ... 

+[Prop. 2] 

since a — AA', b — AD, 
by (8) above. 

Hence (inscribed figure) < V. 

But this is impossible, because, by (2) above, the inscribed figure is greater than V. 

II. Next suppose, if possible, that the segment is less than V. 

In this case we circumscribe and inscribe figures such that, 

(circumscribed fig.) - (inscribed fig.) > F -(segment), 
whence we derive. 


(cylinder or frustum EB'): (inscribed figure) 

— (sura of all 

:> (a + 6) : 

HD 


> A'D : 


3 


V, 


V > (circumscribed figure).. .(S). 


We now compare successive cylinders or frusta in the complete cylinder or frustum and in the circumscribed figure ; and 



we have 


(first cylinder or frustum in EB') : (first in circumscribed fig.) 

= 8 :8 

= Sx(ab+b*), 

and so on. 

Hence [Prop. 1] 

(cylinder or frustum EB') : (circumscribed fig.) 

= (sum of all spaces S ): (ab + b 2 ) + (ap + p 2 ) + ... 


✓ t . /a b 
■ + b ) - (^2 g 


[Prop. 2] 


<(EB') : V, by 08) above. 


Hence the circumscribed figure is greater than V; which is impossible, by ( 6 ) above. 
Thus the segment is neither greater nor less than V, and is therefore equal to it. 
Therefore, by (a), 

(segment ABB') : (cone or segment of cone ABB') 

= (AD + 3 CA) : (AD + 2 CA). 


Proposition 27, 28, 29, 30. 

(1) In any spheroid whose centre is C, if a plane meeting the axis cut off a segment not greater than half the spheroid 
and having A for its vertex and AD for its axis, and if A'D be the axis of the remaining segment of the spheroid, then 

(first segmt) : (cone or segmt. of cone with same base and axis) 

— CA + A'D: A'D 
[= SC A - AD : 2 CA - AD]. 

(2) As a particular case, if the plane passes through the centre, so that the segment is half the spheroid, half the 
spheroid is double of the cone or segment of a cone tvhich has the same vertex and axis. 

Let the plane cutting off the segment be at right angles to the plane of the paper, and let the latter plane be the plane through 
the axis of the spheroid which intersects the cutting plane in BB' and makes the elliptic section ABA'B'. 

Let EF, E'F' be the two tangents to the ellipse which are parallel to BB', let them touch it in A, A', and through the tangents 
draw planes parallel to the base of the segment. These planes will touch the spheroid at A, A', which will be the vertices of the 
two segments into which it is divided. Also A A' will pass through the centre C and bisect BB' in D. 

Then (1) if the base of the segments be perpendicular to the axis of the spheroid, A, A' will be the vertices of the spheroid 
as well as of the segments, AA! will be the axis of the spheroid, and the base of the segments will be a circle on BB' as 
diameter; 

(2) if the base of the segments be not perpendicular to the axis of the spheroid, the base of the segments will be an ellipse 
of which BB' is one axis, and AD, A'D will be the axes of the segments respectively. 

We can now draw a cylinder or a frustum of a cylinder EBB'F through the circle or ellipse about BB' and having AD for its 
axis; and we can also draw a cone or a segment of a cone passing through the circle or ellipse about BB' and having A for its 
vertex. 



We have then to show that, if CA' be produced to H so that CA' = A'H, 
(segment ABB') : (cone or segment of cone ABB') = HD : A'D 

Let Fbe such a cone that 

V: (cone or segment of cone ABB') = HD : A'D ...(a); 
and we have to show that the segment ABB' is equal to V. 

But, since 

(cylinder or frustum EB') : (cone or segment of cone ABB') = 3:1, 
we have, by the aid of (a), 


(cylinder or frustum EB ') : V = A'D : ——.(/?). 


Now, if the segment ABB' is not equal to V, it must be either greater or less. 

I. Suppose, if possible, that the segment is greater than V. 

Let figures be inscribed and circumscribed to the segment consisting of cylinders or frusta of cylinders, with axes along AD 
and all equal to one another, such that 

(circumscribed fig.) - (inscribed fig.) < (segment) - V, 
whence it follows that 


(inscribed fig.) > V ..( 7 ). 

Produce all the planes forming the bases of the cylinders or frusta to meet the surface of the complete cylinder or frustum 
EB' Thus, if ND be the axis of the greatest cylinder or frustum of a cylinder in the circumscribed figure, the complete cylinder 
or frustum EB' will be divided into cylinders or frusta of cylinders each equal to the greatest of those in the circumscribed 




figure. 

Take straight lines d a' each equal to A'D and as many in number as the parts into which AD is divided by the bases of the 
cylinders or frusta, and measure da along d a' equal to AD. It follows that aa' = 2CD. 

Apply to each of the lines a'd rectangles with height equal to ad, and draw the squares on each of the lines ad as in the 
figure. Let S denote the area of each complete rectangle. 

From the first rectangle take away a gnomon with breadth equal to AN (i.e. with each end of a length equal to AN); take 
away from the second rectangle a gnomon with breadth equal to AM, and so on, the last rectangle having no gnomon taken from 
it. 

Then 


the first gnomon -- A'D. AD — ND . ( A'D — AN) 

= A'D. AN AND. AN 
= AN,A'N. 

Similarly, 

the second gnomon = AM. A'M, 
and so on. 

And the last gnomon (that in the last rectangle but one) is equal to AL. A'L. 

Also, after the gnomons are taken away from the successive rectangles, the remainders (which we will call R h R 2 ,...R n , 
where n is the number of rectangles and accordingly^ = S) are rectangles applied to straight lines each of length aa' and “ 
exceeding by squares “ whose sides are respectively equal to DN, DM,... DA. 

For brevity, let DN be denoted by x, and aa' or 2 CD by c, so that R { = cx + x 2 , R 2 = c iddot; 2x + (2x) 2 ,... 

Then, comparing successively the cylinders or frusta of cylinders (1) in the complete cylinder or frustum and (2) in the 

inscribed figure, we have 

(first cylinder or frustum in EB') : (first in inscribed fig.) 

= BD *: PN * 

-AD. A'D: AN. A'N 
= S : (first gnomon) ; 

(second cylinder or frustum in EB'): (second in inscribed fig.) 

= S : (second gnomon), 

and so on. 

The last of the cylinders or frusta in the cylinder or frustum EB' has none corresponding to it in the inscribed figure, and 
there is no corresponding gnomon. 

Combining the proportions, we have [by Prop. 1] 

(cylinder or frustum EB '): (inscribed fig.) 

= (sum of all spaces S ): (sum of gnomons). 

Now the differences between .S' and the successive gnomons are R h R 2 ,... R n , while 

R t = cic + a?, 

R 9 — c. 2x + (2s)*, 


Rn — cb + 6* = S, 


where b = nx = AD. 
Hence [Prop. 2] 



(sum of all spaces S) : 
It follows that 


{R t + -Rj + ■ *■ + Bn) < (c + fi) : ^ + g) ■ 


(sum of all spaces 8 ) : (sum of gnomons) > (c + 6 ) : f ^ + — J 


> A'B : 

O 


Thus (cylinder or frustum EB') : (inscribed fig.) 


> A'D : 


HD 

3 


> (cylinder or frustum EB') : V, 


from (/}) above. 

Therefore (inscribed fig.) < V; 

which is impossible, by (A) above. 

Hence the segment ABBf is not greater than V. 

II. If possible, let the segment ABB' be less than V. 

We then inscribe and circumscribe figures such that 

(circumscribed fig.) - (inscribed fig.) < V- (segment), 

whence V > (circumscribed fig.).(£).- 

In this case we compare the cylinders or frusta in (EB') with those in the circumscribed figure. 
Thus 


(first cylinder or frustum in. EB") : (first in circumscribed fig.) 

=S:S; 

(second in EB') : (second in circumscribed fig ) 

= S : (first gnomon), 


and so on. 

Lastly (last in EB') : (last in circumscribed fig.) 

= S : (last gnomon). 

Now 

{S + (all the gnomons)} = nS - (R x - R 2 + ... + Rn- 1). 

And nS: E 1 + + ... + B n -i > (c + ft): [Prop. 2] 

so that 

nS : {S + (all the gnomons)} < (c + 6): ^ . 

It follows that, if we combine the above proportions as in Prop. 1, we obtain 

(cylinder or frustum EB') : (circumscribed fig.) 




< A'D : 


HD 


< {EB') : V, by (£) above. 


Hence the circumscribed figure is greater than V; which is impossible, by ( S ) above. 

Thus, since the segment ABB’ is neither greater nor less than V, it is equal to it; and the proposition is proved. 

(2) The particular case [Props. 27, 28] where the segment is half the spheroid differs from the above in that the distance 
CD or c/2 vanishes, and the rectangles cb + b 1 are simply squares (b 2 ), so that the gnomons are simply the differences between 
b 2 and x 2 , b 2 and (2x) 2 , and so on. 

Instead therefore of Prop. 2 we use the Lemma to Prop. 2, Cor. 1, given above [On Spirals, Prop. 10], and instead of the 

ratio (— _l we obtain the ratio 3 : 2, whence 

U 3/ 

(segment ABB’) : (cone or segment of cone ABB') = 2:1. 

[This result can also be obtained by simply substituting CA for AD in the ratio (3 CA - AD) : (20A - AD).] 


Proposition 31, 32. 

If a plane divide a spheroid into two unequal segments, and if AN, A'N be the axes of the lesser and greater segments 
respectively, while C is the centre of the spheroid, then 
(greater segmt.) : (cone or segmt. of cone with same base and aoris) 

= CA + AN : AN. 

Let the plane dividing the spheroid be that through PP' perpendicular to the plane of the paper, and let the latter plane be 
that through the axis of the spheroid which intersects the cutting plane in PP' and makes the elliptic section PAP'A'. 



Draw the tangents to the ellipse which are parallel to PP'; let them touch the ellipse at A, A', and through the tangents draw 
planes parallel to the base of the segments. These planes will touch the spheroid at A, A', the line A A' will pass through the 
centre C and bisect PP' inN, while AN, A'N will be the axes of the segments. 

Then (1) if the cutting plane be perpendicular to the axis of the spheroid, A A’ will be that axis, and A, A' will be the vertices 
of the spheroid as well as of the segments. Also the sections of the spheroid by the cutting plane and all planes parallel to it 
will be circles. 

(2) If the cutting plane be not perpendicular to the axis, the base of the segments will be an ellipse of which PP' is an axis, 
and the sections of the spheroid by all planes parallel to the cutting plane will be similar ellipses. 

Draw a plane through C parallel to the base of the segments and meeting the plane of the paper in BB'. 

Construct three cones or segments of cones, two having A for their common vertex and the plane sections through Pi 3 ', BB' 








for their respective bases, and a third having the plane section through PP' for its base and A' for its vertex. 
Produce CA to H and CA' to H so that 
AH=AH' = CA. 

We have then to prove that 
(segment A'PP'): (cone or segment of cone A'PP') 

-CA+ AN : AN 
= NH : AN. 

Now half the spheroid is double of the cone or segment of a cone ABB' [Props. 27, 28]. Therefore 
(the spheroid) = 4 (cone or segment of cone ABB'). 

But 

(cone or segmt. of cone ABB') : (cone or segint. of cone APP') 

= (CA : AN).(BC*: PN*) 

— (CA : AN).(CA.CA ': AN .A'N). t .(*). 

If we measure AK along AA’ so that 

AK: AC = AC : AN, 

we have AK. A’N : AC. A’N= CA: AN, 

and the compound ratio in (a) becomes 

(AK. A'N: CA . A’N). (CA. CA': AN. AN), 

ie. AK. CA': AN. A'N 

Thus 

(cone or segmt. of cone ABB') : (cone or segmt. of cone APP') 

= AK. CA’ -. AN. A'N. 

But (cone or segment of cone APP'): (segment APP') 

~ A'N : NH' [Props, 29, 30] 

= AN.A'NiAN.NE\ 

Therefore, ex aequali, 

(cone or segment of cone ABB'): (segment APP') 

= AK. CA'-.AN.NPr, 

so that (spheroid) : (segment APP') 

= HH .AK:AN.NH, 

since HH = 4 CA'. 

Hence (segment A’PP’) : (segment APT') 

_ (HH f . AK - AN . NH') : AN. NH' 

- (AK . NH + NH '. NK) : AN. NH'. 

Further, 

(segment APP'): (cone or segment of cone APP') 

= NH ': A'N 
= AN.NH' r AN. A’N, 

and 


(cone or segmt. of cone APP '): (cone or segmt. of cone APP ') 

= AN : A'N 

= AN. A'N: A'N 2 . 

From the last three proportions we obtain, ex aequali, 

= (AK. NH + NH'. NK) : A'N* 

= {AK. NH + NS '. NK) : ( GA 1 + NS' . CN) 

= (AK.NH + NS '. JVif) : (AK.AN + NH'. ON) ...(/9). 


But 


.NH ; AiT. AV = A T iT : AN 

= CA+AN:AN 

=a# + cm: cm 

(since AK : AC = AC : AN) 

= HK : CA 

= HK~-NB:CA-AN 
=NK : CN 

= NH’.NK .NH'.CN. 

Hence the ratio in (fi) is equal to the ratio 

AK. NH. AK. AN, or NH. AN. 

Therefore 


= NH:AN 
**CA + AN-. AN. 


[If (x, v) be the coordinates of P referred to thbge conjugate diameters AA' BB' as axes of x, y, and if 2a, 2b be the lengths 
of the diameters respectively, we have, since 

(spheroid) - (lesser segment) = (greater segment), 


. IS 2ct + a? s/ . 2a — x . 

4 ” ai ~sm- y ( a -*) = a-x + 


and the above proposition is the geometrical proof of the truth of this equation where x, y are connected by the equation 


~S + L* — 1 *] 


* The whole of this introductory matter, including the definitions, is transletsd literally from the greek text in order that the terminology of Archimades may be faithfully 
represented. When this has once been set out, nothing will be lost by returning to morden phraseology and notation. These will accrdingly be employed, as usual, when we 
come to the actual propositions of the treatise. 

* A segment of a cone is deined later (p. 104). 

* The phraseology of Archimedes here is that associated with the traditional method of application of areas: si Ka...7iKp’ ^Kaaxav aUx^v 7iapa7i£07i xi 
yoopiovU7ieppa)Aov siSsi xsxpayCJvy “if to each of the lines there be applied a space [rectangle] exceeding by a square figure.” Thus A \ is a rectangle of height x applied 
to a line a but overlapping it so that the base extends a distance x beyond a. 

* The theorem which is here assumed by Archimedes as known can be proved in various ways. 

(1) It is easily deduced from Apollonius I. 49 (cf. Apollonius of Perga , pp. liii, 39). If in the figure the tangents at A and P be drawn, the former meeting PV in E and 
the latter meeting the axis in T, and if AE, PT meet at C the proposition of Apollonius is to the effect that 

CP : PE =p : 2PT , 

where p is the parameter of the ordinates to PV. 

(2) It may be proved independently as follows. 

Let QQ' meet the axis in O, and let QM, Q'M', PNbe ordinates to the axis. 

Then AM: AM' = QM 2 : QM' 2 = OM 2 : OM' 2 



whence 


AM : MM'~ 0M ‘ l : OM 12 - Gif' 1 

= OM 1 : (OM - OM ’). JMf', 

so that OM 2 = AM.(OM - OM'). 

That is to say, (AM - AO) 2 = AM. (AM + AM'- 2AO), 

or AO 2 = AM. AM'. 


And, since QM 2 = pa.AM. AM'. 

it follows that qat, Q'M'=p a ,A0 .. {«). 

Now QV*: QD*=QV* s ( Q M + V M y 

= QV*: +QM. Q'M' 

= <3 7^ (PN* + QM. Q’M’) 

= p.PV\p a .(AN+AO), by (o). 

But PV= TO = AN + AO. 

Therefore QV 2 : QD 2 =p : pa. 

* This follows from Eucl. XII. 11 and 14 taken together. Cf. On the Sphere and Cylinder I, Lemma 1. 

* See the defination of a segment of a cone (a7i6i|ia|ia kUvov) on p. 104. 

t This proposition was proved by Eudoxus, as stated in the preface to On the Sphere and Cylinder I. Cf. Eucl. XII. 10. 

* Cf. the Introduction, chapter III. § 4. 

* Archimedes begin Prop. 14 for the spheriod with the remark that, when the cutting plane passes through or is paralal to the axis, the case is clear (5^Xov). Cf. 
Prop. 11(3). 





ON SPIRALS 


“Archimedes to Dositheus greeting. 

Of most of the theorems which I sent to Conon, and of which you ask me from time to time to send you the proofs, the 
demonstrations are already before you in the books brought to you by Heracleides; and some more are also contained in that 
which I now send you. Do not be surprised at my taking a considerable time before publishing these proofs. This has been 
owing to my desire to communicate them first to persons engaged in mathematical studies and anxious to investigate them In 
fact, how many theorems in geometry which have seemed at first impracticable are in time successfully worked out! Now 
Conon died before he had sufficient time to investigate the theorems referred to; otherwise he would have discovered and 
made manifest all these things, and would have enriched geometry by many other discoveries besides. For I know well that it 
was no common ability that he brought to bear on mathematics, and that his industry was extraordinary. But, though many years 
have elapsed since Conon’s death, I do not find that any one of the problems has been stirred by a single person. I wish now to 
put them in review one by one, particularly as it happens that there are two included among them which are impossible of 
realisation * [and which may serve as a warning] how those who claim to discover everything but produce no proofs of the 
same may be confuted as having actually pretended to discover the impossible. 

What are the problems I mean, and what are those of which you have already received the proofs, and those of which the 
proofs are contained in this book respectively, I think it proper to specify. The first of the problems was, Given a sphere, to 
find a plane area equal to the surface of the sphere; and this was first made manifest on the publication of the book concerning 
the sphere, for, when it is once proved that the surface of any sphere is four times the greatest circle in the sphere, it is clear 
that it is possible to find a plane area equal to the surface of the sphere. The second was, Given a cone or a cylinder, to find a 
sphere equal to the cone or cylinder; the third, To cut a given sphere by a plane so that the segments of it have to one another an 
assigned ratio; the fourth, To cut a given sphere by a plane so that the segments of the surface have to one another an assigned 
ratio; the fifth, To make a given segment of a sphere similar to a given segment of a sphere * ; the sixth. Given two segments of 
either the same or different spheres, to find a segment of a sphere which shall be similar to one of the segments and have its 
surface equal to the surface of the other segment. The seventh was, From a given sphere to cut off a segment by a plane so that 
the segment hears to the cone which has the same base as the segment and equal height an assigned ratio greater than that of 
three to two. Of all the propositions just enumerated Heracleides brought you the proofs. The proposition stated next after these 
was wrong, viz. that, if a sphere be cut by a plane into unequal parts, the greater segment will have to the less the duplicate 
ratio of that which the greater surface has to the less. That this is wrong is obvious by what I sent you before; for it included 
this proposition: If a sphere be cut into unequal parts by a plane at right angles to any diameter in the sphere, the greater 
segment of the surface will have to the less the same ratio as the greater segment of the diameter has to the less, while the 
greater segment of the sphere has to the less a ratio less than the duplicate ratio of that which the greater surface has to the less, 
but greater than the sesqui- alterate* of that ratio. The last of the problems was also wrong, viz. that, if the diameter of any 
sphere be cut so that the square on the greater segment is triple of the square on the lesser segment, and if through the point thus 
arrived at a plane be drawn at right angles to the diameter and cutting the sphere, the figure in such a form as is the greater 
segment of the sphere is the greatest of all the segments which have an equal surface. That this is wrong is also clear from the 
theorems which I before sent you. For it was there proved that the hemisphere is the greatest of all the segments of a sphere 
bounded by an equal surface. 

After these theorems the following were propounded concerning the conef. If a section of a right-angled cone [a parabola], 
in which the diameter [axis] remains fixed, be made to revolve so that the diameter [axis] is the axis [of revolution], let the 
figure described by the section of the right-angled cone be called a conoid. And if a plane touch the conoidal figure and another 
plane drawn parallel to the tangent plane cut off a segment of the conoid, let the base of the segment cut off be defined as the 
cutting plane, and the vertex as the point in which the other plane touches the conoid. Now, if the said figure be cut by a plane 
at right angles to the axis, it is clear that the section will be a circle ; but it needs to be proved that the segment cut off will be 
half as large again as the cone which has the same base as the segment and equal height. And if two segments be cut off from 
the conoid by planes drawn in any manner, it is clear that the sections will be sections of acuteangled cones [ellipses] if the 
cutting planes be not at right angles to the axis; but it needs to be proved that the segments will bear to one another the ratio of 
the squares on the lines drawn from their vertices parallel to the axis to meet the cutting planes. The proofs of these 
propositions are not yet sent to you. 

After these came the following propositions about the spiral, 

which are as it were another sort of problem having nothing in common with the foregoing; and I have written out the proofs of 
them for you in this book. They are as follows. If a straight line of which one extremity remains fixed be made to revolve at a 



uniform rate in a plane until it returns to the position from which it started, and if, at the same time as the straight line revolves, 
a point move at a uniform rate along the straight line, starting from the fixed extremity, the point will describe a spiral in the 
plane. I say then that the area bounded by the spiral and the straight line which has returned to the position from which it started 
is a third part of the circle described with the fixed point as centre and with radius the length traversed by the point along the 
straight line during the one revolution. And, if a straight line touch the spiral at the extreme end of the spiral, and another 
straight line be drawn at right angles to the line which has revolved and resumed its position from the fixed extremity of it, so 
as to meet the tangent, I say that the straight line so drawn to meet it is equal to the circumference of the circle. Again, if the 
revolving line and the point moving along it make several revolutions and return to the position from which the straight line 
started, I say that the area added by the spiral in the third revolution will be double of that added in the second, that in the 
fourth three times, that in the fifth four times, and generally the areas added in the later revolutions will be multiples of that 
added in the second revolution according to the successive numbers, while the area bounded by the spiral in the first revolution 
is a sixth part of that added in the second revolution. Also, if on the spiral described in one revolution two points be taken and 
straight lines be drawn joining them to the fixed extremity of the revolving line, and if two circles be drawn with the fixed 
point as centre and radii the lines drawn to the fixed extremity of the straight line, and the shorter of the two lines be produced, 
I say that (1) the area bounded by the circumference of the greater circle in the direction of (the part of) the spiral included 
between the straight lines, the spiral (itself) and the produced straight line will bear to (2) the area bounded by the 
circumference of the lesser circle, the same (part of the) spiral and the straight line joining their extremities the ratio which (3) 
the radius of the lesser circle together with two thirds of the excess of the radius of the greater circle over the radius of the 
lesser bears to (4) the radius of the lesser circle together with one third of the said excess. 

The proofs then of these theorems and others relating to the spiral are given in the present book. Prefixed to them, after the 
manner usual in other geometrical works, are the propositions necessary to the proofs of them And here too, as in the books 
previously published, I assume the following lemma, that, if there be (two) unequal lines or (two) unequal areas, the excess by 
which the greater exceeds the less can, by being [continually] added to itself, be made to exceed any given magnitude among 
those which are comparable with [it and with] one another.” 


Proposition 1. 

If a point move at a uniform rate along any line, and two lengths be taken on it, they will be proportional to the times of 
describing them. 

Two unequal lengths are taken on a straight line, and two lengths on another straight line representing the times; and they 
are proved to be proportional by taking equimultiples of each length and the corresponding time after the manner of Eucl. Y. 
Def. 5. 


Proposition 2. 

If each of two points on different lines respectively move along them each at a uniform rate, and if lengths be taken, 
one on each line, forming pairs, such that each pair are described in equal times, the lengths will be proportionals. 

This is proved at once by equating the ratio of the lengths taken on one line to that of the times of description, which must 
also be equal to the ratio of the lengths taken on the other line. 


Proposition 3. 

Given any number of circles, it is possible to find a straight line greater than the sum of all their circumferences. 

For we have only to describe polygons about each and then take a straight line equal to the sum of the perimeters of the 
polygons. 


Proposition 4. 

Given two unequal lines, viz. a straight line and the circumference of a circle, it is possible to find a straight line less 
than the greater of the two lines and greater than the less. 

For, by the Lemma, the excess can, by being added a sufficient number of times to itself, be made to exceed the lesser line. 



Thus e.g., if c > l (where c is the circumference of the circle and I the length- of the straight line), we can find a number n 
such that 


n (c - l) > l. 


Therefore c _ \ > _ 

n ' 

and c > l + - > L 

n 

Hence we have only to divide / into n equal parts and add one of them to l. The resulting line will satisfy the condition. 

Proposition 5. 

Given a circle with centre O, and the tangent to it at a point A, it is possible to draw from O a straight line OPF, 
meeting the circle in P and the tangent in F, such that, if c be the circumference of any given circle whatever , 

FP: OP < (arc AP) : c. 

Take a straight line, as D, greater than the circumference c. [Prop. 3] 

Through O draw OH parallel to the given tangent, and draw through^ a line APH, meeting the circle i n P and OH 



in H, such that the portion PH intercepted between the circle and the line OH may be equal to D*. Join OP and produce it 
to meet the tangent in F. 

Then FP : OP — AP : PH, by parallels, 

- AP : D 
< (arc AP) : c. 


Proposition 6. 

Given a circle with centre O, a chord AB less than the diameter, and OM the perpendicular on AB from O, it is possible 
to draw a straight line OFP, meeting the chord AB in F and the circle in P, such that 

FP: PB=D : E, 

where D : E is any given ratio less than BM : MO. 

Draw OH parallel to AB, and BT perpendicular to BO meeting OH in T. 

Then the triangles BMO, OBT are similar, and therefore 

BM: MO = OB : BT, 

whence D : E > OB : BT. 

Suppose that a line PH (greater than BT) is taken such that 

D : E = OB : PH, 







p--— 

E- 

and let PH be so placed that it passes through B and P lies on the circumference of the circle, while H is on the line OH*. 
{PH w\\\ fall outside BT, because PH> BT.) Join OP meeting^? in F. 

We now have FP : PB = OP : PH 

= OB : PH 

= D:E. 


Proposition 7. 

Given a circle with centre O, a chord AB less than the diameter, and OM the perpendicular on it from O, it is possible 
to draw from O a straight line OPF, meeting the circle in P and AB produced in F, such that 

FP: PB = D : E, 

where D : E is any given ratio greater than BM : MO. 

Draw OT parallel to AB, and BT perpendicular to BO meeting OT in T. 

In this case, D \ E > BM' MO 

> OB : BT, by similar triangles. 



E 


Take a line PH (less than BT) such that 

D : E = OB : PH, 

and place PH so that P, H are on the circle and on OT respectively, while HP produced passes through B *. 
Then FP : PB = OP : PH 
= 1) i E. 


Proposition 8. 

Given a circle with centre O, a chord AB less than the diameter, the tangent at B, and the perpendicular OM from O on 
AB, it is possible to draw from O a straight line OFP, meeting the chord AB in F, the circle in P and the tangent in G, such 
that 


FP : BG = D : E, 













where D : E is any given ratio less than BM: MO. 

If OT be drawn parallel to AB meeting the tangent at B in T, 

BM: MO = OB : BT, 

so that D : E < OB : BC, 

Take a point O on TB produced such that 

D : E = OB : BC, 

whence BC > BT. 

Through the points O, T, G describe a circle, and let OB be produced to meet this circle in K. 



Then, since BO > BT, and OB is perpendicular to CT, it is possible to draw from O a straight line OGQ, meeting CT in G 
and the circle about OTC in Q, such that GQ = BK*. 

Let OGQ meet AB in F and the original circle in P. 

Now CG.GT = OG. GQ; 

and OF : OG = BT : GT, 

so that OF. GT = OG. BT. 

It follows that CG. GT: OF. GT + OG. GQ: OG. BT, 
or CG : 0F= GQ CBT 

= BK : BT, by construction, 

= BC:OB 
= BC ; OP. 

Hence OP : OF = BC: CG, 

and therefore PF : OP = BG : BC 

or PF: BG — OP : BC 

~OB:BC 

a* D : E. 


Proposition 9. 

Given a circle with centre O, a chord AB less than the diameter, the tangent at B, and the perpendicular OM from O on 
AB, it is possible to draw from O a straight line OPGF meeting the circle in P, the tangent in G, and AB produced in F, 
such that 

FP : BG = D : E, 

where D : E is any given ratio greater than BM: MO. 

Let OT be drawn parallel to AB meeting the tangent at B in T. 








Then 


D : E > BM : MO 


Produce TB to C so that 

whence 


> OB : BT, by similar triangles. 

<OB : BT, by similar triangles. 

D : E = OB : BC, 

BC < BT. 



Describe a circle through the points O, T, C, and produce OB to meet this circle in K. 

Then, since TB < BC and OB is perpendicular to CT, it is possible to draw from O a line OGQ, meeting CT in G, and the 
circle about OTC in Q, such that GQ = BK* Let OQ meet the original circle in P and AB produced in F. 

We now prove, exactly as in the last proposition, that 

GQ : QF=BK:BT 
- BC : OP. 

Thus, as before, OP : OF = BC: CG, 
and OP: PF = BC: BG, 

whence PF : BG — OP : BC 

= OB : BC 
= D;E. 


Proposition 10. 


If A ,, A 2 , A 3 , .. .A n be n lines forming an ascending arithmetical progression in which the common difference is equal to 
A\, the least term, then 


(n+l)A n * + A 1 (A 1 + A 1 +... + A n ) = 3(A* + A* + '.'+A n a ). 


[Archimedes’ proof of this proposition is given above, p. 107-9, and it is there pointed out that the result is equivalent to 

l 1 + 2*+ 3* + ... + n* ~ ?K g_+ . 1) (2* + ]) ] 

Cor. 1 . It follows from this proposition that 

n . An < 3 (^ti 2 + A a + .,. + A^), 


and also that 










7i. j4„ a > 3{-4i* + A% + -.. + 


[For the proof of the latter inequality see p. 109 above.] 

cor. 2. All the results will equally hold if similar figures are substituted for squares. 


Proposition 11. 

If Ay, A 2 , ...A n be n lines forming an ascending arithmetical progression [in which the common difference is equal to 
the least term Ay*, then 


(n -1 ) A n * : (A n * + A n -' +... + A?) 

< An ; {A n 1 ^ 1 +^ ( A n ■*- 5 

but 

(ft — 1) A^ ' (An-* + An—* + •• • + Af) 

^ A n : . A^ + ^ (A n — 

[Archimedes sets out the terms side by side in the manner shown in the figure, where BC = A n , DE = A n _y,.. .RS = Ay, and 
produces DE, FG,.. .RS until they are respectively equal to BC or A n , so that EEI, GI,...SU in the figure are respectively equal 
to A h A 2 .. .A n _ He further measures lengths BK, DL, FM,.. .PV along BC, DE, FG,.. .PQ respectively each equal to RS. 
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The figure makes the relations between the terms easier to see with the eye, but the use of so large a number of letters 
makes the proof somewhat difficult to follow, and it may be more clearly represented as follows.] 

It is evident that (A n - A j) = A n _y. 

The following proportion is therefore obviously true, viz. 

(n - 1) An : (« — 1) (An .4i+i 

= A n ‘ {A n • -d-i F^ (A n }* 

In order therefore to prove the desired result, we have only to show that 

(■&* +^‘+...+a s ') 

but 

I. To prove the first inequality, we have 

(n - 1) A n .+ H n ” !) An-* 

- (n —1) A j* + (n — 1) Aj . A n l + £ (n — 1) ..(1). 


And 







4 n J + A-n— i* +... + A* 

= (4 }M + 4,) 11 + (^n-3 + A^f + ... + (4 : + A 2 ) s 

= (An-* + A n „£ -f ,.. -f Ay) 

+ (»“ 1)^!* 

+ %A\ (A n _ i + 4 m _2 + .., -b Ai) 

— (An—* + A^% + ... + -4^) 

+ (n-l)A* 

+ Ai {4.^! + An-fi + An- a -b ... -f A l 

+ 4j +4 2 + ... + 4„_ s -b A. n —i} 

= (A n _* + A i ^'+... + A*) 

+ (n-l)A l * 

+ nA 1 ,4 n _j...... 4144 ( 2 ), 


Comparing the right-hand sides of (1) and (2), we see that (n -l)^ 2 is common to both sides, and 

( n ~ lMi-A n _i > n Aj.A n _j, 


while, by Prop. 10, Cor. 1, 


^ (m. — 1) A n—* < An—* + A n ->* +... A- A*. 


It follows therefore that 


(n— 1) An. A x + j (ft " 1) 4 n _ 1 2 < (An + 4 W _ 1 3 -|- ... + 4 S *) j 

and hence the first part of the proposition is proved. 

II. We have now, in order to prove the second result, to show that 

(w — 1) A n . A 1 + J (ft " 1) 4*_ 1 4 > (A^-* + A n -J +... +4!*). 

The right-hand side is equal to 

(4 n _ s . + 4,) s + (4*_ 3 + 40 s + ... + (4 X + 40*+ A* 

— A n —* + 4 n _ s 2 -b..* + 4 X 2 
+ (n-l)4 1 * 

■f 24j (An —2 “b 4 w „3 “b •.• "b 4i) 

— (4 n _g: 2 + 4fl_ 3 * + . .. + A*) 

+ (n — l)A* 

-b 4j f 4^^2-b4 ft—IS + **, + A 1 1 
t ~¥ •'* "h *4 it— 3 ) 

= (4 n ^ a + 4 n _3 a + ... -b 4^) 

+ (n-l)4 1 s 

-b(it — 2) 4j ■ A n -: ..... .(3). 

Comparing this expression with the right-hand side of (1) above, we see that («-lf4| 2 is common to both sides, and 

(n - l)Aj. A n .j>(n - 2)A 1 . A n _ h 


while, by Prop. 10, Cor. 1, 




— 1) i* > a + A-n—3 4* ■ 4* J&-i ). 

Hence 

(?l — + ^ (w — 1) .Art_i 4 >■ (-^-n-i 4“ -^n—a 4* • ■» 4“ *^-i )» 

and the second required result follows. 

Cor. The remits in the above proposition are equally true if similar figures be substituted for squares on the several 
lines. 

Definitions. 

1. If a straight line drawn in a plane revolve at a uniform rate about one extremity which remains fixed and return to the 
position from which it started, and if, at the same time as the line revolves, a point move at a uniform rate along tb straight line 
beginning from the extremity which remains fixed, the point will describe a spiral (^Xi^)in the plane. 

2. Let the extremity of the straight line which remains fixed while the straight line revolves be called the origin * (apya) 
of the spiral. 

3. And let the position of the line from which the straight line began to revolve be called the initial line * in the revolution 
(apya xas 7ispi<j)opas). 

4. Let the length which the point that moves along the straight line describes in one revolution be called the first distance, 
that which the same point describes in the second revolution the second distance, and similarly let the distances described in 
further revolutions be called after the number of the particular revolution. 

5. Let the area bounded by the spiral described in the first revolution and the first distance be called the first area, that 
bounded by the spiral described in the second revolution and the second distance the second area, and similarly for the rest in 
order. 

6. If from the origin of the spiral any straight line be drawn, let that side of it which is in the same direction as that of the 
revolution be called forward (7ipoayoUgeva), and that which is in the other direction backward Q7i6psva). 

7. Let the circle drawn with the origin as centre and the first distance as radius be called the first circle, that drawn with 
the same centre and twice the radius the second circle, and similarly for the succeeding circles. 


Proposition 12. 

If any number of straight lines drawn from the origin to meet the spiral make equal angles with one another, the lines 
will be in arithmetical progression. 

[The proof is obvious] 


Proposition 13. 


If a straight line touch the spiral, it will touch it in one point only. 

Let O be the origin of the spiral, and BC a tangent to it. 

If possible, let BC touch the spiral in two points P, Q. Join OP, OQ, and bisect the angle POQ by the straight line OR 
meeting the spiral in R. 





Then [Prop. 12] OR is an arithmetic mean between OP and OQ, or 

OP+ OQ = 20R. 

But in any triangle POQ, if the bisector of the angle POQ meets PQ in K, 

OP + OQ >2OK*. 

Therefore OK < OR, and it follows that some point on BG between P and Q lies within the spiral. Hence BC cuts the 
spiral; which is contrary to the hypothesis. 


Proposition 14. 

If O be the origin, and P, Q two points on the first turn of the spiral, and if OP, OQ produced meet the first circle’ 
AKP’Q’ in P\ Q' respectively, OA being the initial line, then 

OP : OQ = (arc AKPffarc AKQ' 

For, while the revolving line OA moves about O, the points on it moves uniformly along the circumference of the circle 
AKP'Q', and at the same time the point describing the spiral moves uniformly along OA. 



Thus, while A describes the arc AKP', the moving point on OA describes the length OP, and, while A describes the arc 
AKQ', the moving point on OA describes the distance OQ. 

Hence OP : OQ = c +(arc AKP') fare AKQ). [Prop. 2] 

Proposition 15. 

If P, Q be points on the second turn of the spiral, and OP, OQ meet the first circle’ AKP'Q' in P\ Q\ as in the last 
proposition, and if c be the circumference of the first circle, then 

OP: OQ = c +(arc AKP): c +(arc AKQ). 

For, while the moving point on OA describes the distance OP, the points describes the whole of the circumference of the 
‘first circle’ together with the arc AKP'-, and, while the moving point on OA describes the distance OQ, the points describes 
the whole circumference of the ‘first circle’ together with the arc AKQ'. 

Cor. Similarly, if P, Q are on the nth turn of the spiral, 

OP: OQ = (n - l)c+(arc AKP):(n-l)c + (arc AKQ). 


Propositions 16,17. 

If BC be the tangent at P, any point on the spiral, PC being the forward’ part of BC, and if OP be joined, the angle 
OPC is obtuse while the angle OPB is acute. 

I. Suppose P to be on the first turn of the spiral. 

Let OA be the initial line, AKP' the ‘first circle’. Draw the circle DLP with centre O and radius OP, meeting OA in D. This 






circle must then, in the ‘forward’ direction from P, 



fall within the spiral, and in the ‘backward’ direction outside it, since the radii vectores of the spiral are on the ‘forward’ side 
greater, and on the ‘backward’ side less, than OP. Hence the angle OPG cannot be acute, since it cannot be less than the angle 
between OP and the tangent to the circle at P, which is a right angle. 

It only remains therefore to prove that OPG is not a right angle. 

If possible, let it be a right angle. BG will then touch the circle at P. 

Therefore [Prop. 5] it is possible to draw a line OQC meeting the circle through P in Q and BC in C, such that 

CQ : OQ < (arc PQ) : (arc DLP) . (1). 

Suppose that OC meets the spiral inf? and the ‘first circle’ inf?'; and produce OP to meet the ‘first circle’ in P'. 

From(l) it follows, componendo, that 

GO : OQ < (arc DLQ) : (arc DLP) 

< (arc AK1V) : (arc AKP') 

< OR : OP. [Prop, 14] 

But this is impossible, because OQ = OP, and OR < OC. 

Hence the angle OPC is not a right angle. It was also proved not to be acute. 

Therefore the angle OPC is obtuse, and the angle OPB consequently acute. 

II. If P is on the second, or the nth turn, the proof is the same, except that in the proportion (1) above we have to substitute 
for the arc DLP an arc equal to ( n _ 1. p -j. arc D LP)> where p is the perimeter of the circle 








DLP through P. Similarly, in the later steps, p or (n - 1) p will be added to each of the arcs DLQ and DLP, and c or (n - 1 )c to 
each of the arcs AKR', AKP', where c is the circumference of the ‘first circle’ AKP'. 


Propositions 18,19. 

I. If OA be the initial line, A the end of the first turn of the spiral, and if the tangent to the spiral at A be drawn, the 
straight line OB drawn from O perpendicular to OA will meet the said tangent in some point B j and OB will be equal to the 
circumference of the first circle ’. 

II. If A' be the end of the second turn, the perpendicular OB will meet the tangent at A' in some point B\ and OB’ will 
be equal to 2 (circumference of ‘second circle’). 

III. Generally, if A n be the end of the nth turn, and OB meet the tangent at A n in B n , then 

OB n = nc n 

where c n is the circumference of the ‘nth circle’. 

I. Let AKC be the ‘first circle’. Then, since the ‘backward’ angle between OA and the tangent at A is acute [Prop. 16], the 
tangent will meet the ‘first circle’ in a second point C. And the angles CAO, BOA are together less than two right angles; 
therefore OB will meet AG produced in some point B. 



Then, if c be the circumference of the first circle, we have to prove that 

OB = c. 

If not, OB must be either greater or less than c. 

(1) If possible, suppose OB > c. 

Measure along OB a length OD less than OB but greater than c. 

We have then a circle AKG, a chord AC in it less than the diameter, and a ratio AO: OD which is greater than the ratio AO : 
OB or (what is, by similar triangles, equal to it) the ratio of j.AC to the perpendicular from 0 on AC. Therefore [Prop. 7] we 
can draw a straight line OPF, meeting the circle in P and CA produced in F, such that 

FP : PA = AO: OD. 

Thus, alternately, since AO = PO, 

FP : PO = PA : OD 

< (arc PA) : C, 

since (arc PA) > PA, and OD > c. 

Componendo, 

FO ■ PO < (c + arc PA ): c 
< OQ : OA, 








where OF meets the spiral in Q. [Prop. 15] 

Therefore, since OA = OP, FO < OQ\ which is impossible. 

Hence OB^c. 

(2) If possible, suppose OB < c. 

Measure OE along OB so that OE is greater than OB but less than c. 

In this case, since the ratio AO : OE is less than the ratio AO : OB (or the ratio of t to the perpendicular from O on AC), we 
can [Prop. 8] draw a line OF'P'G, meeting AC in F, the circle in P', and the tangent at A to the circle in G, such that 

F'P' : AG = AO : OE. 

Let OP'G cut the spiral in Q 
Then we have, alternately, 

F'P' ■,P'0 = AG: OE 

> (arc AP') : c, 

because AG > (arc AP'), and OE < c. 

Therefore F'O : P'0 < (arc AKP’) : c 

< OQ : OA. [Prop, 14] 

But this is impossible, since OA = OP', and OQ' < OF. 

Hence OB^c. 

Since therefore OB is neither greater nor less than c, 

OB = c. 

n. Let A'K'C' be the ‘second circle,’ A'C' being the tangent to the spiral at A' (which will cut the second circle, since the 
‘backward’ angle OA'C' is acute). Thus, as before, the perpendicular OB' to OA' will meet A 'C' produced in some point 5'. 

If then c' is the circumference of the ‘second circle,’ we have to prove that OB' = 2c'. 



For, if not, OB' must be either greater or less than 2c'. (1) If possible, suppose OB' > 2c'. 

Measure OD' along OB' so that OB' is less than OB' but greater than 2c'. 

Then, as in the case of the ‘first circle’ above, we can draw a straight line OPF meeting the ‘second circle’ in P and C'A 1 
produced in F, such that 

FP : PA'= A'0: OD'. 

Let OF meet the spiral in Q. 

We now have, since A'0 = PO, 





FP : PO = PA' : OU 

< (arc A f P) : 2c', 

because (arc AT) > A'P and OD 1 > 2c'. 

Therefore FO ■ PO < (2c 1 + arc A'P) : 2c' 

< OQ : 0A\ [Prop- 15, Cor.] 

Hence FO < OQ\ which is impossible. 

Thus OB'^2c' 

Similarly, as in the case of the ‘first circle’, we can prove that 

OB \2c' 

Therefore OB' = 20 

HI. Proceeding, in like manner, to the ‘third’ and succeeding circles, we shall prove that 

OB n = nc n . 

Proposition 20. 

I. IfP be any point on the first turn of the spiral and OT be drawn perpendicular to OP, OT will meet the tangent at P 
to the spiral in some point T; and, if the circle drawn with centre 0 and radius OP meet the initial line in K, then OT is 
equal to the arc of this circle betiueen K and P measured in the forward’ direction of the spiral. 

H. Generally, if P be a point on the nth turn, and the notation be as before, while p represents the circumference of the 
circle with radius OP, 

OT = (n-l)p + arc KP(measured forward’). 

I. Let P be a point on the first turn of the spiral, OA the initial line, PR the tangent at P taken in the ‘backward’ direction. 

Then [Prop. 16] the angle OPR is acute. Therefore PR meets the circle through P in some poi nt R; and also OT will meet 
PR produced in some point T. 

If now OT is not equal to the arc KRP, it must be either greater or less. 


F 



(1) If possible, let OT be greater than the arc KRP. 

Measure OU along OT less than OTbut greater than the arc KRP. 

Then, since the ratio PO : OU is greater than the ratio PO : OT, or (what is, by similar triangles, equal to it) the ratio of £ 
PR to the perpendicular from O on PR, we can draw a line OQF, meeting the circle in Q and RP produced in F, such that 


FQ:PQ = PO; OU. 


[Prop. 7] 




Let OF meet the spiral in Q. 

We have then FQ : QO = PQ : OU 


Componendo, 


< (arc PQ) : (arc KRP ), by hypothesis. 
FQ-.QO< (arc KRQ) : (arc KRP) 
< OQ : OP. 


[Prop. 14] 


But QO = OP. 

Therefore FO < OQ'', which is impossible. 

Hence OT^farc KRP). 

(2) The proof that OT ^ (arc KRP) follows the method of Prop. 18, 1. (2), exactly as the above follows that of Prop. 18, 1. 

Since then OT is neither greater nor less than the arc KRP, it is equal to it. 

II. If P be on the second turn, the same method shows that 


OT = p+(arc KRP); 

and, similarly, we have, for a point P on the nth turn, 

OT = (n-l)p + (arc KRP). 


Propositions 21, 22, 23. 


Given an area bounded by any arc of a spiral and the lines joining the extremities of the arc to the origin, it is possible 
to circumscribe about the area one figure, and to inscribe in it another figure, each consisting of similar sectors of circles, 
and such that the circumscribed figure exceeds the inscribed by less than any assigned area. 

For let BC be any arc of the spiral, O the origin. Draw the circle with centre O and radius OC, where C is the ‘forward’ 
end of the arc. 

Then, by bisecting the angle BOG, bisecting the resulting angles, and so on continually, we shall ultimately arrive at an 
angle COr cutting off a sector of the circle less than any assigned area. Let COr be this sector. 

Let the other lines dividing the angle BOG into equal parts meet the spiral in P, Q, and let Or meet it in R. With 0 as centre 
and radii OB, OP, OQ, OR respectively describe arcs of circles Bp\ bBq\ pQr', qRc', each meeting the adjacent radii as 
shown in the figure. In each case the arc in the ‘forward’ direction from each point will fall within, and the arc in the 
‘backward’ direction outside, the spiral. 

We have now a circumscribed figure and an inscribed figure each consisting of similar sectors of circles. To compare their 
areas, we take the successive sectors of each, beginning from OC, and compare them 



The sector OCr in the circumscribed figure stands alone. 






And (sector QRq ) = (sector 0R&), 

(sector OQp) — (sector OQr '), 

(sector OPb) = (sector OPq), 

while the sector OBp' in the inscribed figure stands alone. 

Hence, if the equal sectors be taken away, the difference between the circumscribed and inscribed figures is equal to the 
difference between the sectors OCr and OBp'; and this difference is less than the sector OCr, which is itself less than any 
assigned area. 

The proof is exactly the same whatever be the number of angles into which the angle BOC is divided, the only difference 
being that, when the arc begins from the origin, the smallest sectors OPb, OPq' in each figure are equal, and there is therefore 
no inscribed sector standing by itself, so that the difference between the circumscribed and inscribed figures is equal to the 
sector OCr itself. 



Thus the proposition is universally true. 

COR. Since the area bounded by the spiral is intermediate in magnitude between the circumscribed and inscribed figures, it 
follows that 

(1) a figure can be circumscribed to the area such that it exceeds the area by less than any assigned space, 

(2) a figure can be inscribed such that the area exceeds it by less than any assigned space. 

Proposition 24. 

The area bounded by the first turn of the spiral and the initial line is equal to one-third of the first circle’ 
[= .jj. t r (2ira) 2 , where the spiral is r = ad]. 

[The same proof shows equally that, if OP be any radius vector in the first turn of the spiral, the area of the portion of 
the spiral bounded thereby is equal to one-third of that sector of the circle drawn with radius OP which is bounded by the 
initial line and OP, measured in the forward’ direction from the initial line.] 

Let O be the origin, OA the initial line, A the extremity of the first turn. 

Draw the ‘first circle’, i.e. the circle with O as centre and OA as radius. 

Then, if C, be the area of the first circle, that of the first turn of the spiral bounded by OA, we have to prove that 

R i=i c i 

For, if not, /?, must be either greater or less than C { . 

I. If possible, suppose R } = ^C 1 . 

We can then circumscribe a figure about R x made up of similar sectors of circles such that, if F be the area of this figure, 

F-Rj^Cj-Rj, 

whence F<yC/. 

Let OP, OQ,... be the radii of the circular sectors, beginning from the smallest. The radius of the largest is of course OA. 



The radii then form an ascending arithmetical progression in which the common difference is equal to the least term OP. If 
n be the number of the sectors, we have [by Prop. 10, Cor. 1] 

n. OA 2 <3(OP 2 +OQ 2 + ... +OA 2 ) 



and, since the similar sectors are proportional to the squares on their radii, it follows that 

C]<3F, 

or F<3Cj, 

But this is impossible, since F was less than^Cj. 

Therefore R^jCj. 

II. If possible, suppose R,>|-C|. 

We can then inscribe a figure made up of similar sectors of circles such that, if /be its area, 

R r f<R 1 ~$C 1 

whence / > -jC 1 . 

If there are (n - 1 ) sectors, their radii, as OP, OQ, ..., form an ascending arithmetical progression in which the least term 
is equal to the common difference, and the greatest term, as OY, is equal to (n - 1) OP. 

Thus [Prop. 10, Cor.l] 

n.OA 2 >3(OP 2 + 0^+ ... +OY 2 

whence C 1 >3f 

or 

which is impossible, since f > ^C 1 
Therefore R 1 jC 1 

Since then R { is neither greater nor less than^Cj, 

R, = JC, 

[Archimedes does not actually find the area of the spiral cut off by the radius vector OP, where P is any point on the first 
turn; but, in order to do this, we have only to substitute in the above proof the area of the sector KLP of the circle drawn with O 
as centre and OP as radius for the area Q of the ‘first circle’, while the two figures made up of similar sectors have to be 
circumscribed about and inscribed in the portion OEP of the spiral. The same method of proof then applies exactly, and the 
area of OEP is seen to be £ (sector KLP). 








We can prove also, by the same method, that, if P be a point on the second, or any later turn, as the nth, the complete area 
described by the radius vector from the beginning up to the time when it reaches the position OP is, if C denote the area of the 
complete circle with O as centre and OP as radius, ^(C + sector KLP) or £ ( w _ j t (j _|_ sector KLP) ; respectively. 

The area so described by the radius vector is of course not the same thing as the area bounded by the last complete turn of 
the spiral ending at P and the intercepted portion of the radius vector OP. Thus, suppose R x to be the area bounded by the first 
turn of the spiral and 0A ] (the first turn ending at A 1 on the initial line), R 2 the area added to this by the second complete turn 
ending at A 2 on the initial line, and so on. R { has then been described twice by the radius vector when it arrives at the position 
0A 2 ; when the radius vector arrives at the position 0A 3 , it has described R 1 three times, the ring R 2 twice, and the ring R 3 once; 
and so on. 

Thus, generally, if C n denote the area of the ‘nth circle’, we shall have 

\ nC n =R n + 2R n-l + 3R n-2 + ••• + nRj, 

while the actual area bounded by the outside, or the complete nth, turn and the intercepted portion of OA n will be equal to 

R n +R n-1 +R n-2 + - + R l- 

It can now be seen that the results of the later Props. 25 and 26 may be obtained from the extension of Prop. 24 just given. 

To obtain the general result of Prop. 26, suppose BC to be an arc on any turn whatever of the spiral, being itself less than a 
complete turn, and suppose B to be beyond A n the extremity of the nth complete turn, while C is ‘forward’ from B. 

P 

Let - be the fraction of a turn between the end of the nth turn and the point B. 

7 

Then the area described by the radius vector up to the position OB (starting from the beginning of the spiral) is equal to 

f (ft +-^1 (circle with rad. OB). 


Also the area described by the radius vector from the beginning up to the position OC is 



(circle with rad. 


00) + (sector jB'ilfC) j. 


The area bounded by OB, OC and the portion BEC of the spiral is equal to the difference between these two expressions; 
and, since the circles are to one another as OB 2 to OC 2 , the difference may be expressed as 

i j( w + ^) (* — Tjjjs) (circle with rad. OC) + (sector B'MG) l. 

(ft + (circle B'MG) : j(«-j-^j(circle B'MG) + (sector B'MG )» 

= OB : OC , 


But, by Prop. 15, Cor., 







so that 


(n (circle B'MC) : (sector B'MC) = OB : (00 - OB). 

, 05(00 + 05) + OC‘ 

J ‘ OC' 

00.05 + H00-05) 8 
So 5 • 

The result of Prop. 25 is a particular case of this, and the result of Prop. 27 follows immediately, as shown under that 
proposition.] 


rp, area BEG 

sector IWC ~ 


Proposition 25, 26, 27. 

[Prop. 25.] If A 2 be the end of the second turn of the spiral, the area bounded by the second turn and 0A 2 is to the area 
of the ‘second circle ’ in the ratio of 7 to 12, being the ratio of |^ to where r } , r 2 are the radii of the 

first’ and ‘second’ circles respectively. 

[Prop. 26.] If BC be any arc measured in the forward’ direction on any turn of a spiral, not being greater than the 
complete turn, and if a circle be drawn with O as centre and OC as radius meeting OB in B\ then 

{area of spiral between OB, OC) : (sector OB'C) 

= {0C.0B+i(0C-0B) 3 } : 0C\ 

[Prop. 27.] If Ri be the area of the first turn of the spiral bounded by the initial line, R 2 the area of the ring added by 
the second complete turn, R s that of the ring added by the third turn, and so on, then 

R 2 = 2R 2 , R 4 = 3R 2 , Rj = 4R 2 , ..., Rn = (n —1) R 2 . 

Also R 2 = 6 Rj 

[Archimedes’ proof of Prop. 25 is, mutatis mutandis, the same as his proof of the more general Prop. 26. The latter will 
accordingly be given here, and applied to Prop. 25 as a particular case.] 

Let BG be an arc measured in the ‘forward’ direction on any turn of the spiral, GKB' the circle drawn with O as centre and 
OC as radius. 

Take a circle such that the square of its radius is equal to OC.OB, and let a be a sector in it whose central angle is equal to 
the angle BOG. 

Thus a : (sector OB'C) = {OC.OB +\(OC-OB) 2 }:OC 2 , 










and we have therefore to prove that 


(area of spiral OBC) = a. 

For, if not, the area of the spiral OBG (which we will call S) must be either greater or less than a. 

I. Suppose, if possible, S < c 

Circumscribe to the area S a figure made up of similar sectors of circles, such that, iff 7 be the area of the figure, 

F~S<a~S, 

whence F<o. 

Let the radii of the successive sectors, starting from OB, be OP, OQ,...OC. Produce OP, OQ, ... to meet the circle GKB', 




If then the lines OB, OP, OQ, ... OG be n in number, the number of sectors in the circumscribed figure will be (n - 1), and 
the sector OB'C will also be divided into (n - 1) equal sectors. Also OB, OP, OQ, ... OC will form an ascending arithmetical 
progression of n terms. 

Therefore [see Prop. 11 and Cor.] 

(n - 1) 0<P : (OP* + OQ 2 + ... + 0C a ) 

<0G*;, [OQ. OB + UOC -OB)*} 

< (sector OB'C) : <x, by hypothesis. 

Hence, since similar sectors are as the squares of their radii, 

(sector OB'C):F<( sector OB'C) :c 

so that F > a. 

But this is impossible, because F<a. 

Therefore S/o. 

n. Suppose, if possible, S > a. 

Inscribe in the area S a figure made up of similar sectors of circles such that, if /be its area, 

S - f < S - a, 

whence /> a. 

Suppose OB, OP,... OY to be the radii of the successive sectors making up the figure /, being (n - 1) in number. 

We shall have in this case [see Prop. 11 and Cor.] 

(n-l)OCP: (0P S + OP* +... + 0F S ) 

> OC 1 : {OC. OB + $ (OC- OB)*}, 


whence 


(sector OB'C):f > (sector OB'C):p, 





so that / < o 

But this is impossible, because/> a. 

Therefore S^p 

Since then S is neither greater nor less than o, it follows that 

5 = o. 

In the particular case where B coincides with A 1 the end of the first turn of the spiral, and C with A 2 , the end of the second 
turn, the sector OB'G becomes the complete ‘second circle,’ that, namely, with OA 2 (or r 2 ) as radius. 

Thus 

(area of spiral bounded by 0A 2 ) : (‘ second circle ’) 


= {*Vi + £0* s -n)'} : rS 
= (2 + £): 4 (since r 2 = 2^) 

= V : 12. 

Again, the area of the spiral bounded by OA 2 is equal to 7?, + R 2 (i.e. the area bounded by the first turn and 0A h together with 
the ring added by the second turn). Also the ‘second circle’ is four times the ‘first circle,’ and therefore equal to 127?!. 

Hence (7?;+7? 2 ): 127?; = 7:12, 

or 7?; + 7? 2 = 77?;. 

Thus E t = 6iJi.(1). 

Next, for the third turn, we have 


(i£, + IL + R 3 ) : ( f third circle’) = {r 3 r 2 + £ (r 3 — r 2 ) s } : r* 

= ($.8+*):** 

= 18 : 27, 

and (‘ third circle ’) = 9 (‘ first circle ’) 

- 27jR, ; 

therefore 7?; + 7? 2 + 7?j = 197?;, 

and, by (1) above, it follows that 

74=12^ 
= 2 


■ * * * ■« + 4 * 


•( 2 ), 


and so on. 

Generally, we have 

(jRi + ... + R n ) : (tith circle) - {?-/»_, +1 (r„ — r^f] : r^> 

(R t + -f R n -0 : {« — 1th circle) 

= [r n - 1 r „_2 + 4 - At-a) 2 ) = At-i*, 


and 


Therefore 


(rath circle): (n — 1th circle) - r n *: r n _, s . 

-f R 2 + ... + .R,,) : (J^i Ii‘i + ... + Rn-i) 

= {n (n - l) + 4 } : {{ra - 1 ) (n - 2 ) + 4 } 

= [3 n (n - 1) + 1} : {3 (» - l)(?i - 2) + lj. 


Dirimendo, 





a * ■ i « 4 * 


JRji; +... + -Rjj—j) 

— 6 (n — 1) : f3(n-l)(ft-2) + l] .. 


(a). 


Similarly 


R n _j : (Rj + R 2 + ...+R n _ 2 ) = 6 (n - 2): {3 (n - 2)(« - 3) + 1}, 


from which we derive 


• (-Ri + J?s + ■ ■ • + Bn— l) 

— 6 (n — 2) : (6 (n — 2) + 3 (?i — 2) (n — 3) + 1} 

= 6(« — 2) : (3(ft — 1) (ft *- 2) -f 1]..(£). 

Combining (a) and (/?), we obtain 

R n '■ R n-i = 0 “ 1 ) : («“■?). 

Thus 

R 3 , R 4 , ■■■ R n are i n the ratio of the successive numbers 1, 2, 3 ... (n - 1). 


Proposition 28. 

If O be the origin and BC any arc measured in the forward’ direction on any turn of the spiral, let two circles be 
drawn (1) with centre O, and radius OB, meeting OC in C', and (2) with centre O and radius OC, meeting OB produced in B'. 
Then, if E denote the area bounded by the larger circular arc B'C, the line B'B, and the spiral BC, while F denotes the area 
bounded by the smaller arc BC', the line CC' and the spiral BC, 

E : F= {OB + | (OC- OB)} : {OB + %(OC- OB)}. 

Let a denote the area of the lesser sector OBC’\ then the larger sector OB'C is equal to a + F + E. 



Thus [Prop. 26] 

(<r + F) -(<t + F+E)={OG. 0 £ + l(OC- 0 £y \: QC\ t .(l), 


whence 


E : (<r + F) - {OC(OC - OB) — | {OG - OB)*} 

: \OC.OB + ^(OC- OBf] 

= {OB(OC- OB) + § (OC- OBf} 

: iOC.OB + $(OC-OBf} 

Again (o + F + E): a = OC 2 : OB 2 . 

Therefore, by the first proportion above, ex aequali. 


( 2 ).. 






whence 


(c + F) : a = {OC.OB + yOC - OB) 2 } : OB 2 , 


(tr + F):F= [00 . OB + %{OC~OB) % ] 

:{OB{OC-OB)+l(OC- OB ) f ). 


Combining this with (2) above, we obtain 

E : F- \OB(OC-OB) + $ (00- OB)*} 

: {(IB (00 — OB) + i (00- OB)*} 

- {OB +1 (0(7— OB)} : {OB + $ (00- OB)}. 

* Heiberrg reads t£Xos S£ 7to0so6p8va, but F has t^Xovs, so that the true reading is perhaps t^Xovs 5£ 7rox/8e6gev<2. The meaning appears to be simply ‘wrong’. 

* to SoO^v T[id[ia (T(/)aT^as x£ 5o0^vxi xpapaxi vfyaApas opoiWoin, i.e. to make a segment of a sphere similar to one given segment and equal in content to another 
given segment. [Cf. On the Sphere and Cylinder , II.5.] 

* {Xoyov) psi^ova ^poAiov PoS, Ov lx si k . x . X., i.e. a ratio greater than (the ratio of the surfaces)^-. See On the Sphere and Cylinder , II. 8. 

t This should be presumably the conoid not ‘the cone.’ 

* This construction, which is assumed without any explanation as to how it is to be effected, is described in the original Greek thus: “let PH be placed (KgiaOco) equal 
to D, verging (vgUovoa) towards AC This is the usual phraseology used in the type of problem known by the name of psjois. 

* The Greek phrase is “let PH be placed between the circumference and the straight line ( OH) through B. “ The construction is assumed, like the similar one in the 
last proposition. 

* PH is described in the Greek as vf Uovaav ^7ri ( verging to) the point B , As before the construction is assumed. 

* The Greek words used are : “it is possible to pace another [straight line] GQ equall to verging (vgUovoav) towards OC This particular veg ois is discussed by 

Pappus (p.298, ed. Hultsch).See the introduction, chapter v. 

* See the note on the last proposition. 

* The proposition is true even when the common difference is not equall to Ay and is assumed in the more general form in Props. 25 and 26. But, as Archimedes’ 

proof assumes the equallity of A\ and the common difference, the words are here instead to prevent misapprehension. 

* The literal translation would of course be the “begining of the spiral” and “the beginning of the revolution” respectively. But the modern names will be more suitable 
for use later on, and are therefore employed here. 

* This is assumed as a known proposition; but it is easily proved. 


ON THE EQUILIBRIUM OF PLANES 


OR 

THE CENTRES OF GRAVITY OF PLANES. 

BOOK I. 


“I POSTULATE the following: 

1. Equal weights at equal distances are in equilibrium, and equal weights at unequal distances are not in equilibrium but 
incline towards the weight which is at the greater distance. 

2. If, when weights at certain distances are in equilibrium, something be added to one of the weights, they are not in 
equilibrium but incline towards that weight to which the addition was made. 

3. Similarly, if anything be taken away from one of the weights, they are not in equilibrium but incline towards the weight 
from which nothing was taken. 

4. When equal and similar plane figures coincide if applied to one another, their centres of gravity similarly coincide. 

5. In figures which are unequal but similar the centres of gravity will be similarly situated. By points similarly situated in 
relation to similar figures I mean points such that, if straight lines be drawn from them to the equal angles, they make equal 
angles with the corresponding sides. 

6. If magnitudes at certain distances be in equilibrium, (other) magnitudes equal to them will also be in equilibrium at the 
same distances. 

7. In any figure whose perimeter is concave in (one and) the same direction the centre of gravity must be within the 
figure”. 


Proposition 1. 

Weights which balance at equal distances are equal. 

For, if they are unequal, take away from the greater the difference between the two. The remainders will then not balace 
[Post. 3]; which is bsurd. 

Therefore the weights cannot be unequal. 


Proposition 2. 

Unequal weights at equal distances will not balance but will incline towards the greater weight. 

For take away from the greater the difference between the two. The equal remainders will therefore balance [Post. 1], 
Hence, if we add the difference again, the weights will not balance but incline towards the greater [Post. 2], 

Proposition 3. 

Unequal weights will balance at unequal distances, the greater weight being at the lesser distance. 

Let A, B be two unequal weights (of which A is the greater) balancing about C at distances AC, BG respectively. 






A 

O 

B 


Then shall AC be less than BC. For, if not, take away from A the weight (A - B .) The remainders will then incline towards 
B [Post 3]. But this is impossible, for (1) if AC = CB, the equal remainders will balance, or (2) if AC > CB, they will incline 
towards A at the greater distance [Post 1], 

Hence AC < CB. 

Conversely, if the weights balance, and AC < CB, then A > B. 


Proposition 4. 

If two equal weights have not the same centre of gravity, the centre of gravity of both taken together is at the middle 
point of the line joining their centres of gravity. 

[Proved from Prop. 3 by reductio ad absurdum. Archimedes assumes that the centre of gravity of both together is on the 
straight line joining the centres of gravity of each, saying that this had been proved before (7ipo5^5siKiai). The allusion is no 
doubt to the lost treatise On levers (?iepi ^vy^v).] 


Proposition 5. 

If three equal magnitudes have their centres of gravity on a straight line at equal distances, the centre of gravity of the 
system will coincide with that of the middle magnitude. 

[This follows immediately from Prop. 4.] 

Cor 1. The same is true of any odd number of magnitudes if those which are at equal distances from the middle one 
are equal, while the distances between their centres of gravity are equal. 

Cor. 2. If there be an even number of magnitudes with their centres of gravity situated at equal distances on one 
straight line, and if the two middle ones be equal, while those which are equidistant from them (on each side) are equal 
respectively, the centre of gravity of the system is the middle point of the line joining the centres of gravity of the two 
middle ones. 


Proposition 6, 7. 

Two magnitudes, whether commensurable [Prop. 6] or incommensurable [Prop. 7], balance at distances reciprocally 
proportional to the magnitudes. 

I. Suppose the magnitudes A, B to be commensurable, and the points A, B to be their centres of gravity. Let DE be a 
straight line so divided at C that 

A : B = DC : CE. 

We have then to prove that, if A be placed at E and B at D, C is the centre of gravity of the two taken together. 
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Since A, B are commensurable, so are DC, GE . Let TV be a common measure of DC, CE . Make DH, DK each equal to CE, 
and EL (on CE produced) equal to CD. Then EH = CD, since DH = CE. Therefore LH is bisected at E, as HK is bisected at D. 

Thus LH, HK must each contain N an even number of times. 

Take a magnitude O such that O is contained as many times in A as TV is contained in LH, whence 

A: O = LH : N. 

But B : A — GE : DC 

= HK: LH. 

Hence, ex aequali, B : O = HK : N, or O is contained in B as many times as N is contained in HK. 

Thus O is a common measure of A, B . 


Divide LH, HK into parts each equal to N, and A, B into parts each equal to O. The parts of A will therefore be equal in 
number to those of LH, and the parts of B equal in number to those of HK. Place one of the parts of A at the middle point of 
each of the parts N of LH, and one of the parts of B at the middle point of each of the parts N of HK. 

Then the centre of gravity of the parts of A placed at equal distances on LH will be at E, the middle point of LH [Prop. 5, 
Cor. 2], and the centre of gravity of the parts of B placed at equal distances along HK will be at D, the middle point of HK. 

Thus we may suppose A itself applied at E, and B itself applied at D. 

But the system formed by the parts O of A and B together is a system of equal magnitudes even in number and placed at 
equal distances along LK. And, since LE= CD, and EC = DK, LC= CK, so that C is the middle point of LK. Therefore C is the 
centre of gravity of the system ranged along LK. 

Therefore A acting at E and B acting at D balance about the point C. 


II. Suppose the magnitudes to be incommensurable, and let them be (A + a) and B respectively. Let DE be a line divided at 
C so that 


(A + a) : B5 = DC : CE. 


D 
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Then, if (A + a ) placed at E and B placed at D do not balance about C, (A + a) is either too great to balance B, or not great 
enough. 

Suppose, if possible, that (A + a ) is too great to balance B. Take from (A + a) a magnitude a smaller than the deduction 
which would make the remainder balance B, but such that the remainder A and the magnitude B are commensurable. 

Then, since A, B are commensurable, and 

A : B < DC: CE, 

A and B will not balance [Prop. 6], but D will be depressed. 

But this is impossible, since the deduction a was an insufficient deduction from (A + a ) to produce equilibrium, so that E 
was still depressed. 











Therefore (A + a) is not too great to balance B; and similarly it may be proved that B is not too great to balance (A + a). 
Hence (A + a), B taken together have their centre of gravity at C. 


Proposition 8. 

If AB be a magnitude whose centre of gravity is C and AD a part of it whose centre of gravity is F, then the centre of 
gravity of the remaining part will be a point G on FG produced such that 

GC:CF=(AD ): (DE). 
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For, if the centre of gravity of the remainder (DE) be not G let it be a point H. Then an absurdity follows at once from 
Props. 6, 7. 


Proposition 9. 

The centre of gravity of any parallelogram lies on the straight line joining the middle points of opposite sides. 
Let ABCD be a parallelogram, and let EF join the middle points of the opposite sides AD, BC. 

If the centre of gravity does not lie on EF, suppose it to be H, and draw HK parallel to AD or BC meeting EF in K. 
Then it is possible, by bisecting ED, then bisecting the halves, and so on continually, to arrive at a length EL less 



than KH. Divide both HE and ED into parts each equal to EL, and through the points of division draw parallels to AB or 
CD. 

We have then a number of equal and similar parallelograms, and, if any one be applied to any other, their centres of gravity 
coincide [Post. 4], Thus we have an even number of equal magnitudes whose centres of gravity lie at equal distances along a 
straight line. Hence the centre of gravity of the whole parallelogram will lie on the line joining the centres of gravity of the two 
middle parallelograms [Prop. 5, Cor. 2], 

But this is impossible, for His outside the middle parallelograms. 

Therefore the centre of gravity cannot but lie on EF. 


Proposition 10. 

The centre of gravity of a parallelogram is the point of intersection of its diagonals. 

For, by the last proposition, the centre of gravity lies on each of the lines which bisect opposite sides. Therefore it is at the 
point of their intersection; and this is also the point of intersection of the diagonals. 

Alternative proof 

Let ABCD be .the given parallelogram, and BD a diagonal. Then the triangles ABD, CDB are equal and similar, so that 
[Post. 4], if one be applied to the other, their centres of gravity will fall one upon the other. 

Suppose F to be the centre of gravity of the triangle ABD. Let G be the middle point of BD. Join FG and produce it to H, so 
that FG = GH. 








A. D 



If we then apply the triangle ABD to the triangle CDB so that AD falls on CB and AB on CD, the noint F will fall on H. 

But [by Post. 4] F will fall on the centre of gravity of CDB. Therefore H is the centre of gravity of GDB. 

Hence, since F, H are the centres of gravity of the two equal triangles, the centre of gravity of the whole parallelogram is at 
the middle point of FH, i.e. at the middle point of BD, which is the intersection of the two diagonals. 


Proposition 11. 

If abc, ABC be two similar triangles, and g, G two points in them similarly situated with respect to them respectively, 
then, if g be the centre of gravity of the triangle abc, G must be the centre of gravity of the triangle ABC. 

Suppose ab : be : ca = AB : BC: CA. 


A 




The proposition is proved by an obvious reductio ad dbsurdum. For, if G be not the centre of gravity of the triangle ABC, 
suppose H to be its centre of gravity. 

Post. 5 requires that g, H shall be similarly situated with respect to the triangles respectively; and this leads at once to the 
absurdity that the angles HAB, GAB are equal. 


Proposition 12. 


Given two similar triangles abc, ABC, and d, D the middle points of be, BC respectively, then, if the centre of gravity of 
abc lie on ad, that of ABC will lie on AD. 

Let g be the point on ad which is the centre of gravity of abc. 


Take G on AD such that 



and join gb, gc, GB, GC. 

Then, since the triangles are similar, and bd, BD are the halves of be, BC respectively, 

ab : bd = AB : BD, 


and the angles abd, ABD are equal. 



Therefore the triangles abd, ABD are similar, and 


/bad = /.BAD. 

Also ba : ad = BA : AD, 

while, from above, ad : ag = AD : AG 

Therefore ba:ag = BA : AG, while the angles bag, BAG are equal. 

Hence the triangles bag, BAG are similar, and 

/abg= /ABG 

And, since the angles abd, ABD are equal, it follows that 

/gcd= /GBD. 

In exactly the same manner we prove that 

z gac — z GA C, 

Z acg = Z A CG f 
Z gcd = z GOD. 

Therefore g, G are similarly situated with respect to the triangles respectively; whence [Prop. 11] G is the centre of gravity 
of ABC. 


Proposition 13. 

In any triangle the centre of gravity lies on the straight line joining any angle to the middle point of the opposite side. 
Let ABC be a triangle and D the middle point of BC. Join AD. Then shall the centre of gravity lie on AD. 

For, if possible, let this not be the case, and let H be the centre of gravity. Draw HI parallel to CB meeting AD in I. 

Then, if we bisect DC, then bisect the halves, and so on, we shall at length arrive at a length, as DE, less than HI. 



Divide both BD and DG into lengths each equal to DE, and through the points of division draw lines each parallel to DA 
meeting BA and AC in points as K, L, M and N, P, Q respectively. 

Join MN, LP, KQ, which lines will then be each parallel to BC. 

We have now a series of parallelograms as FQ, TP, SN, and AD bisects opposite sides in each. Thus the centre of gravity 
of each parallelogram lies on AD [Prop. 9], and therefore the centre of gravity of the figure made up of them all lies on AD. 

Let the centre of gravity of all the parallelograms taken together be O. Join OH and produce it; also draw CV parallel to DA 
meeting OH produced in V. 

Now, if n be the number of parts into which AC is divided, 

A ADC : (sum of triangles on AN,NP,...) 







~AC*:(AN* + NP a +...) 

— n* : n 

= n : 1 

= AC : AN. 

Similarly 

A A8D : (sum of triangles on AM,ML,.. .)= AB : AM. 

And AC : AN = AB : AM. 

It follows that 

A ABC : (sum of all the small As) = CA : AN 

> VO : OH, by parallels. 

Suppose O V produced to X so that 

A ABC : (sum of small As) = XO : OH, 

whence, dividendo, 

(sum of parallelograms) : (sum of small As) =XH: HO. 

Since then the centre of gravity of the triangle ABC is at H, and the centre of gravity of the part of it made up of the 
parallelograms is at O, it follows from Prop. 8 that the centre of gravity of the remaining portion consisting of all the small 
triangles taken together is atX 

But this is impossible, since all the triangles are on one side of the line through X parallel to AD. 

Therefore the centre of gravity of the triangle cannot but lie on AD. 

Alternative proof. 

Suppose, if possible, that H, not lying on AD, is the centre of gravity of the triangle ABC. Join AH, BH, CH. Let E, F be the 
middle points of CA, AB respectively, and join DE, EF, FD. Let EF meet AD in M. 

Draw FK, EL parallel to AH meeting BH, GH in K, L respectively. Join AD, HD, ED, KL. Let KL meet DH in A, and join 
MN. 


A 



Since DE is parallel to AB, the triangles ABC, EDG are similar. 

And, since GE = EA, and EL is parallel to AH, it follows that CL = LH. And CD = DB. Therefore BH is parallel to DL. 

Thus in the similar and similarly situated triangles ABG, EDC the straight lines AH, BH are respectively parallel to EL, DL 
; and it follows that H, L are similarly situated with respect to the triangles respectively. 

But H is, by hypothesis, the centre of gravity of ABC. Therefore L is the centre of gravity of EDG. [Prop. 11] 

Similarly the point K is the centre of gravity of the triangle FBD. 

And the triangles FBD, EDG are equal, so that the centre of gravity of both together is at the middle point of KL, i.e. at the 
point N. 

The remainder of the triangle ABC, after the triangles FBD, EDG are deducted, is the parallelogram AFDE, and the centre 
of gravity of this parallelogram is at M, the intersection of its diagonals. 





It follows that the centre of gravity of the whole triangle ABC must lie on MN; that is, MN must pass through//, which is 
impossible (since MTV is parallel to AH). 

Therefore the centre of gravity of the triangle ABC cannot but lie on AD. 

Proposition 14. 

It follows at once from the last proposition that the centre of gravity of any triangle is at the intersection of the lines 
drawn from any two angles to the middle points of the opposite sides respectively. 

Proposition 15. 

If AD, BC be the two parallel sides of a trapezium ABCD, AD being the smaller, and if AD, BC be bisected at E, F 
respectively, then the centre of gravity of the trapezium is at a point G on EF such that 

GE :GF= (2 BC + AD) : (2 AD + BC). 

Produce BA, CD to meet at O. Then FE produced will also pass through O, since AE = ED, and BE = FC. 



Now the centre of gravity of the triangle OAD will lie on OE, and that of the triangle OBG will lie on OF. [Prop. 13] 

It follows that the centre of gravity of the remainder, the trapezium ABCD, will also lie on OF. [Prop. 8] 

Join BD, and divide it at L, M into three equal parts. Through L, M draw PQ, RS parallel to BC meeting BA in P, R, FE in 
W, V, and CD in Q, S respectively. 

Join DF, BE meeting PQ in H and RS in K respectively. 

Now, since BL — § BD, 

FH=\FD. 

Therefore //is the centre of gravity of the triangle DBG *. 

Similarly, since EK = J BE , it follows that K is the centre of gravity of the triangle ADB. 

Therefore the centre of gravity of the triangles DBC, ADB together, i.e. of the trapezium, lies on the line HK. 

But it also lies on OF. 

Therefore, if OF, HK meet in G, G is the centre of gravity of the trapezium. 

Hence [Props. 6, 7] 

A DBG : A ABD = KG : GH 
= VG:GW. 

But A DBC: A ABD = BC: AD. 

Therefore BC:AD=VG: GW. 

It follows that 






(ZBC + AD): {HAD + BC) = (2 VG A- GW)': {HQW + VQ) 


= EQ : QF. 


Q. E. D. 


This easy deduction from Prop. 14 is assumed by Archimedes without proof. 


ON THE EQUILIBRIUM OF PLANES 


BOOK II. 


Proposition 1. 

If P, P' be two parabolic segments and D, E their centres of gravity respectively, the centre of gravity of the two 
segments taken together will be at a point C on DE determined by the relation 

P: P'= CE: CD* 

In the same straight line with DE measure EH, EL each equal to DC, and DK equal to DH, whence it follows at once that 
DK = CE, and also that KG = CL. 



Apply a rectangle MN equal in area to the parabolic segment P to a base equal to KH, and place the rectangle so that KH 
bisects it, and is parallel to its base. 

Then D is the centre of gravity of MN, since KD = DH. 

Produce the sides of the rectangle which are parallel to KH, and complete the rectangle NO whose base is equal to HL. 
Then E is the centre of gravity of the rectangle NO. 

Now (MN) : (NO) = KH: HL 

= DH: EH 

= CE : CD 

= P: P'. 

But (MN) = P. 

Therefore (NO) = P'. 

Also, since C is the middle point of KL, O is the centre of gravity of the whole parallelogram made up of the two 
parallelograms (MN), (NO), which are equal to, and have the same centres of gravity as, P, P' respectively. 

Hence C is the centre of gravity of P, P' taken together. 


Definition and lemmas preliminary to Proposition 2. 

“If in a segment bounded by a straight line and a section of a right-angled cone [a parabola] a triangle be inscribed having 
the same base as the segment and equal height, if again triangles be inscribed in the remaining segments having the same bases 
as the segments and equal height, and if in the remaining segments triangles be inscribed in the same manner, let the resulting 
figure be said to be inscribed in the recognised manner (yvcopipcos ^££pac|)£o0ai) in the segment. 

And it is plain 

(1) that the lines joining the two angles of the figure so inscribed which are nearest to the vertex of the segment, and the 












next pairs of angles in order, will be parallel to the base of the segment, 

(2) that the said lines will be bisected by the diameter of the segment, and 

(3) that they will cut the diameter in the proportions of the successive odd numbers, the number one having reference to 
[the length adjacent to] the vertex of the segment. 

And these properties will have to be proved in their proper places Qv xai<; xa^soiv).” 

[The last words indicate an intention to give these propositions in their proper connexion with systematic proofs; but the 
intention does not appear to have been carried out, or at least we know of no lost work of Archimedes in which they could 
have appeared. The results can however be easily derived from propositions given in the Quadrature of the Parabola as 
follows. 

(1) Let BRQPApqrb be a figure inscribed ‘in the recognised manner’ in the parabolic segment BAb of which Bb is the 
base, A the vertex and AO the diameter. 
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Bisect each of the lines BQ, BA, QA, Aq, Ab, qb, and through the middle points draw lines parallel to AO meeting Bb in G, 
F, E, e,f g respectively. 

These lines will then pass through the vertices R, Q, P, p, q, r of the respective parabolic segments [Quadrature of the 
Parabola, Prop. 18], i.e. through the angular points of the inscribed figure (since the triangles and segments are of equal 
height). 

Also BG = GF =FE = EO, and Oe = ef=fg = gb. But BO = Ob, and therefore all the parts into which Bb is divided are 
equal. 

If now AB, RG meet in L, and Ab, rg in /, we have 

BG : GL = BO : OA, by parallels, 

= bO:OA 


- hg : gl, 


whence GL = gl. 

Again [ibid.. Prop. 4] 


GL : LR=BO : OG 
— bO : Og 
= gl-lr; 


and, since GL = gl, LR = Ir. 

Therefore GR, gr are equal as well as parallel. 









Hence GRrg is a parallelogram, and Rr is parallel to Bb. 

Similarly it may be shown that Pp, Qq are each parallel to Bb. 

(2) Since RGgr is a parallelogram, and RG,rg are parallel to AO, while GO =Og, it follows that Rr is bisected by AO. 
And similarly for Pp, Qq. 

(3) Lastly, if V, W, Abe the points of bisection of Pp, Qq, Rr, 

AV : AW: AX : AO = PV 2 : QTP : RX : : BO “ 

= 1:4:9:16, 

whence AV: VW: WX: XO = 1: 3 : 5 : 7.] 


Proposition 2. 

If a figure be ‘inscribed in the recognised manner ’ in a parabolic segment, the centre of gravity of the figure so 
inscribed will lie on the diameter of the segment. 

For, in the figure of the foregoing lemmas, the centre of gravity of the trapezium BRrb must lie on XO, that of the trapezium 
RQqr on WX, and so on, while the centre of gravity of the triangle PAp lies on AV. 

Hence the centre of gravity of the whole figure lies on AO. 


Proposition 3. 

If BAB', bab' be two similar parabolic segments whose diameters are AO, ao respectively, and if a figure be inscribed in 
each segment ‘in the recognised manner ’, the number of sides in each figure being equal, the centres of gravity of the 
inscribed figures will divide AO, ao in the same ratio. [Archimedes enunciates this proposition as true of similar segments, 
but it is equally true of segments which are not similar, as the course of the proof will show.] 

Suppose BRQPAP'Q'R'B', brqpap'q'r'b' to be the two figures inscribed ‘in the recognised manner.’ Join PP', QQ',RR' 
meeting AO in L, M, N, and pp', qq', rr’ meeting ao in /, m, n. 

Then [Lemma (3)] 


AL : LM:MN-.XO 
= 1 : 3:5 : 7 
= al : lm : mn : no, 


so that AO, ao are divided in the same proportion. 

Also, by reversing the proof of Lemma (3), we see that 

PP': pp'= QQ’: qq' = RR': rr' = BB': bb'. 

Since then RR': BB' = rr': bb', and these ratios respectively determine the proportion in which AO, no are divided by the 
centres of gravity of the trapezia BRR'B', brr'b' [I. 15], it follows that the centres of gravity of the trapezia divide NO, no in the 
same ratio. 
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Similarly the centres of gravity of the trapezia RQQ'R', rqq'r' divide MN, mn in the same ratio respectively, and so on. 
Lastly, the centres of gravity of the triangles PAP', pap' divide AL, al respectively in the same ratio. 

Moreover the corresponding trapezia and triangles are, each to each, in the same proportion (since their sides and heights 
are respectively proportional), while AO, ao are divided in the same proportion. 

Therefore the centres of gravity of the complete inscribed figures divide AO, ao in the same proportion. 


Proposition 4. 

The centre of gravity of any parabolic segment cut off by a straight line lies on the diameter of the segment 
Let BAB' be a parabolic segment, A its vertex and AO its diameter. 

Then, if the centre of gravity of the segment does not lie on AO, suppose it to be, if possible, the point F. Draw FE parallel 
to AO meeting BB' in E. 

Inscribe in the segment the triangle ABB' having the same vertex and height as the segment, and take an area S such that 

A ABB': S = BE : EO. 



We can then inscribe in the segment ‘in the recognised manner’ a figure such that the segments of the parabola left over are 
together less than S. [For Prop. 20 of the Quadrature of the Parabola proves that, if in any segment the triangle with the same 
base and height be inscribed, the triangle is greater than half the segment; whence it appears that, each time that we increase the 
number of the sides of the figure inscribed ‘in the recognised manner,’ we take away more than half of the remaining segments.] 

Let the inscribed figure be drawn accordingly; its centre of gravity then lies on AO [Prop. 2], Let it be the point H. 

Join HF and produce it to meet in K the line through B parallel to AO. 







Then we have 


(inscribed figure): (remainder of segmt.) > AABB' : S 

> BE : EO 

> KF : PH. 

Suppose L taken on HK produced so that the former ratio is equal to the ratio LF : FH. 

Then, since H is the centre of gravity of the inscribed figure, and F that of the segment, L must be the centre of gravity of all 
the segments taken together which form the remainder of the original segment. [I. 8] 

But this is impossible, since all these segments lie on one side of the line drawn through L parallel to AO [Cf. Post 7], 

Hence the centre of gravity of the segment cannot but lie on AO. 


Proposition 5. 

If in a ‘parabolic segment a figure be inscribed ‘in the recognised manner ’ the centre of gravity of the segment is 
nearer to the vertex of the segment than the centre of gravity of the inscribed figure is. 

Let BAB' be the given segment, and AO its diameter. First let ABB' be the trianqle inscribed ‘in the recognised manner’ 

Divide AO in F so that AF = 2F0; F is then the centre of gravity of the triangle ABB'. 
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Bisect AB, AB' in D, D' respectively, and join DD' meeting AO in E. Draw DQ, D’Q’ parallel to OA to meet the curve. QD, 
Q'D' will then be the diameters of the segments whose bases are AB, AB', and the centres of gravity of those segments will lie 
respectively on QD, Q'D' [Prop. 4] . Let them be H, H', and join HH' meeting AO in K. 

Now QD, Q'D' are equal *, and therefore the segments of which they are the diameters are equal [On Conoids and 
Spheroids, Prop. 3], 

Also, since QD, Q'D' are parallel *, and DE = ED', K is the middle point of HH'. 

Hence the centre of gravity of the equal segments AQB, AQ'B' taken together is K, where K lies between E and A. And the 
centre of gravity of the triangle ABB' is F. 

It follows that the centre of gravity of the whole segment. BAB' lies between if and F, and is therefore nearer to the vertex A 
than F is. 

Secondly, take the five-sided figure BQAQ'B' inscribed ‘in the recognised manner,’ QD, Q'D' being, as before, the 
diameters of the segments AQB, AQ'B'. 

Then, by the first part of this proposition, the centre of gravity of the segment AQB (lying of course on QD) is nearer to Q 
than the centre of gravity of the triangle AQB is. Let the centre of gravity of the segment be H, and that of the triangle I. 

Similarly let H' be the centre of gravity of the segment AQ'B', and I' that of the triangle AQ'B'. 

It follows that the centre of gravity of the two segments AQB, AQ'B' taken together is K, the middle point of HH', and that of 
the two triangles AQB, AQ'B' is L, the middle point of II'. 





B' 

If now the centre of gravity of the triangle ABB' be F, the centre of gravity of the whole segment BAB' (i.e. that of the 
triangle ABB' and the two segments AQB, AQ'B' taken together) is a point G on KF determined by the proportion (sum of 
segments AQB, AQB) : A ABB' = FG : GK. [I. 6, 7] 

And the centre of gravity of the inscribed figure BQAQB ' is a point F' on LF determined by the proportion 

(A AQB + A AQB') = FF ': F'L. [I. 6,7] 

[Hence FG : GK > FF': F'L, 

or GK : FG < F'G < F'L : FF', 

and, componendo, FK: FG < FL : FF', while FK > FL.J 

Therefore FG > FF' or G lies nearer than F' to the vertex A. 

Using this last result, and proceeding in the same way, we can prove the proposition for any figure inscribed ‘in the 
recognised manner’. 


Proposition 6. 

Given a segment of a parabola cut off by a straight line, it is possible to it inscribe in it ‘in the recognised manner ’ a 
figure such that the distance between the centres of gravity of the segment and of the inscribed figure is less than any 
assigned length. 

Let BAB' be the segment, JO its diameter, G its centre of gravity, and ABB' the triangle inscribed ‘in the recognised 
manner.’ 

Let D be the assigned length and S an area such that 

AG : D = tsABB': S. 

In the segment inscribe ‘in the recognised manner’ a figure such that the sum of the segments left over is less than A. Let F 
be the centre of gravity of the inscribed figure. 

We shall prove that FG < D. 

For, if not, FG must be either equal to, or greater than, D. 

And clearly 

(inscribed fig.):(sum of remaining segments.) 

>AABB' :S 
>AG : D 

> AG : FG, by hypothesis (since FG D), 

Let the first ratio be equal to the ratio KG : FG (where K lies on GA produced); and it follows that K is the centre of gravity 
of the small segments taken together. [I. 8] 
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But this is impossible, since the segments are all on the same side of a line drawn through K parallel to BB'. 
Hence FG cannot but be less than D. 


Proposition 7. 


If there be two similar parabolic segments, their centres of gravity divide their diameters in the same ratio. 

[This proposition, though enunciated of similar segments only, like Prop. 3 on which it depends, is equally true of any 
segments. This fact did not escape Archimedes, who uses the proposition in its more general form for the proof of Prop. 8 
immediately following.] 

Let BAB', bob'be the two similar segments, AO, ao their diameters, and G, g their centres of gravity respectively. 

Then, if G, g do not divide AO, ao respectively in the same ratio, suppose H to be such a point on AO that and inscribe in 
the segment BAB' ‘in the recognised manner’ a figure such that, if F be its centre of gravity, 

AH : HO = ag : go; 

QF< OH. [Prop, 6] 



Inscribe in the segment bab' ‘in the recognised manner’ a similar figure; then, if/be the centre of gravity of this figure, 

ag < of, [Prop. 5] 


And, by Prop. 3, af:fo= AF : FO. 

D AF: FQ<AH iIIO 

But 

< ag : go, by hypothesis. 

Therefore af: fo<ag:go; which is impossible. 

It follows that G, g cannot but divide A O, ao in the same ratio. 






Proposition 8. 


If AO be the diameter of a parabolic segment, and G its centre of gravity, then 

AG = | GO. 

Let the segment be BAB'. Inscribe the triangle ABB' ‘in the recognised manner,’ and let F be its centre of gravity. 

Bisects, AB' in D, D' and draw DQ, D'Q' parallel to OA to meet the curve, so that QD, Q'D' are the diameters of the 
segments AQB, AQ'B' respectively. 

Let H, H' be the centres of gravity of the segments AQB, AQ'B' respectively. Join QQ', HH' meeting AO in V, K 
respectively. 

K is then the centre of gravity of the two segments AQB AQ'B' taken together. 

Now AG :GO = QH :HD, 

[Prop. 7] 

whence AO :OG = QD : HD. 

But AO = 4QD [as is easily proved by means of Lemma (3), p. 206]. 
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Therefore OG = 4 HD. 

and, by subtraction, AG = 4QH. 

Also, by Lemma (2), QQ' is parallel to BB' and therefore to DD'. It follows from Prop. 7 that HH' is also parallel to QQ' or 
DD\ 

and hence QH=VK. 

Therefore AG = 4VK, 

and AV+KG = 3VK. 

Measuring VL along VK so that VL = iAV, we have 

KG = SLK .(1). 


. . AO = iAV [Lemma (3)} 

Again 

— 3 AL, since A V= 3 VL, 

whence AL-^AO-OF .(2). 

Now, by I. 6, 7, 


A ABB': (sum of segmts. AQB, AQ'B•) = KG : GF, 
and tsABB’ = 3(sum of segments AQB AQ'B 1 ) 

[since the segment ABB' is equal to | A ABB' (Quadrature of the Parabola, Props. 17, 24)]. 

Hence KG = 3GF 







But 


Therefore 


KG = 3LK, from (1) above. 

LF=LK + KG+GF 
= 5 GF. 


And, from (2), 

Therefore OF = 5 GF, 

and OG = 6GF. 

But AO = 30F = \ 5GF. 

Therefore, by subtraction. 


LF = (AO-AL-OY)=\AO = OF. 


AG — 9GF 


Proposition 9 (Lemma). 


If a, b, c, d be four lines in continued proportion and in descending order of magnitude, and if 

d: (a~d) = x : |(a ~c), 

and (2 a + 4b + 6c + 3d) : (5a +10b + 10c + 5 d) = y : (a- c), is required to prove that 

x+y = |a. 

[The following is the proof given by Archimedes, with the only difference that it is set out in algebraical instead of 
geometrical notation. This is done in the particular iase simply in order to make the proof easier to follow. Archimedes 
exhibits his lines in the figure reproduced in the margin, but, now that it is possible to use algebraical notation, there is no 
advantage in using the figure and the more cumbrous notation which only obscures the course of the proof. The relation 
between Archimedes’ figure and the letters used below is as follows; 

l A 


0 

H 

Z 


r 


4A 


12 


B 


AB = a,TB = /i,AB = c, EB = d, ZH = x,H© = y, AO = z.] 


We have 

whence 
and therefore 

Now 


a _ b _ c 

b c 5. 

a — b — c ~ d 
b c ~ d 

a — b _b — c b c 

b—c c — d b c d 


(i). 

.. ( 2 ). 


2(d + 6)_a + &_a + i b a — c b — c _ a 
2c c b ' o b — c' c — d c 


*— c 


— d' 


And, in like manner, 





It follows from the last two relations that 


a — c _ 2a 4 36 4 c 
e — d 2c + d 


(3)- 


Suppose z to be so taken that 


2a 4 46 4 4c 4 2d _ a — c 
2c 4 d z 


so thatz <(c — d). 
Therefore - 

a — c 

And, by hypothesis, 


2a 4 46 4 6c 4 3 d 
2 (a + d) 4 4(6 4 c)' 


(4), 


a — c d (a 4 d) + 10 (6 4 cj 
y 2a 4 46 4 6c 4 3t? * 

so that a — c + -g _ 5 (q 4 rf) + 10 (6 + c) 5 ^ 

y 2(a + d)4-4(6 + c) ~ 2. 

Again, dividing (3) by (4) crosswise, we obtain 


whence 
But, by (2), 


z 2a 4 36 4 c 

c — d 2 (a 4 d) 4 4(6 4 c) ’ 

C — <2 — £ _ 64 3c42<2 

c — (Z 2 (a 4 d) 4 4 (6 4 c) 


c — <Z_a-~6_3(6-c)_2(c — d) 
~d~ 6 3c 2d—’ 


so that c — d _ ( a — 6) 4 3(6 — c) 4 2 (c - d) 
d 64 3c 4 2d 

Combining (6) and (7), we have 


,.<7). 


c — d — z _ (a — 6) 4 3 (6 — c) 4 2 (c — d) 
d 2 (a 4 d) 4 4 (6 4 c) 


whence c — z _ 3a 4 66 4 3c 

~~d ~ 2 (a 4 d) 4 4{F4c) " 

And, since [by (1)] 


Ml M>M 


( 8 ). 


c~d _b-c _a~b 
c +~d 6 4 c ~a 4 6’ 


we have 
whence 

Thus 


c — d _ c 4 d 
cl — c 6 4 c 4 a 4 6 

a — d _ a 4 26 4 2c 4 d _ 2 (a 4 <Z) 4 4 (6 4 c) 
a — c — a 4 26 4 c ~ 2 (a 4 c) 4 46 

a — d _ 2 (a + fi) 4 4(6 4 c) 

+c)+«r ■ 


..( 9 ). 










and therefore, by hypothesis. 


cl 2 (a + rf) + 4 (b + c) 
x~ § {2 {a + c)-b 46} 


But, by (8), 


o — s_ 3a+ 66 +3c 
d 2 (a + ef) + 4 (6 + c)’ 


and it follows, ex aequali, that 


c — z 3 (a + c) + 66 _ 5 3 5 
“V = f {2 (» + ©)+#} ” 3 * 5 _ 2' 


And, by (5), 

Therefore 

or 


a — c + z 5 



2 ,* + y * 


x + y= £a. 


Proposition 10. 

If PP'B'B be the portion of a parabola intercepted between two parallel chords PP' BB' bisected respectively in N, O by 
the diameter ANO (.N being nearer than O to A, the vertex of the segments), and if NO be divided into five equal parts oj 

which LM is the middle one (L being nearer than M to N), then, if G be a point on LM such that 

LG : GM = BO 2 . (2 PN+BO) : PN 2 . (2BO + PN), 

G will be the centre of gravity of the area PP'B'B. 

Take a line ao equal to AO, and an on it equal to AN. Let p, q be points on the line ao such that 

ao : ctq = aq : an .(1), 

ao : an — aq : ap .(2), 

[whence ao : aq = aq : an = an : ap, or ao, aq, an, ap are lines in continued proportion and in descending order of magnitude]. 
Measure along GA a length GF such that 

op : ap = OL : GF ..(3). 

Then, since PN, BO are ordinate to ANO, 

BO 2 : PN 2 -A0 : AN 
« ao : an 

= ao *: aq 2 , by (1), 

BO : PN — ao : aq .(4), 

BO* : PN 2 = ao *: atf 

(ao : aq). (aq : an ). (an : ap) 

= ao : ap ..(5). 


and 









Thus (segment BAB') : (segment PAP') 




= A BAB' : A PAP' 

- BO s : PN 3 

— ao : ap, 

whence 


(area PP'B'B ): (segment PAP') — op : ap 

= OL : GF. by (3), 

= | ON :GF .(6). 

Now BO s . (2 PN + BO) : BO* = (2 PN+BO) : BO 

= (2 aq + ao) : ao, by (4), 

BO 5 : PN* = ao : ap, by (5), 
and PN*-PN\ (250 + PN) = PN : (2£0 + PN) 

— aq : (2ao A-aq), by (4), 

— ap : (2«n + ap), by (2). 

Hence, ex aequali, 

B0 2 .(2PN+BO) : PN 2 .(2BO + PN) = (2 aq + ao) : (2an + ap), 
so that, by hypothesis, 

LG : GM = (2 aq + ao) : (2 an + ap). 

Componendo, and multiplying the antecedents by 5, 

ON : GM= {5 ao + ap) + 10 (aq + an)} : (2an + ap). 

But ON : 0M =5:2 

= {5 (ao + ap) + 10 (aq + an)} : *2 (ao + ap) + 4 (aq + an)}. 

It follows that 

ON: OG = {5(ao + ap) + 10 (aq + an} : {2(ao + ap) + 4(aq + an}. 

Therefore 


(2 ao + 4a q + Gan + Sap) : {5 (ao + ap) +10 (aq + an)) = OG : ON 

= OG : on. 


ap : (ao — ap) = ap : op 

= GF : OL, by hypothesis, 
= GF : 


And 



while ao, aq, an, ap are in continued proportion. 


Therefore, by Prop. 9, 

GF + OG = OF = *ao = 2.0A 

Thus F is the centre of gravity of the segment BAB'. [Prop. 8] 

Let H be the centre of gravity of the segment PAP', so that AH = |*4/V. 

And, since AF = g AO 

we have, by subtraction, HF = g ON. 

But, by (6) above, 


(area PP'BB) : (segment PAP ) = § ON : GF 

= HF : FG. 

Thus, since F, Hare the centres of gravity of the segments BAB’, PAP' respectively, it follows [by I. 6, 7] that G is the centre of 
gravity of the area PP'B'B. 

* This proposition is really a particular case of Props. 6, 7 of Book I. and is therefore hardly necessary. As, however, Book II. relates exclusively to parabolic 
segments, Archimedes’ object was perhaps to emphasize the fact that the magnitudes in I. 6, 7 might be parabolic segments as well as rectilinear figures. His procedure is 
to substitute for the segments rectangles of equal area, a substitution which is rendered possible by the results obtained in his separate treatise on the Quadrature of the 
Parabola. 

* This may either be inferred from Lemma (1) above (since QQ\DD' are both parallel to BB'), or from Prop. 19 of the Quadrature of the parabola, which applies 
equally to Q or Q'. 

* There is clearly some interpolation in the text here, which has the words rai^si 7iapa)Ar |XOypa ppOv ^oxi to 0ZHI. It is not yet proved that H'D'DH is a 
parallelogram ; this can only be inferred from the fact that H , H' divide QD , Q'D' respectively in the same ratio. But this latter property does not appear till Prop. 7, and is 
then only enunciated of similar segments. The interpolation must have been made before Eutocius’ time, because he has a note on the phrase, and explains it by gravely 
assuming that 7/, H' divide QD , Q'D' respectively in the same ratio. 


THE SAND-RECKONER 


“There are some, king Gelon, who think that the number of the sand is infinite in multitude; and I mean by the sand not only 
that which exists about Syracuse and the rest of Sicily but also that which is found in every region whether inhabited or 
uninhabited. Again there are some who, without regarding it as infinite, yet think that no number has been named which is great 
enough to exceed its multitude. And it is clear that they who hold this view, if they imagined a mass made up of sand in other 
respects as large as the mass of the earth, including in it all the seas and the hollows of the earth filled up to a height equal to 
that of the highest of the mountains, would be many times further still from recognising that any number could be expressed 
which exceeded the multitude of the sand so taken. But I will try to show you by means of geometrical proofs, which you will 
be able to follow, that, of the numbers named by me and given in the work which I sent to Zeuxippus, some exceed not only the 
number of the mass of sand equal in magnitude to the earth filled up in the way described, but also that of a mass equal in 
magnitude to the universe. Now you are aware that ‘universe’ is the name given by most astronomers to the sphere whose 
centre is the centre of the earth and whose radius is equal to the straight line between the centre of the sun and the centre of the 
earth. This is the common account (xa ypacpop^va), as you have heard from astronomers. But Aristarchus of Samos brought out 
a book consisting of some hypotheses, in which the premisses lead to the result that the universe is many times greater than that 
now so called. His hypotheses are that the fixed stars and the sun remain unmoved, that the earth revolves about the sun in the 
circumference of a circle, the sun lying in the middle of the orbit, and that the sphere of the fixed stars, situated about the same 
centre as the sun, is so great that the circle in which he supposes the earth to revolve bears such a proportion to the distance of 
the fixed stars as the centre of the sphere bears to its surface. Now it is easy to see that this is impossible; for, since the centre 
of the sphere has no magnitude, we cannot conceive it to bear any ratio whatever to the surface of the sphere. We must however 
take Aristarchus to mean this: since we conceive the earth to be, as it were, the centre of the universe, the ratio which the earth 
bears to what we describe as the ‘universe’ is the same as the ratio which the sphere containing the circle in which he 
supposes the earth to revolve bears to the sphere of bhe fixed stars. For he adapts the proofs of his results to a hypothesis of 
this kind, and in particular he appears to suppose the magnitude of the sphere in which he represents the earth as moving to be 
equal to what we call the ‘universe.’ 

1 say then that, even if a sphere were made up of the sand, as great as Aristarchus supposes the sphere of the fixed stars to 
be, 1 shall still prove that, of the numbers named in the Principles*, some exceed in multitude the number of the sand which is 
equal in magnitude to the sphere referred to, provided that the following assumptions be made. 

1. The perimeter of the earth is about 3,000,000 stadia and not greater. 

ft is true that some have tried, as you are of course aware, to prove that the said perimeter is about 300,000 stadia. But 1 go 
further and, putting the magnitude of the earth at ten times the size that my predecessors thought it, 1 suppose its perimeter to be 
about 3,000,000 stadia and not greater. 

2. The diameter of the earth is greater than the diameter of the moon, and the diameter of the sun is greater than the 
diameter of the earth. 

In this assumption I follow most of the earlier astronomers. 

3. The diameter of the sun is about 30 times the diameter of the moon and not greater. 

It is true that, of the earlier astronomers, Eudoxus declared it to be about nine times as great, and Pheidias my father * 
twelve times, while Aristarchus tried to prove that the diameter of the sun is greater than 18 times but less than 20 times the 
diameter of the moon. But I go even further than Aristarchus, in order that the truth of my proposition may be established 
beyond dispute, and I suppose the diameter of the sun to be about 30 times that of the moon and not greater. 

4. The diameter of the sun is greater than the side of the ohiliagon inscribed in the greatest circle in the {sphere of 
the ) universe. 

I make this assumption f because Aristarchus discovered that the sun appeared to be about y^j-th part of the circle of the 
zodiac, and I myself tried, by a method which I will now describe, to find experimentally (dpyaviK<*>s) the angle subtended by 

7 A * « 

the sun and having its vertex at the eye (xav ycovtav, $ic; «v 6 «Aao<; |vappo^8i xav iwpvtpav #%ovaav Tioxi xf O'Pei).” 

[Up to this point the treatise has been literally translated because of the historical interest attaching to the ipsissima verba 
of Archimedes on such a subject. The rest of the work can now be more freely reproduced, and, before proceeding to the 
mathematical contents of it, it is only necessary to remark that Archimedes next describes how he arrived at a higher and a 



lower limit for the angle subtended by the sun. This he did by taking a long rod or ruler (Kavtbv), fastening on the end of it a 
small cylinder or disc, pointing the rod in the direction of the sun just after its rising (so that it was possible to look directly at 
it), then putting the cylinder at such a distance that it just concealed, and just failed to conceal, the sun, and lastly measuring the 
angles subtended by the cylinder. He explains also the correction which he thought it necessary to make because “the eye does 
not see from one point but from a certain area “ ( € '7iei ai OXi^c oUk ac|> € wos oag&ov pX|7iovxi, aXXa and xivos gey|0eo<;).] 

The result of the experiment was to show that the angle subtended by the diameter of the sun was less than T ^th part, and 
greater than ^t^ th part, of a right angle. 

To prove that {on this assumption ) the diameter of the sun is greater than the side of a chiliagon, or figure with 1000 
equal sides, inscribed in a great circle of the ‘ universe .’ 

Suppose the plane of the paper to be the plane passing through the centre of the sun, the centre of the earth and the eye, at 
the time when the sun has just risen above the horizon. Let the plane cut the earth in the circle EHL and the sun in the circle 
FKG, the centres of the earth and sun being C, O respectively, and E being the position of the eye. 

Further, let the plane cut the sphere of the ‘universe’ (i.e. the sphere whose centre is C and radius CO) in the great circle 
AOB. 

Draw from E two tangents to the circle FKG touching it at P, Q, and fromC draw two other tangents to the same circle 
touching it in F, G respectively. 

Let CO meet the sections of the earth and sun in H, K respectively; and let CF, CG produced meet the great circle AOB in 
A, B. 

Join EO, OF, OG, OP, OQ, AB, and let AB meet CO in M. 

Now CO > EO, since the sun is just above the horizon. 

Therefore Z PEQ > Z FCG. 


And A PEQ > ^R] 
but < rfaR. 


where R represents a right angle. 



Thus / FCG < a, fortiori, 

and the chord AB subtends an arc of the great circle which is less than ^th of the circumference of that circle, i.e. 

AB < (side of 656-sided polygon inscribed in the circle). 

Now the perimeter of any polygon inscribed in the great circle is less than if CO. [Cf. Measurement of a circle, Prop. 3.] 
Therefore AB : C0<11 : 1148, 

and, a fortiori, A B < jfoCO ... .(a). 

Again, since CA = CO, and AM is perpendicular to CO, while OF is perpendicular to CA, 




AM = OF. 


Therefore 

Thus 

and, a fortiori, 

Hence 
so that 
or 
And 
while 

Therefore 


AB = 2AM = (diameter of sun), 
(diameter of sun) < jh co ' b y ( a )> 

(diamteter of earth)< T ^CO. 

CH+OK<jh>CO 

HK>t^uCO, 

CO : HK< 100 : 99. 

CO > CF, 

HK < EQ. 

CF: EQ< 100 : 99.(£). 


[Assumption 2] 


Now in the right-angled triangles CFO, EQO, of the sides about the right angles, 

OF = OQ, but < CF (since EO < CO). 


Therefore < OEQ : < OCF > CO : EO, 

but < CF: EQ**. 

Doubling the angles, 

< PEQ : < ACB < CF: EQ 


But < PEQ> jhf-R, by hypothesis. 

Therefore A ACB > 

- > ^5^- 

It follows that the arc AB is greater than gf-gth of the circumference of the great circle AOB. 
Hence, a fortiori, 

AB > (side of chiliagon inscribed in great circle), 
and AB is equal to the diameter of the sun, as proved above. 


Z. 10 : 99, by (P) above. 


The following results can now be proved: 

{diameter of ‘ universe') < 10,000 {diameter of earth), 

and {diameter of'universe') < 10,000,000,000 stadia. 


tan a a gin a 
tan £ js einp* 

(1) Suppose, for brevity, that d u represents the diameter of the ‘universe,’ that of the sun, d e that of the earth, and d m that 
of the moon. 

By hypothesis, d t ^ 30 d m , [Assumption 3] 

and d t > dm ; [Assumption 2] 

therefore d, < 30d ? . 

Now, by the last proposition, 

d 8 > (side of chiliagon inscribed in great circle), 

so that (perimeter of chiliagon) < 1000a!* 

< 30,000cZ e . 

But the perimeter of any regular polygon with more sides than 6 inscribed in a circle is greater than that of the inscribed 
regular hexagon, and therefore greater than three times the diameter. Hence 

(perimeter of chiliagon) > 3 d u . 





It follows that d u < 10,000<i e . 

(2) (Perimeter of earth) ^ 3,000,000 stadia. 

[Assumption 1] 

and (perimeter of earth) > 3 d e . 

Therefore d e < 1,000,000 stadia, 

whence d u < 10,000,000,000 stadia. 


Assumption 5. 

Suppose a quantity of sand taken not greater than a poppyseed, and suppose that it contains not more than 10,000 grains. 

Next suppose the diameter of the poppy-seed to be not less than fa of a finger-breadth. 

Orders and periods of numbers. 

I. We have traditional names for numbers up to a myriad (10,000); we can therefore express numbers up to a myriad 
myriads (100,000,000). Let these numbers be called numbers of the first order. 

Suppose the 100,000,000 to be the unit of the second order, and let the second order consist of the numbers from that unit 
up to (100,000,000) 2 . 

Let this again be the unit of the third order of numbers ending with (100,000,000) 3 ; and so on, until we reach the 
100,000,000?/* order of numbers ending with (100,00,00) 100 ’ 000 ’ 000 , which we will call P. 

II. Suppose the numbers from 1 to P just described to romthe first period. 

Let P be the unit of the first order of the second period, and let this consist of the numbers from P up to 100,000,000/\ 

Let the last number be the unit of the second order of the second period, and let this end with (100,000,000) 2 P. 

We can go on in this way till we reach the 100,000,000?/* order of the second period ending with (100,000,000) 100 > 000 > 000 
P, or P 2 . 

III. Taking P 2 as the unit of the first order of the third period, we proceed in the same way till we reach the 100,000,000?/* 
order of the third period ending with P 3 . 

IV Taking P 3 as the unit of the first order of the fourth period, we continue the same process until we arrive at the 
100,000,000?/* order of the 100,000,000?/* period ending with/* 100 ’ 000 ’ 000 . This last number is expressed by Archimedes as “a 
myriad-myriad units of the myriad-myriad-th order of the myriad-myriad-th period (of; pvp h/.ki opvpi ooxds n^piodov 
pvp laKiop vopz w v dpvOp^v pvplai pvpladeg), ” which is easily seen to be 100,000,000 times the product oj 
(100,000,000) 99 ’ 999 ’ 999 andP 99 999 999 , i.e. pioo.ooo.ooo 

[The scheme of numbers thus described can be exhibited more clearly by means of indices as follows. 

FIRST PERIOD. 


First order. Numbers from 1 to 10 8 . 
Second order . „ „ 10 s to 10 18 . 

Third order . „ „ 10 ie to 10 M . 


(10 8 )f/i order. 


to io*-^(P )S ay>. 


SECOND PERIOD 





First order. Numbers from P.l to P . 10 8 . 

Second order, 

(10 ^tk order. 


* 

(10*)th period. 

First order. 

Second order, 

(I0 a )th order . 

The prodigious extent of this scheme will be appreciated when it is considered that the last number in the first period 
would be represented now by 1 followed by 800,000,000 ciphers, while the last number of the (\Qf)th period would require 
100,000,000 times as many ciphers, i.e. 80,000 million millions of ciphers.] 

Octads. 

Consider the series of terms in continued proportion of which the first is 1 and the second 10 [i.e. the geometrical 
progression 1, 10 1 , 10 2 , 10 3 , ...]. The first octad of these terms [i.e. 1, 10 1 , 10 2 , ...10 7 ] fall accordingly under the first order 
of the first period above described, the second octad [i.e. 10 8 , 10 9 ,... 10 15 ] under the second order of the first period, the 
first term of the octad being the unit of the corresponding order in each case. Similarly for the third octad, and so on. We can, 
in the same way, place any number of octads. 

Theorem. 

If there be any number of terms of a series in continued proportion, say A x A 2 A 3 , ... A m ,... A n ... A m + n _ 1 .. .of which A x 
= 1, A 2 = 10 [so that the series forms the geometrical progression 1, 10 1 , 10 1 , ... 10 2 , ...I0 m ~ l , ... 10 m + ” “ 2 ,... ], and if any 
two terms as A m , A n be taken and multiplied, the product A m ■ A n will be a term in the same series and will be as many terms 
distant from A } as A m is distant from Ay, also it will be distant from A , by a number of terms less by one than the sum of the 
numbers of terms by which A m and A n respectively are distant from A t . 

Take the term which is distant from A n by the same number of terms as A m is distant fromd,. This number of terms is m (the 
first and last being both counted). Thus the term to be taken is in terms distant from A n , and is therefore the term A m + n _ j. 

We have therefore to prove that 

a .a = A 

m n ,m+n-1 

Now terms equally distant from other terms in the continued proportion are proportional. 


Thus 





A.i A. n 



But 

A m =A m - A], since Aj = l 



Therefore 

1 ” ^m ■ ^ n *.. . . 

h 4 ■ + * * * A ■ 



The second result is now obvious, since A m is m terms distant from A ,, A n is n terms distant from A { and A m + n _ j is (m + n 
- 1) terms distant fromd|. 

Application to the number of the sand. 

By Assumption 5 [p. 227], 

(dian. of poppy - seed) ff (finger-breadth); 

and, since spheres are to one another in the triplicate ratio of their diameters, it follows that 




P. 10* to P. 10 1S . 


it vi 


to 

P.IO 8 - 1 ^ (or P*). 


3 i H 


n » 


P J ° L M to P loB - J . 10 s . 
pio*-i , 10 s to P 1 * 8 - 1 .10 1 * 


pi 0 *-l to 

P 3qS - j , 10*- 1,ja (i.e. P it>s ). 







(sphere of diain. 1 finger-breadth) if 64,000 poppy-seeds 

> 64,000 x 10,000 
if 640,000,000 

if 6 units of second I grains 
order + 40,000,000 !-of 
units of first order sand. 
(a fortiori ) < 10 units of second 
order of numbers. ' 


We now gradually increase the diameter of the supposed sphere, multiplying it by 100 each time. Thus, remembering that 
the sphere is thereby multiplied by 100 3 or 1,000,000, the number of grains of sand which would be contained in a sphere with 
each successive diameter may be arrived at as follows. 


Diameter of sphere. 


Corresponding number of grains of sand. 


(1) 100 finger-breadths 

(2) 10,000 finger-breadths 

(3) 1 stadium 

(< 10,000 finger-breadths) 

(4) 100 stadia 

(5) 10,000 stadia 

(6) 1,000,000 stadia 

(7) 100,000,000 stadia 

(8) 10,000,000,000 stadia 


< 1,000,000 x 10 units of second order 

< (7th term of series) x (10th term of 

series) 

< 16th term of series [i,e. 10 13 ] 

<[10 T or] 10,000,000 units of the second 

order. 

< 1,000,000 x (last number) 

< (7th term of series) x (16th term) 

< 22nd term of series [i.e. 10 21 ] 

< [10 s or] 100,000 units of third order, 

< 100,000 units of third order. 

< 1,000,000 x (last number) 

< (7th term of series) x (22nd term) 

< 28th term of series [IO 27 ] 

< [10 3 or] 1,000 units of fourth order. 

< 1,000,000 x (last number) 

< (7th term of series) x (28th term) 

< 34th term of series [10 s3 ] 

< 10 units of fifth order. 

< (7 th term of series) x (34th term) 

< 40th term [10 s9 ] 

< [10 7 or] 10,000,000 units of fifth order. 

< (7 th term of series) x (40th term) 

< 46th term [10 43 ] 

<[10 5 or] 100,000 units of sixth order. 

< (7th term of series) x (46th term) 

< 52nd term of series [10 s1 ] 

<[10 3 or] 1,000 units of seventh order. 


But, by the proposition above [p. 227], 

(diameter of‘universe’) < 10.000,000,000 stadia. 

Hence the number of grains of sand which could be contained in a sphere of the size of our ‘ universe ’ is less than 1,000 
units of the seventh order of numbers [or 10 51 ]. 

From this we can prove further that a sphere of the size attributed by Aristarchus to the sphere of the fixed stars would 
contain a number of grains of sand less than 10,000,000 units of the eight order of numbers [or 10 56 + 7 = 10 63 ]. 

For, by hypothesis, 

(earth) : (‘universe’) = (‘universe’) : (sphere of fixed stars). And [P. 227] 

(diameter of‘universe’) < 10,000 (diam of earth); 



whence 


(diam of sphere of fixed stars) < 10,000 (diam. of‘universe’). 

Therefore 

(sphere of fixed stars) < (10,000) 3 . (‘universe’). 

It follows that the number of grains of sand which would be contained in a sphere equal to the sphere of the fixed stars 
Z(10,000) s x 1,000 units of seventh order 
Z(13th term o seiries) x (52nd term of series) 

Z 64th term of series 

Z [10 7 or] 10,000,000 units of eighth order of numbers. 

Conclusion 

“I conceive that these things, king Gelon, will appear incredible to the great majority of people who have not studied 
mathematics, but that to those who are conversant therewith and have given thought to the question of the distances and sizes of 
the earth the sun and moon and the whole universe the proof will carry conviction. And it was for this reason that I thought the 
subject would be not inappropriate for your consideration.” 

* ApxaL was apparently the title of the work sent to Zeuxippus. Cf. the note attached to the enumeration of lost works of Archimedes in the Introduction, Chapter II., 
ad fin. 

* xou apu TiaxpoQ is the correction of Blass for xou AKoUnaipo g (Jahrb. f. Philol. cxxvii. 1883). 

t This is not, strictly speaking, an assumption; it is a proposition proved later (pp. 224-6)by means of the result of an experiment about to be described. 

* The proposition here assumed is of course equivalent to the trigonometrical formula which states that, if a, P are the circular measures of two angles, each less than a 
right angle, of which a is the greater, then 


QUADRATURE OF THE PARABOLA 


“Archimedes to Dositheus greeting. 

“When I heard that Conon, who was my friend in his lifetime, was dead, but that you were acquainted with Conon and 
withal versed in geometry, while I grieved for the loss not only of a friend but of an admirable mathematician, I set myself the 
task of communicating to you, as I had intended to send to Conon, a certain geometrical theorem which had not been 
investigated before but has now been investigated by me, and which I first discovered by means of mechanics and then 
exhibited by means of geometry. Now some of the earlier geometers tried to prove it possible to find a rectilineal area equal to 
a given circle and a given segment of a circle; and after that they endeavoured to square the area bounded by the section of the 
whole cone* and a straight line, assuming lemmas not easily conceded, so that it was recognised by most people that the 
problem was not solved. But I am not aware that any one of my predecessors has attempted to square the segment bounded by a 
straight line and a section of a rightangled cone [a parabola], of which problem I have now discovered the solution. For it is 
here shown that every segment bounded by a straight line and a section of a right-angled cone [a parabola] is four-thirds of the 
triangle which has the same base and equal height with the segment, and for the demonstration of this property the following 
lemma is assumed: that the excess by which the greater of (two) unequal areas exceeds the less can, by being added to itself, be 
made to exceed any given finite area. The earlier geometers have also used this lemma; for it is by the use of this same lemma 
that they have shown that circles are to one another in the duplicate ratio of their diameters, and that spheres are to one another 
in the triplicate ratio of their diameters, and further that every pyramid is one third part of the prism which has the same base 
with the pyramid and equal height; also, that every cone is one third part of the cylinder having the same base as the cone and 
equal height they proved by assuming a certain lemma similar to that aforesaid. And, in the result, each of the aforesaid 
theorems has been accepted* no less than those proved without the lemma. As therefore my work now published has satisfied 
the same test as the propositions referred to, I have written out the proof and send it to you, first as investigated by means of 
mechanics, and afterwards too as demonstrated by geometry. Prefixed are, also, the elementary propositions in conics which 
are of service in the proof (axoix^a Kroviicd XPe? av fX 0VTa tOCv d;i65eii;iv). Farewell.” 


Proposition 1. 


If from a point on a parabola a straight line be drawn which is either itself the axis or parallel to the axis, as PV, and if 
QQ be a chord parallel to the tangent to the parabola at P and meeting PV in V, then 

QV= VQ\ 



Conversely, if QV= VQ=, the chord QQ= will be parallel to the tangent at P. 


Proposition 2. 

If in a parabola QQ= be a chord parallel to the tangent at P, and if a straight line be drawn through P which is either 
itself the aids or parallel to the axis, and which meets QQ= in V and the tangent at Q to the parabola in T, then 

PV + PT 





Proposition 3. 

If from a point on a parabola a straight line be drawn which is either itself the axis or parallel to the axis, as PV, and if 
from two other points Q, Q= on the parabola straight lines be drawn parallel to the tangent at P and meeting PV in V,V= 
respectively, then 

PV: PV = QV 2 : Q'V' 2 . 

“And these propositions are proved in the elements of conics*” 


Proposition 4. 


If Qq be the base of any segment of a parabola, and P the vertex of the segment, and if the diameter through any other 
point R meet Qq in O and QP (produced if necessary) in F, then 

QV: VO = OF: FR 

Draw the ordinate RW to PV, meeting QP in K. 

Then PV: PW = QV 2 : PF 2 
whence, by parallels, 

PQ : PK = PQ 2 : PF 2 . 




In other words, PQ, PF, PK are in continued proportion; therefore 

PQ : PF = PF : PK 

. =PQ± PF : PF ± PK 
= QF ; KF 


Hence, by parallels, 


QV: VO = OF: FR. 

[It is easily seen that this equation is equivalent to a change of axes of coordinates from the tangent and diameter to new axes 
consisting of the chord Qq (as axis of x, say) and the diameter through Q (as axis ofy). 









For, if QV= a, py _ a 2 , where p is the parameter of the ordinates to PV. 

~P 

Thus, if QO - x, and RO=y, the above result gives 


a = OF 

x — a OF—y 1 

whence „ ® 

_a OF p 
2a —x y y ' 

or py = x(2a - x) ■] 


Proposition 5. 


If Qq be the base of any segment of a parabola, P the vertex of the segment, and PV its diameter, and if the diameter oj 
the parabola through any other point R meet Qq in O and the tangent at Q in E, then 

QO : Oq = ER :RO. 

Let the diameter through R meet QP in F. 



Then, by Prop. 4, 

Since QV= V q , it follows that 


QV: VO = OF : FR. 


QViqQ = OF : OH .(1). 


Also, if VP meet the tangent in T, 

PT = PV, and therefore EF = OF. 

Accordingly, doubling the antecedents in (1), we have 

Qq : QO = OE: OR, 

whence QO : Oq = ER : RO; 


Proposition 6, 7*. 

Suppose a lever AOB placed horizontally and supported at its middle point O. Let a triangle BCD in which the angle G 
is right or obtuse be suspended from B and O, so that G is attached to O and CD is in the same vertical line with O. Then, if 
P be such an area as, when suspended from A, will keep the system in equilibrium, 

p = \ A BCD. 

Take a point E on OB such that BE = 20 E, and draw EFH parallel to OCD meeting BC, BD in F, H respectively. Let G be 
the middle point of FH. 









Then G is the centre of gravity of the triangle BCD. 

Hence, if the angular points B, C be set free and the triangle be suspended by attaching F to E, the triangle will hang in the 
same position as before, because EFG is a vertical straight line. “For this is proved f 

Therefore, as before, there will be equilibrium. 

Thus jP : A BCD — OE : A 0 

= 1:3, 

or P = \ABCD. 


Proposition 8, 9. 

Suppose a lever AOB placed horizontally and supported at its middle point O. Let a triangle BCD, right-angled or 
obtuseangled at C, be suspended from the points B, E on OB, the angular point O being so attached to E that the side CD is 
in the same vertical line with E. Let Q be an area such that 

SO : OE = ABCD : Q. 

Then, if ctu area P suspended from A keep the system in equilibrium, 

P < A BCD but > Q. 

Take G the centre of gravity of the triangle BCD, and draw GH parallel to DC, i.e. vertically, meeting BO in H. 



We may now suppose the triangle BCD suspended from//, and, since there is equilibrium, 

A BCD:P = AO: OH.. .(1), 


whence P< A BCD. 

Also ABCD : Q = AO : OE. 
Therefore, by (1), ABCD : Q > ABCD : P, 
And P> Q. 


Propositions 10,11. 

Suppose a lever AOB placed horizontally and supported at O, its middle point. Let CDEF be a trapezium which can be 
so placed that its parallel sides CD, FE are vertical, while C is vertically below O, and the other sides CF, DE meet in B. 
Let EF meet BO in H, and let the trapezium be suspended by attaching F to H and C to O. Further, suppose Q to be an area 
such that 

AO : OH= (trapezium CDEF) : Q. 

Then, ifp be the area which, when suspended from A, keeps the system in equilibrium, 















p<Q- 

The same is true in the particular case where the angles at C, F are right, and consequently C, F coincide with O, H 
respectively. 

Divide OH in K so that 

(2 CD + FE) : (2FE + CD) = HK: Ko. 


A O K H B 



Draw KG parallel to OD, and let G be the middle point of the portion of KG intercepted within the trapezium. Then G is the 
centre of gravity of the trapezium [On the equilibrium of planes, I. 15]. 

Thus we may suppose the trapezium suspended from K, and the equilibrium will remain undisturbed. 

Therefore 

AO : OK = (trapezium ODEF ): P, 


and, by hypothesis, 


AO : OH= (trapezium GDEF ): Q. 


Since OK < OH, it follows that 


P<Q- 


Propositions 12,13. 

If the trapezium GDEF be placed as in the last propositions, except that CD is vertically below a point L on OB instead 
of being below O, and the trapezium is suspended from L, H, suppose that Q, R are areas such that 

AO : OH= (trapezium CDEF) : Q, 

And AO : OL = (itrapezium CDEF) : R. 

If then an area P suspended from A keep the system in equilibrium, 

P > R but < Q. 

Take the centre of gravity G of the trapezium, as in the last propositions, and let the line through G parallel to DC meet OB 
in K 



Then we may suppose the trapezium suspended from K, and there will still be equilibrium. 

Therefore (trapezium CDEF ): P = AO : OK. 

Hence 

(trapezium CDEF) : P > (trapezium CDEF) : Q, 

but < (trapezium CDEF) : R. 

It follows that P < Q but > R. 







Propositions 14,15. 


Let Qq be the base of any segment of a parabola. Then, it two lines be drawn from Q, q, each parallel to the axis of the 
parabola and on the same side of Qq as the segment is, either (1) the angles so formed at Q, q are both right angles, or (2) one 
is acute and the other obtuse. In the latter case let the angle at q be the obtuse angle. 

Divide Qq into any number of equal parts at the points O h 0 2 ,... O n . Draw throughg, O h 0 2 ,...0 n diameters of the 
parabola meeting the tangent at Q in E, E h E 2 ... E n and the parabola itself in q, R h R 2 , ... R n . Join QR h QR 2 , ... QR n meeting 
qE, O x E h 0 2 , E 2 , ... O n _ 2 E n _ x in F, F h F 2 , ... F n _ { . 

Let the diameters Eq , E x O h ... E n O n meet a straight line QOA drawn through Q perpendicular to the diameters in the points 
O, H x , H 2 , ... H n respectively. (In the particular case where Qq is itself perpendicular to the diameters q will coincide with O, 
Oj with H x and so on.) 

It is required to prove that 

(1) A EqQ<3(sum of trapezia FO x , F x 0 2 ,... F n _ x O n and A E n O n Q), 

(2) A EqQ > 3(sum of trapezia R\0 2 , R 2 0 2 ,... R n _ x O n and A R n O n Q ). 



Suppose AO made equal to OQ, and conceive QOA as a lever placed horizontally and supported at O. Suppose the triangle 
EqQ suspended from OQ in the position drawn, and suppose that the trapezium EO x in the position drawn is balanced by an 
area P { suspended from A, the trapezium E { 0 2 in the position drawn is balanced by the area P 2 suspended from A, and so on, 
the triangle E n O n Q being in like manner balanced by P n+ j. 

Then P 2 + P 2 + ... + P n+X will balance the whole triangle EqQ as drawn, and therefore 
Pi + p 2 + - +Pn+1 = \ A Ec lQ- [props. 6,7] 

Again AO:OH x = QO: OH, 

= Qq : qO x 

— E x Oi : 0 1 R X [by means of Prop. 5] 

= (trapezium E0 X ): (trapezium FO x ); 




whence [Props. 10, 11] 

(FO, > Pj. 

Next AO : OH, ^ BA : 0& 

= (BA) : (R,0 a ) . (a), 

while AO : 0H t = B a 0 s : Off 

= (BA ): (BA) .-OS); 

and, since (a) and (P) are simultaneously true, we have, by Props. 12, 13, 

(F 1 o 2 )>p 2 >(R 1 o 2 ). 

Similarly it may be proved that 

(FjO,) > (Rj0 2 ). 

and so on. 

Lastly [Props. 8, 9] 

A E„0„Q>P„ + ,>M„0„Q. 

By addition, we obtain 

(1) (F0 1 )+(FM +... +(E n ^0»)+ A E n O n Q > P.+P a +... +p w+1 

>&A EqQ, 

or AEqQ < 3 (FOj + Fj0 2 + ... + F n _ 10n + A E n o n Q). 

(2) < I\ + P.i + + Pn+i, a fortiori, 

< l AEqQ, 

or AEqQ> (R!0 2 + R 2 O s + ...R n _ 1 O n + A R n O n Q). 


Proposition 16. 

Suppose Qq to be the base of a parabolic segment, q being not more distant than Q from the vertex of the parabola. 
Draw through q the straight line qE parallel to the axis of the parabola to meet the tangent at Q in E. It is required to 
prove that 

(area of segment) = i AEqQ. 

For, if not, the area of the segment must be either greater or less than | AEqQ. 

I. Suppose the area of the segment greater than i, AEqQ. AEqQ. Then the excess can, if continually added to itself, be made 
to exceed AEqQ. And it is possible to find a submultiple of the triangle EqQ less than the said excess of the segment over ^ 
AEqQ.. 




e 

Let the triangle FqQ be such a submultiple of the triangle EqQ. Divide Eq into equal parts each equal to qF, and let all the 
points of division including F be joined to Q meeting the parabola in/?,, R 2 , ...R n respectively. Through /?,, R 2 , ... R n draw 
diameters of the parabola meeting qQ in 0 h 0 2 , ... O n respectively. 

Let O x Ri meet QR 2 inTj. 

Let 0\R 2 meet QR X inDj and QR 3 in F 2 . 

Let 0 3 /? 3 meet QR 2 in D 2 and QR 4 in F 3 and so on. 

We have, by hypothesis, 

AFqQ < (area of segment) - ^ 

or (area of segment) - AFqQ > | A EqQ .(a). 

Now, since all the parts of qE, as qF and the rest, are equal, O] R 2 = R|F b 0 2 Dj = D,R 2 = R 2 F 2 , and so on; therefore 

A FqQ = (FOi + 

— (F0 X + F^I)^ + F,D 2 -f... +F. n —iJi+A 


But 

(area of segment) <(FOj + F /0 2 + ... + F n _ 1 O n + A E n O n Q). 

Subtracting, we have 

(area of segment) — A FqQ < (4- Jiff + ... 

+ +AR n O n Q), 


whence, a fortiori, by (a), 

\A EqQ < (Ri0 2 + R 2 0 3 + ... + R n -jO n + A R n O n Q). 

But this is impossible, since [Props. 14, 15] 

\A EqQ < (R 1 0 2 + R 2 0 3 + ... + R n -jO n + A R n O n Q). 

Therefore 

(area of segment) ^ ^ AEqQ. 

II. If possible, suppose the area of the segment less than i A EqQ. 

Take a submultiple of the triangle EqQ, as the triangle FqQ, less than the excess of | AEqQ. over the area of the segment, 
and make the same construction as before. 




Since AFqQ <F A EqQ - (area of segment), 
it follows that 


AFqQ + (area of segment) < | A EqQ 

< {F0 y FyO 2 ... + F n—1 0 n + A E n O n Q). 

[Props. 14, 15] 

Subtracting from each side the area of the segment, we have 

A FqQ < (sura of spaces qFR lt R^FylL, ... E n RJQ) 

< (FOy + F-yDj + ... + + A E n R n Q), a fortiori; 


which is impossible, because, by (P) above, 

AFqQ = FOi + FjDj + ... + F^jD^j + AE n R n Q. 

Hence (area of segment) ^ i AEqQ. 

Since then the area of the segment is neither less nor greater than i A EqQ, it is equal to it. 


Proposition 17. 

It is now manifest that the area of any segment of a parabola is four-thirds of the triangle which has the same base as 
the segment and equal height. 

Let Qq be the base of the segment, P its vertex. Then PQq is the inscribed triangle with the same base as the segment and 
equal height. 



Since P is the vertex * of the segment, the diameter through P bisects Qq. Let Fbe the point of bisection. 
Let VP, and qE drawn parallel to it, meet the tangent at Q in T, E respectively. 

Then, by parallels, 

qE = 2 VT, 

and PV = PT, [prop.2] 
so that VT = 2PV. 

Hence A EqQ = 4APQq. 

But, by Prop. 16, the area of the segment is equal to f A EqQ. 

Therefore (area of segment) = f A PQq. 




Def. “In segments bounded by a straight line and any curve I call the straight line the base, and the height the greatest 
perpendicular drawn from the curve to the base of the segment, and the vertex the point from which the greatest perpendicular 
is drawn.” 


Proposition 18. 

If Qq be the base of a segment of a parabola, and V the middle point of Qq, and if the diameter through V meet the 
curve in P, then P is the vertex of the segment. 


Q 



For Qq is parallel to the tangent at P [Prop. 1]. Therefore, of all the perpendiculars which can be drawn from points on the 
segment to the base Qq, that from P is the greatest. Hence, by the definition, P is the vertex of the segment. 


Proposition 19. 


If Qq be a chord of a parabola bisected in V by the diameter PV, and if RM be a diameter bisecting QV in M, and RW 
be the ordinate from R to PV, then 

PV = f RM. 


Q 



For, by the property of the parabola, 

PV:PW = QV*‘RW t 
^ARW^.RW*, 

so that PV — 4PF, 

whence PV = £ RM . 


Proposition 20. 

If Qq be the base, and P the vertex, of a parabolic segment, then the triangle PQq is greater than half the segment PQq. 

For the chord Qq is parallel to the tangent at P, and the triangle PQq is half the parallelogram formed by Qq, the tangent at 
P, and the diameters through Q, q. 






ft 



Therefore the triangle PQq is greater than half the segment. 

Cor. It follows that it is possible to inscribe in the segment a polygon such that the segments left over are together less 
than any assigned area. 


Proposition 21. 


If Qq be the base, and P the vertex, of any parabolic segment, and if R be the vertex of the segment cut off by PQ, then 

APQq = 8 A PRQ. 

The diameter through R will bisect the chord PQ, and therefore also QV, where PV is the diameter bisecting Qq. Let the 
diameter through R bisect PQ in Y and QV in M. Join PM. 


By Prop. 19, 



II 

Also 

PV = 2 YM. 

Therefore 

YM = 2RY, 

And 

A PQM = 2APRQ. 

Hence 

APQV = 4APRQ, 

And 

APQq = 8 APRQ 


a 



Also, if R W, the ordinate from R to PV, be produced to meet the curve again in r, 

RW = rW, 


and the same proof shows that 


APQq = 8 APrq. 


Proposition 22. 

If there be a series of areas A, B, C, D, ... each of which is four times the next in order, and if the largest, A, be equal to 
the triangle PQq inscribed in a parabolic segment PQq and having the same base with it and equal height, then 

(A + B + C + D +-) < (area of segment PQq.) 








For, since A PQq = 8 A PRQ = 8 A Pqr, where R, r are the vertices of the segments cut off by PQ, Pq, as in the last 
proposition, 





APQq = 4(APQR + A Pqr). 

Therefore, since APQq = A, 

APQR + APqr = B. 

In like manner we prove that the triangles similarly inscribed in the remaining segments are together equal to the area C, 
and so on. 

Therefore A+B + C + D+... is equal to the area of a certain inscribed polygon, and is therefore less than the area of the 
segment. 


Proposition 23. 

Given a series of areas A, B, C, D, ... Z, of which A is the greatest, and each is equal to four times the next in order, 
then 

^4 + Z? + C + ... + Z + \Z = $A. 

Take areas b,c,d, ... such that 

b - iB t 

c = %C, 

d = and so on. 

Then, since b = B, 
and B = 

B + b — 

Similarly C + c = $B. 

Therefore 

B + C + D+ ... + Z + b + c + d+ ... + z = 4 (A + B + C + ... + Y). 

But Z) + c+ 6?+...y=^(2 + C + Z) + ... Y). 




A 


L. 

B 

c 

D 



4 

r~TTJ 


Therefore, by subtraction, 
or A + B + C + 


2? + C + Z) + ... + Z + z — -J- A 
+ Z + }Z = $A. 


t 


The algebraical equivalent of this result is of course 

1 + i + «)*+-•+ - i - Hi)’" 


l-(i)* 1 

i-i 'J 


Proposition 24. 

Every segment bounded by a parabola and a chord Qq is equal to four-thirds of the triangle which has the same base as 
the segment and equal height 

Suppose k = £ APQq, 

where P is the vertex of the segment; and we have then to prove that the area of the segment is equal to K. 

Q 


P 


7 

For, if the segment be not equal to K, it must either be greater or less. 

I. Suppose the area of the segment greater than K. 

If then we inscribe in the segments cut off by PQ, Pq triangles which have the same base and equal height, i.e. triangles 
with the same vertices R, r as those of the segments, and if in the remaining segments we inscribe triangles in the same manner, 
and so on, we shall finally have segments remaining whose sum is less than the area by which the segment PQq exceeds K. 

Therefore the polygon so formed must be greater than the area K ; which is impossible, since [Prop. 23] 














A + B + C + ... +Z < ■$■*4 


where A = A PQq. 

Thus the area of the segment cannot be greater than K. 

It. Suppose, if possible, that the area of the segment is less than if. 

If then A PQq =A,B= \A, C\B, and so on, until we arrive at an area X such that X is less than the difference between K 
and the segment, we have 


j1 + £+ C?+...+ j 3l+^X = |A [Prop. 23] 

= K. 

Now, since K exceeds A+ B + C, + ... + X by an area less than X, and the area of the segment by an area greater thanX, it 
follows that 

A + B + C + ...X> (the segment); 

which is impossible, by Prop. 22 above. 

Hence the segment is not less than K. 

Thus, since the segment is neither greater nor less than K, 

(area of segment PQq) = K = J APQq. 

* There appears to be some corruption here: the expression in the text is zag oXov zo kCJvou zopag, , and it is not easy to give a natural and intelligible meaning to it. 
The section of ‘the whole cone’ might perhaps mean a section cutting right through it, i.e. an ellipse, and the ‘straight line’ might be an axis or a diameter. But Heiberg 
objects to the suggestion to read rag o^vycov lov kWvov xopaq, in view of the addition of ml fUBgic;, on the ground that the former expression always signifies the whole of 
an ellipse, never a segment of it (Quaestiones Archimedeae , p. 149). 

* The Greek of this passage is: avpfiaLvgi z£v npo&prjpEvcov O^coprjp&zcov J Kamov prjSsv {jooov r^v qV£v zoUzov to ^Arjppazog djiodfdfiyp^viv 7i£7iiOT£VK^ 
vai. Here it would seem that n^maz^vKEvai must be wrong and that the passive should have been used. 

* i.e. in the treatises on conics by Euclid and Aristaeus. 

* In Prop. 6 Archimedes takes the separate case in which the angle BCD of the triangle is a right angle so that C coincides with O in the figure and F with E. He then 
proves, in Prop. 7, the same property for the triangle in which BCD is an obtuse angle, by treating the triangle as the difference between two right-angled triangles BOD , 
BOG and using the result of Prop. 6. I have combined the two propositions in one proof, for the sake of brevity. The same remark applies to the propositions following 
Props. 6, 7. 

t Doubtless in the lost book ngpii fvyv. Cf. the Introduction, Chapter II., ad Jin. 

*It is curious that Archimedes uses the terms base vertex of a segment here, but gives the definition of them later (at the end of the proposition). Moreover he 
assumes the converse of the property proved in Prop. 18. 


ON FLOATING BODIES 


BOOK I. 


Postulate 1. 

“Let it be supposed that a fluid is of such a character that, its parts lying evenly and being continuous, that part which is 
thrust the less is driven along by that which is thrust the more; and that each of its parts is thrust by the fluid which is above it in 
a perpendicular direction if the fluid be sunk in anything and compressed by anything else.” 


Proposition 1. 

If a surface be cut by a plane always passing through a certain point, and if the section be always a circumference [of a 
circle ] whose centre is the aforesaid point, the surface is that of a sphere. 

For, if not, there will be some two lines drawn from the point to the surface which are not equal. 

Suppose O to be the fixed point, and A, B to be two points on the surface such that OA, OB are unequal. Let the surface be 
cut by a plane passing through OA, OB. Then the section is, by hypothesis, a circle whose centre is O. 

Thus OA = OB', which is contrary to the assumption. Therefore the surface cannot but be a sphere. 


Proposition 2. 

The surface of any fluid at rest is the surface of a sphere whose centre is the same as that of the earth. 

Suppose the surface of the fluid cut by a plane through O, the centre of the earth, in the curve ABCD. 

ABGD shall be the circumference of a circle. 

For, if not, some of the lines drawn from O to the curve will be unequal. Take one of them, OB, such that OB is greater than 
some of the lines from O to the curve and less than others. Draw a circle with OS as radius. Let it be EBF, which will 
therefore fall partly within and partly without, the surface of the fluid. 



Draw 00H making with OB an angle equal to the angle BOB, and meeting the surface in H and the circle in 0. Draw also in 
the plane an arc of a circle PQR with centre 0 and within the fluid. 

Then the parts of the fluid along PQR are uniform and continuous, and the part PQ is compressed by the part between it and 
AB, while the part QR is compressed by the part between QR and BH. Therefore the parts along PQ, QR will be unequally 
compressed, and the part which is compressed the less will be set in motion by that which is compressed the more. 

Therefore there will not be rest; which is contrary to the hypothesis. 

Hence the section of the surface will be the circumference of a circle whose centre is O', and so will all other sections by 
planes through O. 

Therefore the surface is that of a sphere with centre O. 


Proposition 3. 

Of solids those which, size for size, are of equal weight with a fluid will, if let down into the fluid, be immersed so that 



they do not project above the surface but do not sink lower. 

If possible, let a certain solid EFHG of equal weight, volume for volume, with the fluid remain immersed in it so that part 
of it, EBGF, projects above the surface. 

Draw through O, the centre of the earth, and through the solid a plane cutting the surface of the fluid in the circle ABCD. 

Conceive a pyramid with vertex O and base a parallelogram at the surface of the fluid, such that it includes the immersed 
portion of the solid. Let this pyramid be cut by the plane of ABCD in OL, OM. Also let a sphere within the fluid and below GH 
be described with centre O, and let the plane of ABCD cut this sphere in PQR. 



Conceive also another pyramid in the fluid with vertex O, continuous with the former pyramid and equal and similar to it. 
Let the pyramid so described be cut in OM, ON by the plane of ABCD. 

Lastly, let STUV be a part of the fluid within the second pyramid equal and similar to the part BGHG of the solid, and let 
SV be at the surface of the fluid. 

Then the pressures on PQ, QR are unequal, that on PQ being the greater. Hence the part at QR will be set in motion by that 
at PQ, and the fluid will not be at rest; which is contrary to the hypothesis. 

Therefore the solid will not stand out above the surface. 

Nor will it sink further, because all the parts of the fluid will be under the same pressure. 


Proposition 4. 

A solid lighter than a fluid will, if immersed in it, not be completely submerged, but part of it will project above the 
surface. 

In this case, after the manner of the previous proposition, we assume the solid, if possible, to be completely submerged and 
the fluid to be at rest in that position, and we conceive (1) a pyramid with its vertex at O, the centre of the earth, including the 
solid, (2) another pyramid continuous with the former and equal and similar to it, with the same vertex O, (3) a portion of the 
fluid within this latter pyramid equal to the immersed solid in the other pyramid, (4) a sphere with centre O whose surface is 
below the immersed solid and the part of the fluid in the second pyramid corresponding thereto. We suppose a plane to be 
drawn through the centre O cutting the surface of the fluid in the circle ABC, the solid in S, the first pyramid in OA, OB, the 
second pyramid in OB, OC, the portion of the fluid in the second pyramid in K, and the inner sphere in PQR. 

Then the pressures on the parts of the fluid at PQ, QR are unequal, since S is lighter than if. Hence there will not be rest; 
which is contrary to the hypothesis. 


B 



Therefore the solid S cannot, in a condition of rest, be completely submerged. 



Proposition 5. 


Any solid lighter than a fluid will, ifplaced in the fluid, be so far immersed that the weight of the solid will be equal to 
the weight of the fluid displaced. 

For let the solid be EGHF and let BGHC be the portion of it immersed when the fluid is at rest. As in Prop. 3, conceive a 
pyramid with vertex O including the solid, and another pyramid with the same vertex continuous with the former and equal and 
similar to it. Suppose a portion of the fluid STUV at the base of the second pyramid to be equal and similar to the immersed 
portion of the solid; and let the construction be the same as in Prop. 3. 



Then, since the pressure on the parts of the fluid at PQ, QR must be equal in order that the fluid may be at rest, it follows 
that the weight of the portion STUV of the fluid must be equal to the weight of the solid EGHF. And the former is equal to the 
weight of the fluid displaced by the immersed portion of the solid BGHC. 


Proposition 6. 

If a solid lighter than a fluid be forcibly immersed in it, the solid will be driven upwards by a force equal to the 
difference between its weight and the weight of the fluid displaced. 

For let ^4 be completely immersed in the fluid, and let G represent the weight of A, and (G + H) the weight of an equal 
volume of the fluid. Take a solid D, whose weight is H and add it to A. Then the weight of (A + D ) is less than that of an equal 
volume of the fluid; and, if (A + D) is immersed in the fluid, it will project so that its weight will be equal to the weight of the 
fluid displaced. But its weight is (G + H). 



Therefore the weight of the fluid displaced is (G + H), and hence the volume of the fluid displaced is the volume of the 
solid A. There will accordingly be rest with A immersed and D projecting. 

Thus the weight of D balances the upward force exerted by the fluid on A, and therefore the latter force is equal to H, which 
is the difference between the weight of A and the weight of the fluid which A displaces. 


Proposition 7. 

A solid heavier than a fluid will, ifplaced in it, descend to the bottom of the fluid, and the solid will, when weighed in 
the fluid, be lighter than its true weight by the weight of the fluid displaced. 

(1) The first part of the proposition is obvious, since the part of the fluid under the solid will be under greater pressure, and 
therefore the other parts will give way until the solid reaches the bottom. 

(2) Let A be a solid heavier than the same volume of the fluid, and let (G + H) represent its weight, while G represents the 
weight of the same volume of the fluid. 













Take a solid B lighter than the same volume of the fluid, and such that the weight of B is G, while the weight of the same 
volume of the fluid is (G + H ). 



B 


Let A and B be now combined into one solid and immersed. Then, since (A + B) will be of the same weight as the same 
volume of fluid, both weights being equal to (G + H)+ G, it follows that (A + B ) will remain stationary in the fluid. 

Therefore the force which causes A by itself to sink must be equal to the upward force exerted by the fluid on B by itself. 
This latter is equal to the difference between (G + H) and G [Prop. 6], Hence A is depressed, by a force equal to H, i.e. its 
weight in the fluid is H, or the difference between (G + H) and G. 


[This proposition may, I think, safely be regarded as decisive of the question how Archimedes determined the proportions 
of gold and silver contained in the famous crown (cf. Introduction, Chapter I.). The proposition suggests in fact the following 
method. 


Let W represent the weight of the crown, wj and w 2 the weights of the gold and silver in it respectively, so that W = w { + 

w 2 . 


(1) Take a weight W of pure gold and weigh it in a fluid. The apparent loss of weight is then equal to the weight of the fluid 
displaced. If F ] denote this weight, F ] is thus known as the result of the operation of weighing. 


It follows that the weight of fluid displaced by a weight nq of gold is 

W 


(2) Take a weight W of pure silver and perform the same operation. If F 2 be 
in the fluid, we find in like manner that the weight of fluid displaced by w 2 is 


the loss of weight when the silver is weighed 

f 2 


(3) Lastly, weigh the crown itself in the fluid, and let F be the loss of weight. Therefore the weight of fluid displaced by the 
crown is F. 


It follows that 


or 

whence 


^ F ^ F ~ F 

W ’ ** "F yy’ — * > 


WjFj + w 2 F 2 = (wj + w 2 ) F, 

Wi _ F 2 - F 

” F - Fy ' 


This procedure corresponds pretty closely to that described in the poem de ponderibus et mensuris (written probably 
about 500 A.D.)* purporting to explain Archimedes’ method. According to the author of this poem, we first take two equal 
weights of pure gold and pure silver respectively and weigh them against each other when both immersed in water; this gives 
the relation between their weights in water and therefore between their loss of weight in water. Next we take the mixture of 
gold and silver and an equal weight of pure silver and weigh them against each other in water in the same manner. 


The other version of the method used by Archimedes is that given by Vitruvius f, according to which he measured 
successively the volumes of fluid displaced by three equal weights, (1) the crown, (2) the same weight of gold, (3) the same 
weight of silver, respectively. Thus, if as before the weight of the crown is W, and it contains weights uq and w 2 of gold and 
silver respectively, 


(1) the crown displaces a certain quantity of fluid, V say. 

(2) the weight W of gold displaces a certain volume of fluid, V x say; therefore a weight W 1 of gold displaces a volume 

offluid. F 


(3) the weight W of silver displaces a certain volume of fluid, say V 2 ; therefore a weight w 2 of silver displaces a volume 






^ of fluid. 

W 

It follows that T 7 _ F F 

r " ^ 1 + IF ’ K Ss 

whence, since W — W| 4- w» } 

F 2 -F 

and this ratio is obviously equal to that before obtained, viz. 

F s -F 

F—Ff* 

Postulate 2. 

“Let it be granted that bodies which are forced upwards in a fluid are forced upwards along the perpendicular [to the 
surface] which passes through their centre of gravity.” 

Proposition 8. 

If a solid in the form of a segment of a sphere, and of a substance lighter than a fluid, be immersed in it so that its base 
does not touch the surface, the solid will rest in such a position that its aoris is perpendicular to the surface ; and, if the 
solid be forced into such a position that its base touches the fluid on one side and be then set free, it will not remain in that 
position but will return to the symmetrical position. 

[The proof of this proposition is wanting in the Latin version of Tartaglia. Commandinus supplied a proof of his own in his 
edition.] 

Proposition 9. 

If a solid in the form of a segment of a sphere, and of a substance lighter than a fluid, be immersed in it so that its base 
is completely below the surface, the solid will rest in such a position that its cuds is perpendicular to the surface. 

[The proof of this proposition has only survived in a mutilated form It deals moreover with only one case out of three 
which are distinguished at the beginning, viz. that in which the segment is greater than a hemisphere, while figures only are 
given for the cases where the segment is equal to, or less than, a hemisphere.] 

Suppose, first, that the segment is greater than a hemisphere. Let it be cut by a plane through its axis and the centre of the 
earth; and, if possible, let it be at rest in the position shown in the figure, where AB is the intersection of the plane with the base 
of the segment, DE its axis, C the centre of the sphere of which the segment is a part, O the centre of the earth. 



o 


The centre of gravity of the portion of the segment outside the fluid, as F, lies on OC produced, its axis passing through C. 
Let G be the centre of gravity of the segment. Join FG, and produce it to H so that 
FG: GH= (volume if immersed portion) :(rest of solid). Join OH. 

Then the weight of the portion of the solid outside the fluid acts along FO, and the pressure of the fluid on the immersed 
portion along OH, while the weight of the immersed portion acts along HO and is by hypothesis less than the pressure of the 



fluid acting along OH. 

Hence there will not be equilibrium, but the part of the segment towards A will ascend and the part towards B descend, 
until DE assumes a position perpendicular to the surface of the fluid. 

*TorelH’s Archimedes, p. 364; Hultsch, Metrol. Script , II. 95 sq., and Prolegomena § 118. 
t De architect. IX. 3. 


ON FLOATING BODIES 


BOOK II. 


Proposition 1. 

If a solid lighter than a fluid be at rest in it, the weight of the solid will be to that of the same volume of the fluid as the 
immersed portion of the solid is to the whole. 

Let (A + B ) be the solid, B the portion immersed in the fluid. 

Let (C + D) be an equal volume of the fluid, C being equal in volume to A and B to D. 

Further suppose the line E to represent the weight of the solid (A + B),(F + G) to represent the weight of (G + /)). and G 
that of D. 


A 


B 


E 


F 
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Then 

weight of (A + B) : weight of (A + B) : weight of (C: D) = E (F + G) ... (1) 

And the weight of (A + B) is equal to the weight of a volume B of the fluid [I. 5], i.e. to the weight of D. 

That is to say, E= G. 

Hence, by (1), 

weight of (A + B) : weight of (G + B) ~ G : F + G 

=D:C+D 
= B : A + 2?. 

Proposition 2. 

If a right segment of a paraboloid of revolution ivhose axis is not greater than £ p {where p is the principal parameter 
of the generating parabola ), and whose specific gravity is less than that of a fluid, be placed in the fluid with its axis 
inclined to the vertical at any angle, but so that the base of the segment does not touch the surface of the fluid, the segment 
of the paraboloid will not remain in that position but will return to the position in which its axis is vertical. 

Let the axis of the segment of the paraboloid be AN, and through AN draw a plane perpendicular to the surface of the fluid. 
Let the plane intersect the paraboloid in the parabola BAB', the base of the segment of the paraboloid in BB', and the plane of 
the surface of the fluid in the chord QQ' of the parabola. 

Then, since the axis AN is placed in a position not perpendicular to QQ', BB will not be parallel to QQ'. 

Draw the tangent PT to the parabola which is parallel to QQ', and let P be the point of contact*. 

[From P draw PV parallel to AN meeting QQ in V. Then PV will be a diameter of the parabola, and also the axis of the 








portion of the paraboloid immersed in the fluid. 

Let C be the centre of gravity of the paraboloid BAB', and F that of the portion immersed in the fluid. Joi n FC and produce 
it to H so that H is the centre of gravity of the remaining portion of the paraboloid above the surface. 


B' 



Then, since 
And 

it follows that 


AN = ■§ AC * 
AN^$P, 


AC$ 


P 

2 ' 


Therefore, if CP be joined, the angle CPT is acute f. Hence, if CK be drawn perpendicular to PT, K will fall between P 
and T. And, if FL, HM be drawn parallel to CK to meet PT, they will each be perpendicular to the surface of the fluid. 


Now the force acting on the immersed portion of the segment of the paraboloid will act upwards along LF, while the 
weight of the portion outside the fluid will act downwards along HM. 

Therefore there will not be equilibrium, but the segment will turn so that B will rise and B' will fall, until AN takes the 
vertical position.] 


[For purposes of comparison the trigonometrical equivalent of this and other propositions will be appended. 

Suppose that the angle NTP, at which in the above figure the axis AN is inclined to the surface of the fluid, is denoted by 0. 
Then the coordinates of P referred to AN and the tangent at A as axes are 

2 cot 3 8, H cot 8, 

where p is the principal parameter. 

Suppose that^4A= h, PV= k. 

If now x'; be the distance from T of the orthogonal projection of F on TP, and x the corresponding distance for the point C, 
we have 


od = H cot 2 8. cos 8 -fcot 8 . sin 8 + ^ k cos 8, 

x = ~ cot 2 8. cos 8 + ^ h cos 8, 

4 o 


whence 


*' — x = cos 8 


£(cot’0 + 2)-|(A-fc) 


In order that the segment of the paraboloid may turn in the direction of increasing the angle PTN, x'; must be greater thanx, 
or the expression just found must be positive. 

This will always be the case, whatever be the value of 0, if 


2^ 3 ’ 


or 


h $ | p.] 








Proposition 3. 


If a right segment of a paraboloid of revolution whose axis is not greater than £ p {where p is the parameter ), and 
whose specific gravity is less than that of a fluid, be placed in the fluid with its axis inclined at any angle to the vertical, 
but so that its base is entirely submerged, the solid will not remain in that position but will return to the position in which 
the axis is vertical. 

Let the axis of the paraboloid be AN, and through AN draw a plane perpendicular to the surface of the fluid intersecting the 
paraboloid in the parabola BAB';, the base of the segment in BNB';, and the plane of the surface of the fluid in the chord QQ'; of 
the parabola. 


T MK PL 



Then, since AN, as placed, is not perpendicular to the surface of the fluid, QQ'; and BB'; will not be parallel. 


Draw PT parallel to QQ'; and touching the parabola at P. Let PT meet NA produced in T. Draw the diameter PV bisecting 
QQ'; in V. PV is then the axis of the portion of the paraboloid above the surface of the fluid. 

Let C be the centre of gravity of the whole segment of the paraboloid, F that of the portion above the surface. Join FC and 
produce it to H so that H is the centre of gravity of the immersed portion. 

Then, since AC E the angle CPT is an acute angle, as in the last proposition. 
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Hence, if CK be drawn perpendicular to PT, K will fall between P and T. Also, if HM, FL be drawn parallel to CK, they 
will be perpendicular to the surface of the fluid. 

And the force acting on the submerged portion will act upwards along HM, while the weight of the rest will act 
downwards along LF produced. 


Thus the paraboloid will turn until it takes the position in which AN is vertical. 


Proposition 4. 

Given a right segment of a paraboloid of revolution whose axis AN is greater than £ p {where p is the parameter ), and 
whose specific gravity is less than that of a fluid but bears to it a ratio not less than {AN - £ p) 2 : AN 2 , if the segment of the 
paraboloid be placed in the fluid with its axis at any inclination to the vertical, but so that its base does not touch the 
surface of the fluid, it will not remain in that position but will return to the position in which its axis is vertical. 

Let the axis of the segment of the paraboloid be AN, and let a plane be drawn through AN perpendicular to the surface of the 
fluid and intersecting the segment in the parabola BAB';, the base of the segment in BB';, and the surface of the fluid in the chord 
QQ'; of the parabola. 



B' 



Then AN, as placed, will not be perpendicular to QQ';. 

Draw PT parallel to QQ'; and touching the parabola at P. Draw the diameter PV bisecting QQ'; in V Thus PV will be the 
axis of the submerged portion of the solid. 

Let C be the centre of gravity of the whole solid, F that of the immersed portion. Join FC and produce it to H so that H is 
the centre of gravity of the remaining portion. 

Now, since AN = f AC, 

and AN > f p, 

it follows that 

2 

Measure CO along CA equal to P and OR along OC equal to fAO. 

2 

Then, since AN = %AC 

And AR =§AC 

we have, by subtraction, 

NR = fOC. 

That is, AN — AR = f OC 

= f P> 

or AR = (AN - Ip). 

Thus (AN - Ip) 2 : AN 2 = AR 2 : AN 2 

and therefore the ratio of the specific gravity of the solid to that of the fluid is, by the enunciation, not less than the ratio AR 2 
: AN 2 . 

But, by Prop. 1, the former ratio is equal to the ratio of the immersed portion to the whole solid, i.e. to the ratio PV 2 : AN 2 
[On Conoids and Spheroids , Prop. 24], 

Hence PV 2 : AN- ^ AR 2 : AN 2 

or PV ^ AR. 

It follows that 

PP(=fPFK §HP 
H: AO . 

If, therefore, OK be drawn from O perpendicular to OA, it will meet PF between P and F. 

Also, if CK be joined, the triangle KCO is equal and similar to the triangle formed by the normal, the subnormal and the 
ordinate at P (since CO = \p or the subnormal, and KO is equal to the ordinate). 

Therefore CK is parallel to the normal at P, and therefore perpendicular to the tangent at P and to the surface of the fluid. 

Hence, if parallels to CK be drawn through F, H, they will be perpendicular to the surface of the fluid, and the force acting 
on the submerged portion of the solid will act upwards along the former, while the weight of the other portion will act 






downwards along the latter. 

Therefore the solid will not remain in its position but will turn until AN assumes a vertical position. 


[Using the same notation as before (note following Prop. 2), we have 

af — x = cos 0 (cot 2 6 -f 2) — ^ (k — Jc )|, 
and the minimum value of the expression within the bracket, for different values of 0, is 

corresponding to the position in which AM is vertical, or Q — 1L. 

2 

Therefore there will be stable equilibrium in that position only, provided that 

k^(h- Ip), 

or, if 5 be the ratio of the specific gravity of the solid to that of the fluid ( k 2 /h 2 in this case), 

k^(h-lp) 2 /h 2 


Proposition 5. 

Given a right segment of a paraboloid of revolution such that its aocis AN is greater than f (where p is the parameter), 
and its specific gravity is less than that of a fluid but in a ratio to it not greater than the ratio {AN 2 - (AN - £p) 2 }, if the 
segment be placed in the fluid with its axis inclined at any angle to the vertical, but so that its base is completely 
submerged, it will not remain in that position but will return to the position in which AN is vertical. 

Let a plane be drawn through AN, as placed, perpendicular to the surface of the fluid and cutting the segment of the 
paraboloid in the parabola BAB';, the base of the segment in BB';, and the plane of the surface of the fluid in the chord QQ'; of 
the parabola. 

Draw the tangent PT parallel to QQ';, and the diameter PV, bisecting QQ';, will accordingly be the axis of the portion of the 
paraboloid above the surface of the fluid. 

Let F be the centre of gravity of the portion above the surface, C that of the whole solid, and produce FC to H, the centre of 
gravity of the immersed portion. 

As in the last proposition, AC > and we measure CO along 

CA equal to and OR along OC equal to |AO. 

2 

Then AN = f AC, and AR = \AO; 

and we derive, as before, 

AR = (An - %p). 

Now, by hypothesis, 

(spec, gravity of solid): (spec, gravity of fluid) 

^ (AiT -(AN- £p) s } : AN* 

^ (AN* — AR*) : AN 2 . 



B 


Therefore 

(portion submerged) : (whole solid) 

^1 (AAN 2 - AR 2 ) : AN 2 

and (whole solid) : (portion above surface) 

$ AN 2 : AR 2 . 

Thus AN 2 : PV 2 ^ AN 2 : AR 2 . 

whence PV ^ AR, 

and PF^'iAR 

iAO. 

Therefore, if a perpendicular to AC be drawn from O, it will meet PF in some point K between P and F. 

And, since CO = \p, CK will be perpendicular to PT, as in the last proposition. 

Now the force acting on the submerged portion of the solid will act upwards through H, and the weight of the other portion 
downwards through F, in directions parallel in both cases to CK; whence the proposition follows. 


Proposition 6. 

If a right segment of a paraboloid lighter than a fluid be such that its aocis AM is greater than f, but AM : \p < 15: 4, 
and if the segment be placed in the fluid with its aocis so inclined to the vertical that its base touches the fluid, it will never 
remain in such a position that the base touches the surface in one point only. 

Suppose the segment of the paraboloid to be placed in the position described, and let the plane through the axis AM 
perpendicular to the surface of the fluid intersect the segment of the paraboloid in the parabolic segment BAB'; and the plane of 
the surface of the fluid in BQ. 

Take C on AM such that AC = 2 CM (or so that C is the centre of gravity of the segment of the paraboloid), and measure CK 
along CA such that 

AM: CK = 15:4 



Thus AM: CK :\p, by hypothesis; therefore CK < \p. 

Measure CO along CA equal to ^p. Also draw KR perpendicular to AC meeting the parabola in R. 



Draw the tangent PT parallel to BQ , and through P draw the diameter PF bisecting BQ in V and meeting KR in I. 
Then ^ _ x _ cos q 0 -j- 2) — ^ (h — 7i)j- , 

“for this is proved”*', 

And CK = f$AM = §AC; 

whence AK = AC - CK = §AC = -f AM. 

Thus KM = %AM 
Therefore KM = l AK. 

It follows that 

PV %PI, 


or> 


PI “ 2 IV. 

or < 


so that 

Let F be the centre of gravity of the immersed porti the paraboloid, so that PF = 2 FV. Produce FC to H centre of gravity of 
the portion above the surface. 

Draw OL perpendicular to PV. 

Therefore p Y.AK-Pr.KM=AE^-AK. UM+ ~ 

and accordingly ( PV. AK - PI. KM) cannot be negative. 

Then, since CO = \p, CL must be perpendicular to PT and therefore to the surface of the fluid. 

And the forces acting on the immersed portion of the paraboloid and the portion above the surface act respectively upwards 
and downwards along lines through F and //parallel to CL. 

Hence the paraboloid cannot remain in the position in which B just touches the surface, but must turn in the direction of 
increasing the angle PTM. 

The proof is the same in the case where the point / is not on VP but on VP produced, as in the second figure*;. 



[With the notation used on p. 266, if the base BB'\ touch the surface of the fluid at B, we have 

BM = BVsin 0 + PN, 

and, by the property of the parabola, 


BV^ip + lANyPV 

=pk( 1 +cot a 0). 


Therefore <j ph ^ yjj + | cot £ 

A 






To obtain the result of the proposition, we have to eliminate k between this equation and 


x' — x = cos 8 




We have, from the first equation, 

k = h — \'ph cot 8 + ^ cot 2 8, 


or h — k = dph cot d — ^cot* 8. 

Therefore 


x — X — cos 8 


— cos 8 


|| (cot 2 8 + 2) -1 Wph cot 8 -1 cot* 
{£ (| cot 2 8 + 2) — | fph cot . 



If then the solid can never rest in the position described, but must turn in the direction of increasing the angle PTM, the 
expression within the bracket must be positive whatever be the value of 0. 

Therefore (4) > 

or h < J iM 


Proposition 7. 

Given a right segment of a paraboloid of revolution lighter than a fluid and such that its axis AM is greater than £p, 
but AM : \p < 15:4, if the segment be placed in the fluid so that its base is entirely submerged, it will never rest in such a 
position that the base touches the surface of the fluid at one point only. 

Suppose the solid so placed that one point of the base only ( B ) touches the surface of the fluid. Let the plane through B and 
the axis AM cut the solid in the parabolic segment BAB'; and the plane of the surface of the fluid in the chord BQ of the 
parabola. 

Let C be the centre of gravity of the segment, so that AC = 2 CM; and measure CK along CA such that 

AM: CK = 15:4 

It follows that CK <^p 

Measure CO along CA equal to £p. Draw KR perpendicular to AM meeting the parabola in R. 

Let PT, touching at P, be the tangent to the parabola which is parallel to BQ, and PV the diameter bisecting BQ, i.e. the axis 
of the portion of the paraboloid above the surface. 



Then, as in the last proposition, we prove that 



and 


PIJ<2IV. 

Let F be the centre of gravity of the portion of the solid above the surface; join FC and produce it to H, the centre of gravity 
of the portion submerged. 

Draw OL perpendicular to PV; and, as before, since CO = \p, CL is perpendicular to the tangent PT. And the lines through 
H, F parallel to CL are perpendicular to the surface of the fluid; thus the proposition is established as before. 

The proof is the same if the point / is not on VP but on VP produced. 


Proposition 8. 

Given a solid in the form of a right segment of a paraboloid of revolution whose axis AM is greater than f p, but such 
that AM : hp < 15:4, and whose specific gravity bears to that of a fluid a ratio less than (AM - ip) 2 , then, if the solid be 
placed in the fluid so that its base does not touch the fluid and its axis is inclined at an angle to the vertical, the solid will 
not return to the position in which its axis is vertical and will not remain in any position except that in which its axis 
makes with the surface of the fluid a certain angle to be described. 

Let am be taken equal to the axis AM, and let c be a point on am such that ac = 2cm. Measure co along ca equal to ip, and 
or along oc equal to hao. 
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Let X+ 7 be a straight line such that 

(spec, gr. of solid) : (spec. gr. of fluid) — (X + F) 2 : am 2 .{«), 

Now ar = f ao — -§ (f am ~^p) 

= am — 

= AM —f p. 


Therefore, by hypothesis, 


(X + Y) 2 : am 2 < ar 2 : am 2 


whence (X+ Y) < ar, and therefore X< ao. 

Measure ob along oa equal to X, and draw bd perpendicular to ab and of such length that 


6ci 2 — ^co.ab 


* M ** 


* * 


03 )- 


Join ad. 

Now let the solid be placed in the fluid with its axis AM inclined at an angle to the vertical. Through AM draw a plane 
perpendicular to the surface of the fluid, and let this plane cut the paraboloid in the parabola BAB'; and the plane of the surface 
of the fluid in the chord QQ'; of the parabola. 

Draw the tangent PT parallel to QQ';, touching at P, and let PV be the diameter bisecting QQ'; in V (or the axis of the 
immersed portion of the solid), and PN the ordinate from P. 





Measure AO along AM equal to ao, and OC along OM equal to oc, and draw OL perpendicular to PV. 

I. Suppose the angle OTP greater than the angle dab. 

Thus PN 2 : NT 2 > db 2 : ba 2 

But PN 2 ;NT*=p :4>AN 

= co : NT, 

And db 2 : ba 2 = ico : ah, by (P). 

Therefore NT < 2 ab, 
or AN < ab, 

whence NO > bo (since ao = AO) 

>X 

Now (X -f F)*: am 2 = (spec. gr. of solid) : (spec. gr. of fluid) 

— (portion immersed) : (rest of solid) 

= PF* : AM 2 , 

so that X+Y=PV. 

But PL(=NO)>X 

>S(X+ 7), since X = 2Y t 

or PV<%PV, 

and therefore PL > 2LV. 

Take a point F on PV so that PF = 2 FV, i.e. so that F is the centre of gravity of the immersed portion of the solid. 

Also AC = ac = f am = f AM,, and therefore C is the centre of gravity of the whole solid. 

Join FC and produce it to H, the centre of gravity of the portion of the solid above the surface. 

Now, since CO = \p, CL is perpendicular to the surface of the fluid; therefore so are the parallels to CL through F and H. 
But the force on the immersed portion acts upwards through F and that on the rest of the solid downwards through H. 

Therefore the solid will not rest but turn in the direction of diminishing the angle MTP. 

II. Suppose the angle OTP less than the angle dab. In this case, we shall have, instead of the above results, the following, 

AN > ab, 

NO < X. 

Also PV > %PL, 
and therefore PL < 2LV. 


S' 



Make PF equal to 2 FV, so that F is the centre of gravity of the immersed portion. 



And, proceeding as before, we prove in this case that the solid will turn in the direction of increasing the angle MTP. 

III. When the angle MTP is equal to the angle dab , equalities replace inequalities in the results obtained, and L is itself the 
centre of gravity of the immersed portion. Thus all the forces act in one straight line, the perpendicular CL; therefore there is 
equilibrium, and the solid will rest in the position described. 

[With the notation before used 


x —x — cos 0 

and a position of equilibrium is obtained by equating to zero the expression within the bracket. We have then 

^ co *' 4 ^ = 3 Q ~ 

It is easy to verify that the angle 0 satisfying this equation is the identical angle determined by Archimedes. For, in the 
above proposition, 


|(cof9 + 2)-|(A-*)l, 


whence 


Also 

It follows that 


2X 

2 


— PV = k t 


i 2, p 2 t 2., 

h f - 3 * = 3 (A -*) 

bd 3 = ~.ab. 
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cot 2 dab = ab'fbd* - J j |(h - Jfe) - .] 

Proposition 9. 

Given a solid in the form of a right segment of a paraboloid of revolution whose axis AM is greater than J p, but such 
that AM \,p< 15:4 and whose specific gravity bears to that of a fluid a ratio greater than {AM 2 - (AM - £ p) 2 } : AM 2 , then, 
if the solid be placed in the fluid with its axis inclined at an angle to the vertical but so that its base is entirely below the 
surface, the solid will not return to the position in which its axis is vertical and will not remain in any position except that 
in which its axis makes with the surface of the fluid an angle equal to that described in the last proposition. 

Take am equal to AM, and take c on am such that ac = 2cm. Measure co along ca equal to and ar along ac such that ar = 
f ao. 

Let X+ 7 be such a line that 

(spec. gr. of solid) : (spec. gr. of fluid) = {am 2 — (X + Y) 2 } : am 2 , and suppose X = 2 Y. 
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Now ar = %ao 

= f 

— AM — f p. 

Therefore, by hypothesis, 

am 2 — ar 2 : am 2 < {am 2 — (X + Y) 2 } : am 2 , 

whence X + Y< ar 

and therefore X< ao 

Make ob (measured along oa ) equal to X, and draw bd perpendicular to ba and of such length that 

bd 2 = hco . ab. 

Join ad. 

Now suppose the solid placed as in the figure with its axis AM inclined to the vertical. Let the plane through AM 
perpendicular to the surface of the fluid cut the solid in the parabola BAB'; and the surface of the fluid in QQ';. 

Let PT be the tangent parallel to QQ';, PV the diameter bisecting QQ'; (or the axis of the portion of the paraboloid above 
the surface), PN the ordinate from P. 

I. Suppose the angle MTP greater than the angle dab. Let AM be cut as before in C and O so that AC = 2CM, OC = \p, and 
accordingly AM, am are equally divided. Draw OL perpendicular to PV. 

Then, we have, as in the last proposition, 

PN 2 : NT 2 > db 2 : ba 2 , 

whence co : NT >hco : ab, 

and therefore AN < ab. 

It follows that NO > bo 

>X. 

Again, since the specific gravity of the solid is to that of the fluid as the immersed portion of the solid to the whole, 

AM 2 - (X + Y) 2 : AM 2 = AM 2 - PV 2 : AM 2 , 

or (X + V) 2 : AM 2 = PV 2 : AM 2 . 

That is, X + F = PV. 

And PL (or MO) > X 

>f PV, 

so that PL > 2LV 



Take F on PV so that PF = 2FV. Then F is the centre of gravity of the portion of the solid above the surface. 



Also C is the centre of gravity of the whole solid. Join FC and produce it to H, the centre of gravity of the immersed 
portion. 

Then, since CO = \p, CL is perpendicular to PT and to the surface of the fluid; and the force acting on the immersed 
portion of the solid acts upwards along the parallel to CL through H, while the weight of the rest of the solid acts downwards 
along the parallel to CL through F. 

Hence the solid will not rest but turn in the direction of diminishing the angle MTP. 

II. Exactly as in the last proposition, we prove that, if the angle MTP be less than the angle dab, the solid will not remain in 
its position but will turn in the direction of increasing the angle MTP. 



III. If the angle MTP is equal to the angle dab, the solid will rest in that position, because L and F will coincide, and all the 
forces will act along the one line CL. 

Proposition 10. 

Given a solid in the form of a right segment of a paraboloid of revolution in which the axis AM is of a length such that 
AM : hp > 15:4, and supposing the solid placed in a fluid of greater specific gravity so that its base is entirely above the 
surface of the fluid, to investigate the positions of rest. 

(Preliminary.) 

Suppose the segment of the paraboloid to be cut by a plane through its axis AM in the parabolic segment BAB { of which BB X 
is the base. 

Divide AM at C so that AC = 2 CM, and measure CK along CA so that 

AM : CK= 15 : 4.(a), 

whence, by the hypothesis, CK > hp. 

Suppose CO measured along CA equal to Ep, and take a point R on AM such that MR = %CO. 

2 

Thus AR = AM-MR 
= f (AC-CO) 

= %AO. 

Join BA, draw KA 2 perpendicular to AM meeting in A 2 bisects in A 3 , and draw A 2 M 2 , A 3 M 3 parallel to AM meeting 

BM in M 2 , M 3 respectively. 





OnA 2 M 2 ,A 3 M 3 as axes describe parabolic segments similar to the segment BAB\ . (It follows, by similar triangles, that BM 
will be the base of the segment whose axis is A 3 M 3 and BB 2 the base of that whose axis is A 2 M 2 , where BB 2 = 2 BM 2 .) 

The parabola BA 2 B 2 will then pass through C. 

[For BM,, : M 2 M — BM 2 : A. 2 K 

= KM:AK 
= CM + GK : AG — GK 
— (i + f*s) AM : (f — A M 

= 9:6.03) 

= MA 1 AC, 

Thus C is seen to be on the parabola BA 2 B 2 by the converse of Prop. 4 of the Quadrature of the Parabola.] 

Also, if a perpendicular to ^4Mbe drawn from O, it will meet the parabola BA 2 B 2 in two points, as Q 2 , P 2 . Let Q 1 Q 2 Q 3 D be 
drawn through Q 2 parallel to AM meeting the parabolas BAB h BA 3 M respectively in Q h Q 3 and BM in D; and let P\P 2 P 3 be the 
corresponding parallel to AM through/^- Let the tangents to the outer parabola at P { , Q { meet MA produced in T h U 
respectively. 

Then, since the three parabolic segments are similar and similarly situated, with their bases in the same straight line and 
having one common extremity, and since Q\Q 2 Q 3 D is a diameter common to all three segments, it follows that 

Q'Q 2 : Q 2 Q 3 = (B 2 B': B'B). (BM: MB 2 )* 

Now B, i B l : B 2 B — MM 2 : BM (dividing by 2) 

= 2:5, by means of (£) above. 

And BM : MB 2 = BM : (2 BM 2 - BM) 

= 5 : (6 — o), by means of (/3), 

= 5:1. 

It follows that 

Q1Q2 •' Q2Q3 == -2 •' G 
















or 


QiQa : QaQs — 2 : 1, 

Q& = 2Q 2 Q 3 . ) 

Similarly P 2 P S = 2 P S P 3 . I 

Also, since MR — |(70 = |p, 

AR = AM-MR 
— AM — |p. 

(Enunciation.) 

If the segment of the paraboloid be placed in the fluid with its base entirely above the surface, then 

(I-) if 

(spec. gr. of solid) : (spec. gr. of fluid) <{; AR 2 : AM 2 

[{ (AM- |pf : AM*], 

the solid will rest in the position in which its axis AM is vertical; 

(II-) f 

{spec. gr. of solid) : (spec. gr. of fluid) <AR *: AM 2 

but > QiQ 2 : AM 2 , 

the solid will not rest with its base touching the surface of the fluid in one point only, but in such a position that its base 
does not touch the surface at any point and its axis makes with the surface an angle greater than U; 

(IE. a) if 

(spec. gr. of solid) : (spec, gr. offluid) = QiQs : AM 2 , 

the solid will rest and remain in the position in which the base touches the surface of the fluid at one point only and the 
axis makes with the surface an angle equal to U\ 

(III. b) if 

(spec. gr. of solid) : (spec. gr. offluid) = R i^Y ; AM 2 , 

the solid will rest with its base touching the surface of the fluid at one point only and with its axis inclined to the surface at 
an angle equal to f; 

(IV.) if 

(spec. gr. of solid ) : (spec. gr. of fluid) > PiP-f : A Jf* 

but < QiQ 3 * ‘.AM*, 

the solid will rest and remain in a position with its base more submerged', 

(v.) if 

(spec. gr. of solid) : (spec. gr. offluid) < : AM 2 , 

the solid will rest in a position in which its axis is inclined to the surface of the fluid at an angle less than T x but so that the 
base does not even touch the surface at one point. 

(Proof.) 

(I.) Since AM > f, and 

(spec. gr. of solid): (spec. gr. of fluid) ^ (AM — fp) 2 : AM 2 
it follows, by Prop. 4, that the solid will be in stable equilibrium with its axis vertical. 

(E.) In this case 


(spec. gr. of solid) : (spec, gr, of fluid) < AR 2 : AM* 

but > Q& : AM*. 



Suppose the ratio of the specific gravities to be equal to 

l 2 : AM 2 , 

so that / < AR but < Q\Q 3 . 

Place P'V; between the two parabolas BAB h BP 3 Q 3 M equal 

to / and parallel to AM*; and let P'V; meet the intermediate parabola in F';. 

Then, by the same proof as before, we obtain 

P'F' = 2FT- 

Let P'T';, the tangent at P'; to the outer parabola, meet MA in T';, and let P'N'; be the ordinate at P'. 

Join B V; and produce it to meet the outer parabola in Q'; Let OQ^P^ meet P'F'; in I. 

Now, since, in two similar and similarly situated parabolic segments with bases BM, BB X in the same straight line, BV';, 
BQ'; are drawn making the same angle with the bases, 

BV f ; BQ '« BM : BB* 

= 1 : 2 , 

so that BV= V’Q’. 

Suppose the segment of the paraboloid placed in the fluid, as described, with its axis inclined at an angle to the vertical, 
and with its base touching the surface at one point B only. Let the solid be cut by a plane through the axis and perpendicular to 
the surface of the fluid, and let the plane intersect the solid in the parabolic segment BAB' and the plane of the surface of the 
fluid in BQ. 












B' 



Take the points C, O on AM as before described. Draw the tangent parallel to BQ touching the parabola in P and meeting 
AM in T; and let PV be the diameter bisecting BQ (i.e. the axis of the immersed portion of the solid). 

Then 


l l : AM* = (spec. gr. of solid) : (spec. gr. of fluid) 

= (portion immersed): (whole solid) 

- PV *: AM*, 

whence P'V' = l = PV. 

Thus the segments in the two figures, namely BP'Q', BPQ, are equal and similar. 

Therefore < PTN = < PTN'. 

Also AT = AT', AN = AN’, PN = P'N'. 

Now, in the first figure, PI < 2IV. 

Therefore, if OL be perpendicular to PV in the second figure, 

PL < 2LV. 

Take F on LV so that PF = 2 FV, i.e. so that F is the centre of gravity of the immersed portion of the solid. And G is the 
centre of gravity of the whole solid. Join FG and produce it to H, the centre of gravity of the portion above the surface. 

Now, since CO = \p, is perpendicular to the tangent at P and to the surface of the fluid. Thus, as before, we prove that the 
solid will not rest with B touching the surface, but will turn in the direction of increasing the angle PTN. 

Hence, in the position of rest, the axis AM must make with the surface of the fluid an angle greater than the angle U which 
the tangent at makes with AM. 

(III. a) In this case 

(spec. gr. of solid): (spec. gr. of fluid) = QiQi : AM 2 . 

Let the segment of the paraboloid be placed in the fluid so that its base nowhere touches the surface of the fluid, and its axis 
is inclined at an angle to the vertical. 

Let the plane through AM perpendicular to the surface of the fluid cut the paraboloid in the parabola BAB ’ and the 
plane of the surface of the fluid in QQ\ Let PT be the tangent parallel to QQ\ PV the diameter bisecting QQ\ PN the ordinate 
at P. 



B' 



Divide AM as before at C, O. 

In the other figure let Q\N be the ordinate at Q 2 . Join BQ 3 and produce it to meet the outer parabola in q. Then BQ 3 = Q 3 q 
and the tangent Q x U is parallel to Bq. Now 

Q t Q* : AM* = (spec. gr. of solid) : (spec. gr. of fluid) 

— (portion immersed) : (whole solid) 

= P7 S : AM\ 

Therefore Q\Q 2 = PV; and the segments QPQ\ BQ x q of the paraboloid are equal in volume. And the base of one passes 
through B, while the base of the other passes through Q, a point nearer to A than B is. 

It follows that the angle between QQ and BB ’ is less than the angle B x Bq. 

Therefore < U < < PTN, 
whence AN' > AN, 

and therefore N'O (or Qj Q 2 ) < PL, 
where OL is perpendicular to PV 
It follows, since Q\Q 2 = 2Q 2 Qi, that 

PL > 2LV. 

Therefore F, the centre of gravity of the immersed portion of the solid, is between P and L, while, as before, CL is 



perpendicular to the surface of the fluid. 

Producing FC to H, the centre of gravity of the portion of the solid above the surface, we see that the solid must turn in the 
direction of diminishing the angle PTN until one point B of the base just touches the surface of the fluid. 

When this is the case, we shall have a segment BPQ equal and similar to the segment BQ x q, the angle PTN will be equal to 
the angle U, and AN will be equal to AN. 

Hence in this case PL = 2 L V, and F, L coincide, so that F, C, H are all in one vertical straight line. 

Thus the paraboloid will remain in the position in which one point B of the base touches the surface of the fluid, and the 
axis makes with the surface an angle equal to U. 

(III. b) In the case where 

(spec. gr. of solid): (spec. gr. of fluid) = A A* : AM 2 , 

we can prove in the same way that, if the solid be placed in the fluid so that its axis is inclined to the vertical and its base does 
not anywhere touch the surface of the fluid, the solid will take up and rest in the position in which one point only of the base 
touches the surface, and the axis is inclined to it at an angle equal to 7) (in the figure on p. 284). 

(IV.) In this case 

(spec, gr, of solid) : (spec, gr. of fluid) > AA* : AM* 

but < Q,Qi : AM*. 

Suppose the ratio to be equal to l 2 : AM 2 , so that 7 is greater than PjP 3 but less than Q\Qy 

Place P i V > between the parabolas BP y Q { , BP^Q^ so that P‘ V is equal to / and parallel to AM, and let P l F meet the 
intermediate parabola in F’ and OQ 2 P 2 in 7. 



Join BV and produce it to meet the outer parabola in q. 

Then, as before, BF = Fq, and accordingly the tangent P ( T at P’ is parallel to Bq. Let P L N be the ordinate of P\ 

1. Now let the segment be placed in the fluid,/irV, with its axis so inclined to the vertical that its base does not anywhere 
touch the surface of the fluid. 




** T 


Let the plane through AM perpendicular to the surface of the fluid cut the paraboloid in the parabola BAB' and the plane of 
the surface of the fluid in QQ'. Let PT be the tangent parallel to QQ' ,PV the diameter bisecting QQ'. Divide AM at C, O as 
before, and draw OL perpendicular to PV. 

Then, as before, we have PV= l = P‘ F . 

Thus the segments BP'q, QPQ ’ of the paraboloid are equal in volume; and it follows that the angle between QQ' and BB' is 
less than the angle B { Bq. 

Therefore < PTTM' < > PTN, 
and Hence AN' > AN, 

so that NO > N', 

i.e. PL > P'l 

> P'F \ a fortiori , 

Thus PL > 2 LV, so thatP, the centre of gravity of the immersed portion of the solid, is betweenL and P, while CL is 
perpendicular to the surface of the fluid. 

If then we produce FG to H, the centre of gravity of the portion of the solid above the surface, we prove that the solid will 
not rest but turn in the direction of diminishing the angle PTN. 

2.Next let the paraboloid be so placed in the fluid that its base touches the surface of the fluid at one point B only, and let 
the construction proceed as before. 

Then PV= P‘ P, and the segments BPQ, BP‘q are equal and similar, so that 

< PTN = < PTN'. 

It follows that AN = AN', NO = N' O, 
and therefore P'l = PL, 
whence PL > 2LV. 



6' 



Thus F again lies between P and L, and, as before, the paraboloid will turn in the direction of diminishing the angle PTN, 
i.e. so that the base will be more submerged. 

(V.) In this case 

(spec. gr. of solid): (spec. gr. of fluid) < A A 2 : AM 2 . 

If then the ratio is equal to l 2 : AM 2 ,1 < P\Py Place P ( V between the parabolas BP\Q\ and BP ? ,Q 3 equal in length to / and 
parallel to AM. Let P‘ V meet the intermediate parabola in F' and OP 2 in I. 

Join BF and produce it to meet the outer parabola in q. Then, as before, BF = V‘q, and the tangent P‘ T is parallel to Bq. 



1. Let the paraboloid be so placed in the fluid that its base touches the surface at one point only. 




6' 



Let the plane through AM perpendicular to the surface of the fluid cut the paraboloid in the parabolic section BAB ’ and the 
plane of the surface of the fluid in BQ. 

Making the usual construction, we find 

PV = l = P'V', 

and the segments BPQ, BP x q are equal and similar. 

Therefore < PTN = < P'T'N', 

and AN = AN', N'O = NO. 

Therefore PL = P'l, 

whence it follows that PL < 2LV. 

Thus F, the centre of gravity of the immersed portion of the solid, lies between L and V, while CL is perpendicular to the 
surface of the fluid. 

Producing FC to H, the centre of gravity of the portion above the surface, we prove, as usual, that there will not be rest, but 
the solid will turn in the direction of increasing the angle PTN, so that the base will not anywhere touch the surface. 

2.The solid will however rest in a position where its axis makes with the surface of the fluid an angle less than T { . 





For let it be placed so that the angle PTN is not less than T } . 
Then, with the same construction as before, PV = I = P‘ V. 



And, since 


zr^ t u 

AN$AK lt 

and therefore NO ^ N { 0, where P\N { is the ordinate of P,. 

Hence PL ^ P 7 P 2 - 

But P 1 P 2 > P'F'. 

Therefore PL > §PV 

so that F, the centre of gravity of the immersed portion of the solid, lies between P and L. 

Thus the solid will turn in the direction of diminishing the angle PTN until that angle becomes less than 7). 


[As before, ifx, x’ be the distances from T of the orthogonal projections of C, F respectively on TP, we have 

- x = cos 0 || (cot 4 8 + 2) - | (k - &)j. (1), 

where h = AM, K = PV. 

Also, if the base BB ’ touch the surface of the fluid at one point B, we have further, as in the note following Prop. 6, 

‘Jph = pic + H cot 8 .(2), 

And A - jfe = */pti cot 8 cot 4 8 . (3). 

Therefore, to find the relation between h and the angle 0 at which the axis of the paraboloid is inclined to the surface of the 
fluid in a position of equilibrium with B just touching the surface, we eliminate k and equate the expression in (1) to zero; thus 

~ (cot 1 9 + 2) — | ph cot 6 — ^ cot 1 6) = 0, 

or 5 p cot® 8 — 8 \iph cot 8 + 6p — 0.(4). 

The two values of 0 are given by the equations 

5 Vp cot o — 4 Va + Visa. — 30p.(5). 

The lower sign corresponds to the angle U, and the upper sign to the angle 7j, in the proposition of Archimedes, as can be 
verified thus. 

In the first figure of Archimedes (p. 284 above) we have 

AK = \k, 

JlfjjD* — . OK — %p (£A — | h — ^p) 

_ 3p /4 h p\ 

If P^P^P^ meet BM in D’, it follows that 


M S D] 

M t D‘\ 


= M 2 D ± m 3 m 2 











and 


MD\ 

MB') 


— MM S + M a D 



Now, from the property of the parabola, 



cot U = 2 MDjp, 
cot T y = 2MD'!p, 


so that 

or 


I cot {rj = I T \Zf (it _ 2) ’ 


5 \' P cot 


U 
T t 


4 VA + Vi 6A — 30p, 


which agrees with the result (5) above. 

To find the corresponding ratio of the specific gravities, or k 2 /h 2 we have to use equations (2) and (5) and to express k in 
terms of h and p. 

Equation (2) gives, on the substitution in it of the value of cot 0 contained in (5), 


Vfc = \ih - -fa (4 VA + Vl6 A - 30p) 
= § VA + -fas/lGh — 30p, 


whence we obtain, by squaring, 


* “ if h ~ fsP + ft ^ ( lQil ~ 30 P).( 6 )- 

The lower sign corresponds to the angle U and the upper to the angle T x and, in order to verify the results of Archimedes, 
we have simply to show that the two values of k are equal to Q\Q^ P\P^ respectively. 

Now it is easily seen that 


Qi Qs = A/2 - Mfi'/p + 2M s D*jp, 
P.P, = A/2 - MD”lp + 2 

Therefore, using the values of MD, MD\ M 2 D, M 2 D’ above found, we have 



- tt* - ft* ± * VA(16A - 30^), 


which are the values of k given in (6) above.] 

* The rest of the proof is wanting in the version of Tartaglia, but is given in brakets as supplied by Commanainus. 

* As the determination of the centre of gravity of a segment of a paraboloid which is here assumed does not appear in any extant work of Archimedes, or in any 
known work by any other Greek mathematician, it appears probable that it was investigated by Archimedes himself in some treatise now lost. 

f The truth of this statement is easily proved from the property of the subnormal. For, if the normal at P meet the axis in G, AG is greater than P except in the case 

2 

where the normal is the normal at the vertex^ itself. But the latter case is excluded here because, by hypothesis, AN is not placed vertically. Hence, P being a different 
point from A, AG is always greater than AC; and, since the angle TPG is right, the angle TPC must be acute. 

* We have no hint as to the work in which the proof of this proposition contained. The following proof is shorter than Robertson’s (in the Appendix to Tore Hi’s edition). 
Let BQ meet AM in U, and let PN be the ordinate from P to AM. 

We have to prove that P V , AKPI * KM or in other words that (PV. AK - PI. KM) is positive or zero. 

Now PV. AK-PI. KM=AK.PV - [AK- AN) (AM - AK) 

— AK 2 - AK (AMa-AN-PV) + AM . AN 
= AK*-AK.UH + AM.AN< 















(since AN = AT). 
Now 


Therefore 

whence 

or 


UM : BM = NT: PN. 

UM 2 : p . AM = 4AN 2 : p . AN, 
UM 2 =4AM. AN, 


AM. AN— 


UM* 


*It is curious that the figures given by Torelli, Nizze and Heiberg are all incorrect, as they all make the point which I have called / lie on BQ instead of VP produced 
* This result is assumed without proof, no doubt as being an easy deduction from Prop. 5 of the Quadrature of the Parabola. It may be established as follows. 

First, since AA 2 A 2 B is a straight line, and AN = AT with the ordinary notation (where PT is the tangent at P and PN the ordinate), it follows, by similar triangles, that the 
tangent at B to the outer parabola is a tangent to each of the other two parabolas at the same point B. 

Now, by the proposition quoted, if DQ 3 Q 2 Q\ produced meet the tangent BT in E, 


EQ 3 : Q S D =BD : DM, 

whence EQ 3 : ED = BT) ; BM. ' 

Similarly EQ,, : ED—BD : BB tt > 

and : ED — BD : BB 1 J 

The first two proportions are equivalent to 

EQ S : ED=BD. BB 2 : BM. BB 2 

and EQ 2 : ED = BD . BM: BM. BB 2 . 

By subtraction, 

Q 2 Q 3 •' ED = BD. MB 2 : BM. BB 2 


Similarly Q 1 Q 2 : ED=BD . B 2 B j : BB 2 . BB j 

It follows that 


Q1Q2 : Q2Q3 = (B 2 Bj : BjB). (BM: MB 2 ). 


* Archimedes does not give the solution of this problem, but it can be supplied as follows. 

Let BR\Q\, BRQ 2 be two similar and similarly situated parabolic segments with their bases in the same straight line, and let BE be the common tangent at B. 


n 



Suppose the problem solved, and let ERR\0 , parallel to the axes, meet the parabolas in R, R\ and BQ 2 in O, making the intercept RR\ equal to /. 
Then, we have, as usual, 


EB : : EG —BO : BQ l 

— BO * BQ^ * BQi + BQg ? 


And 


By subtraction, 


EE : EO = BO : BQ 2 


RRj : EO = BO. QjQ 2 : BQj . BQ 2 , 


or 


BO * OE — l which is known, 

ViVs 




2 2 

And the ratio BO : OE is known. Therefore BO , or OE , can be found, and therefore O. 

* To prove this, suppose that, in the figure on the opposite page, BR\ is produced to meet the outer parabola in i? 2 - 
We have, as before, 

ER L ; EQ — BQ : BQ lt 
ER:EQ^BQ : 


whence ERj : ER = BQ2 : BQj. 

And, since R\ is a point within the outer parabola, 

ER : ERj = BR } : BR 2 , in like manner. 

Hence BQj : BQ2 = BRj : BR2. 


BOOK OF LEMMAS. 


Proposition 1. 

If two circles touch at A, and if BD, EF be parallel diameters in them, ADF is a straight line 

[The proof in the text only applies to the particular case where the diameters are perpendicular to the radius to the point of 
contact, but it is easily adapted to the more general case by one small change only.] 

Let O, C be the centres of the circles, and let OC be j oined and produced to A. Draw DH parallel to AO meeting OF in H. 


A 



Then, since OH = CD = CA, 
and OF = OA, 

we have, by subtraction, 

HF = CO = DH. 

Therefore Z HDF = Z HFD. 

Thus both the triangles GAD, HDF are isosceles, and the third angles AGD, DHF in each are equal. Therefore the equal 
angles in each are equal to one another, and 

ZADC = ZDFH. 

Add to each the angle CDF, and it follows that 

zADC+z CDF = z CDF + z DFII 

= (two right angles), 

Hence ADF is a straight line. 

The same proof applies if the circles touch externally* 

Proposition 2. 

Let AB be the diameter of a semicircle, and let the tangents to it at B and at any other point D on it meet in T. If now 
DE be drawn perpendicular to AB, and if AT, DE meet in F, 

DF = FE. 

Produce AD to meet BT produced in H. Then the angle ADB in the semicircle is right; therefore the angle BDH is also right. 
And TB, TD are equal. 





H 



Therefore T is the centre of the semicircle on BH as diameter, which passes through/). 

Hence HT = TB. 

And, since DE, HB are parallel, it follows that DF = FE. 

Proposition 3. 

Let P be any point on a segment of a circle whose base is AB, and let PN be perpendicular to AB. Take D on AB so that 
AN = ND. If now PQ be an arc equal to the arc PA, and BQ be joined, 

BQ, BD shall be equal*. 


a 



Join PA, PQ, PD, DQ. 

Then, since the arcs PA, PQ are equal, 

PA = PQ. 

But, since AN= ND, and the angles at N are right, 

PA = PD. 

Therefore PQ = PD, 

and Z PQD = Z PDQ. 

Now, since A, P, Q, B are concyclic, 

Z PAD) + Z PQB = (two right angles), 

whence A PDA + Z PQB = (two right angles) 

= ZPDA+ZPDB. 

Therefore Z PQB) + Z PDB; 

and, since the parts, the angles PQD, PDQ, are equal, 

Z BQD = Z BDQ, 

and BQ = BD. 


Proposition 4. 

If AB be the diameter of a semicircle and N any point on AB, and if semicircles be described within the first semicircle 
and having AN, BN as diameters respectively, the figure included between the circumferences of the three semicircles is 
“what Archimedes called an zpfiqXog*”; and its area is equal to the circle on PN as diameter, where PN is perpendicular 
to A B and meets the original semicircle in P. 








For 


AB* = AN' + NB 4 + 2 AN . NB 
= AN* + NB* + 2FN\ 


But circles (or semicircles) are to one another as the squares of their radii (or diameters). 
Hence 

(semicircle on AB) = (sum of semicircles on^FV, NB) + 2 (semicircle on PN). 



That is, the circle on PN as diameter is equal to the difference between the semicircle on AB and the sum of the semicircles 
on AN, NB, i.e. is equal to the area of the zpfiqXog. 


Proposition 5. 

Let AB be the diameter of a semicircle, G any point on AB, and CD perpendicular to it, and let semicircles be described 
within the first semicircle and having AG, GB as diameters. Then, if two circles be drawn touching CD on different sides 
and each touching two of the semicircles, the circles so drawn will be equal. 

Let one of the circles touch CD at E, the semicircle on AB in F, and the semicircle on AC in G. 

Draw the diameter EH of the circle, which will accordingly be perpendicular to CD and therefore parallel to AB. 

Join FH, HA, and FE, EB. Then, by Prop. 1, FHA, FEB are both straight lines, since EH, AB are parallel. 

For the same reason AGE, GGH are straight lines. 

Let AF produced meet GD in D, and let AE produced meet the outer semicircle in I. Join BI, ID. 

Then, since the angles AFB, AGD are right, the straight lines AD, AB are such that the perpendiculars on each from the 
extremity of the other meet in the point E. Therefore, by the properties of triangles, AE is perpendicular to the line joining B to 
D. 


D 



But AE is perpendicular to BI. 
Therefore BID is a straight line. 



Now, since the angles at G, I are right, GH is parallel to BD. 


Therefore AB : BG = AD - DH 

= AG : HE, 


so that AC. CB = AB . HE. 

In like manner, if d is the diameter of the other circle, we can prove that AC. CB = AB. d. 

Therefore d = HE, and the circles are equal*. 

[As pointed out by an Arabian Scholiast Alkauhi, this proposition may be stated more generally. If, instead of one point C 
on AB, we have two points C, D, and semicircles be described on AC, BB as diameters, and if, instead of the perpendicular to 
AB through C, we take the radical axis of the two semicircles, then the circles described on different sides of the radical axis 
and each touching it as well as two of the semicircles are equal. The proof is similar and presents no difficulty.] 


Proposition 6. 

Let AB, the diameter of a semicircle, be divided at G so that AC = |j. CB [or in any ratio]. Describe semicircles within 
the first semicircle and on AC, CB as diameters, and suppose a circle drawn touching all three semicircles. If OH be the 
diameter of this circle, to find the relation between OH and AB. 

Let GH be that diameter of the circle which is parallel to AB, and let the circle touch the semicircles on AB, AC, CB in D, 
E, F respectively. 

Join AG, GD and BH, HD. Then, by Prop. 1, AGD, BHD are straight lines. 



For a like reason AEH, BFG are straight lines, as also are CEO, CFH. 

CqXAD meet the semicircle on^fC in I, and let BD meet the semicircle on CB in K. Join Cl, CK meeting AE, BF 
respectively in L, M, and let GL, HM produced meet AB in N, P respectively. 

Now, in the triangle AGG, the perpendiculars from A, G on the opposite sides meet in L. Therefore, by the properties of 
triangles, GLN is perpendicular to AC. 

Similarly HMP is perpendicular to CB. 

Again, since the angles at I, K, D are right, CK is parallel to AD, and Cl to BD. 

Therefore AG: CB = AL : LH 

= AN : NP, 

and BG : CA = BM : MG 

= BP : PN. 

Hence AN: NP = NP : PB, 

or AN, NP, PB are in continued proportion*. 

Now, in the case where AC = %CB, 

AN = NP = | PB, 

whence BP : PN: NA : AB = 4 : 6: 9 : 19. 

GH = NP = f^AB. 


Therefore 







And similarly GH can be found when AC: CB is equal to any other given ratiof. 

Proposition 7. 

If circles be circumscribed about and inscribed in a square, the circumscribed circle is double of the inscribed circle. 

For the ratio of the circumscribed to the inscribed circle is equal to that of the square on the diagonal to the square itself, 
i.e. to the ratio 2: 1. 


Proposition 8. 

If AB be any chord of a circle whose centre is O, and if AB be produced to G so that BG is equal to the radius; iffurther 
GO meet the circle in D and be produced to meet the circle a second time in E, the arc AE will be equal to three times the 
arc BD. 



Draw the chord EF parallel to AB, and join OB, OF. 

Then, since the angles OEF, OFE are equal, 

Z OOF = 2 z OEF 

= 2 Z BCD, by parallels, 

= 2 z BOD, since BC=BO. 

Therefore 

Z BOF = 3 Z BOD, 

so that the arc BF is equal to three times the arc BD. 

Hence the arc AE, which is equal to the arc BF, is equal to three times the arc BD*. 

Proposition 9. 

If in a circle two chords AB, CD which do not pass through the centre intersect at right angles, then 

{arc AD) + (arc CB) = {arc AC) + {arc DB). 

Let the chords intersect at O, and draw the diameter EF parallel to AB intersecting CD in H. EF will thus bisect CD at right 
angles in H, and (arc ED) = (arc EG). 

Also EDF, EOF are semicircles, while (arc ED) = (arc EA) + (arc AD). 

Therefore (sum of arcs GF, EA, AD) = (arc of a semicircle). 

And the arcs AE, BF are equal. 

Therefore 


(arcs CB) + (arcs AD) = (arc of a semicircle). 




D 


a. / 



o \ 

\ H 



C 

Hence the remainder of the circumference, the sum of the arcs AC, DB, is also equal to a semicircle; and the proposition is 
proved. 


Proposition 10. 


Suppose that TA, TB are two tangents to a circle, while TC cuts it. Let BD be the chord through B parallel to TG, and 
let AD meet TG in E. Then, if EH be drawn perpendicular to BD, it will bisect it in H. 

Let AB meet TG in F, and j oin BE. 

Now the angle TAB is equal to the angle in the alternate segment, i.e. 


z TAB = Z ADB 

— Z AET, by parallels. 



Hence the triangles EAT, AFT have one angle equal and another (at T) common. They are therefore similar, and 

FT: AT = AT: ET. 


Therefore 


ET . TF = TA * 

— TB 2 . 

It follows that the triangles EBT, BFT are similar. 

Therefore Z TEH = Z TBF 

- z TAB. 

But the angle TEB is equal to the angle EBD, and the angle TAB was proved equal to the angle EDB. 
Therefore Z EDB = Z EBD. 

And the angles at /fare right angles. 

It follows that BH = HB * 


Proposition 11. 


If two chords AB, CD in a circle intersect at right angles in a point O, not being the centre, then 










A 0 2 + BO 2 + CO 2 + DO 2 = {diameter) 2 . 

Draw the diameter CE, and join AG, GB, AD, BE. 

Then the angle GAO is equal to the angle GEB in the same segment, and the angles AOG, EBG are right; therefore the 
triangles AOG, EBG are similar, and 

Z AGO = Z ECB. 

It follows that the subtended arcs, and therefore the chords AD, BE, are equal. 



(AO* + DO*) + (SO* + 00*) = AD * + BC* 

= BE* + BO* 
= CE*. 


Proposition 12. 

If AB be the diameter of a semicircle, and TP, TQ the tangents to it from any point T, and if AQ, BP be joined meeting in 
R, then TR is perpendicular to AB. 

Let TR produced meet AB in M, and join PA, QB. 

Since the angle APB is right, 


Z PAB + z PBA — (a right angle) 
= Z AQB. 



Add to each side the angle RBQ, and 

Z PAB + Z QBA = (exterior) Z PRQ. 

But Z TPR = Z PAB, and Z TQR = Z QBA, 

in the alternate segments; 

therefore Z TPR + Z TQR = Z PRQ. 

It follows from this that TP = TQ = TR. 

[For, if FT be produced to O so that TO = TQ, we have 

Z TOQ = Z TQO. 

And, by hypothesis, Z PRQ = Z TPR + TQR. 



By addition, Z POQ + Z PRQ = Z TPR + OQR. 

It follows that, in the quadrilateral OPRQ, the opposite angles are together equal to two right angles. Therefore a circle 
will go round OPQR, and T is its centre, because TP= TO= TQ. Therefore TR = TP.] 

Thus Z TRP = Z TPR = Z PAM. 

Adding to each the angle PRM, 

z PAM A- z PRM= Z TRP + z PRM 

= (two right angles). 

Therefore Z APR + Z AMR = (two right angles), 

whence Z AMR = (a right angle)*. 


Proposition 13. 

If a diameter AB of a circle meet any chord CD, not a diameter, in E, and if AMBN be drawn perpendicular to CD, then 

CN = DMf. 

Let O be the centre of the circle, and OH perpendicular to CD. Join BM, and produce HO to meet BM in K. 

Then CH = HD. 

And, by parallels, 

BO = OA, 

BK = KM. 

since BO = OA, 

BK = KM. 

Therefore NH= HM. 

Accordingly CN = DM. 


Proposition 14. 

Let AGB be ct semicircle on AB as diameter, and let AD, BE be equal lengths measured along AB from A, B respectively. 
On AD, BE as diameters describe semicircles on the side towards O, and on DE as diameter a semicircle on the opposite 
side. Let the perpendicular to AB through O, the centre of the first semicircle, meet the opposite semicircles in C, F 
respectively. 

Then shall the area of the figure bounded by the circumferences of all the semicircles (“which Archimedes calls 
‘Salinon ’ “*) be equal to the area of the circle on CF as diameterf 

By Eucl. ii. 10, since ED is bisected at O and produced to A, 

EA 2 + AD 2 = 2 (EO 2 + OA 2 ), 


and 


CF= OA + OE = EA. 


c 



Therefore 

AB 2 + DE 2 = 4 {EO 2 + OA 2 ) = 2 (CF 2 + AD 2 ). 

But circles (and therefore semicircles) are to one another as the squares on their radii (or diameters). 
Therefore 

(sum of semicircles on AB, DE) = (circle on CF) + (sum of semicircles on AD, BE). 

Therefore 

(area of ‘salinon’) = (area of circle on CF as diam). 


Proposition 15. 

Let AB he the diameter of a circle, AC a side of an inscribed regular pentagon, D the middle paint of the arc AG. Join 
CD and produce it to meet BA produced in E; join AC, DB meeting in F, and draw FMperpendicular to AB. Then 

EM = (radius of circle) * 

Let O be the centre of the circle, and join DA, DM, DO, CB. 

Now Z ABC = 2 (right angle), 

and Z ABD = Z DBC = 1 (right angle), 

o 

whence Z AOD = s (right angle). 

& 

Further, the triangles FCB, FMB are equal in all respects. 


Therefore, in the triangles DCB, DMB, the sides CB, MB being equal and BD common, while the angles GBD, MBD are 
equal, 


Z BCD = Z BMD = | (right angle). 



But A BCD + A BAD — (two right angles) 

=ABAD+aDAE 


= A BMD + A DMA, 

Z DAE = Z BCD, 


so that 








and Z BAD = Z AMD. 

Therefore AD = MD. 

Now, in the triangle DMO, 

Z MOD = % (right angle), 
Z DMO = | (right angle). 

Therefore Z ODM = Z (right angle) = AOD; 

whence OM = MD. 

Again Z MOD = $ (right angle), 

z DMO — | (right angle). 

Therefore, in the triangles EDA, ODM, 

Z EDA = Z ODM, 

Z EAD = Z OMD, 

and the sides AD, MD are equal. 

Hence the triangles are equal in all respects, and 

EA = MO. 

Therefore EM = AO. 


Moreover DE = DO ; and it follows that, since DE is equal to the side of an inscribed hexagon, and DC is the side of an 
inscribed decagon, EC is divided at D in extreme and mean ratio [i.e. EC : ED = ED : DC] ; “and this is proved in the book of 
the Elements.” [Eucl. XIII. 9, “If the side of the hexagon and the side of the decagon inscribed in the same circle be put 
together, the whole straight line is divided in extreme and mean ratio, and the greater segment is the side of the hexagon.”] 

* Pappus assumes the result of this proposition in connexion with the ^pPqLot; (p. 214, ed. Hultsch), and he proves it for the case where the circles touch externally (p. 
840). 

* The segment in the figure of the ms. appears to have been a semicircle, though the proposition is equally true of any segment. But the case where the segment is a 
semicircle brings the proposition into close connexion with a proposition in Ptolemy’s ju^yakrj auvza&s, I. 9 (p. 31, ed. Halma; cf. the reproduction in Cantor’s Gesch. d. 
Mathematik , I. (1894), p. 389). Ptolemy’s object is to connect by an equation the lengths of the chord of an arc and the chord of half the arc. Substantially his procedure is 
as follows. Suppose AP,PQ to be equal arcs ,AB the diameter through^; and let AP, PQ, AQ, PB, QB be joined. Measure BD along BA equal to BQ. The perpendicular 
PN is now drawn, and it is proved that PA = PD, and AN = ND. 

Then AN~^{BA - BD) = ±(BA- BQ)-% {BA - 

And, by similar triangles, AN: AP = AP : AB. 

There fore AP* *—AB + AN 

= h {AB ->JAB* -AQ *). AB. 

2 

This gives AP terms of AQ and the known diameter AB. If we divide by AB throughout, it is seen at once that the proposition gives a geometrical proof of the formula 

ein 5 2 s= i (1 - cos a). 

The case where the segment is a semicircle recalls also the method used by Archimedes at the beginning of the second part of Prop. 3 of the Measurement of a 
circle. It is there proved that, in the figure above, 

AB + BQ : AQ = BP : PA, 

or, if we divide the first two terms of the proposition by AB, 

(1 -h COB «)/&in CL — cot ? * 

* ^pfrjkog is literally ‘a shoemaker’s knife.’ Cf. note attached to the remarks on the Liber Assumptorum in the Introduction, Chapter II. 

* The property upon which this result depends, viz. that 

AB : BC = AC : HE, 

appears as an intermediate step in a proposition of Pappus (p. 230, ed. Hultsch) which proves that, in the figure above, 

AB : BC = CE 2 : HE 2 . 

The truth of the latter proposition is easily seen. For, since the angle CEH is a right angle, and EG is perpendicular to CH, 


CA ’ 2 : EH 2 -CG : GH 
= AC : HE. 





* This same property appears incidentally in Pappus (p. 226) as an intermediate step in the proof of the “ancient proposition” alluded to below, 
f In general, if AC: OB=h 1, we have 

BP : PN: NA : AB=\: X : X 2 : (I + X + X 2 ), 

and GH: AB = X:(\+X + X 2 ). 

It may be interesting to add the enunciation of the “ancient proposition” stated by Pappus (p. 208) and proved by him after several auxiliary lemmas. 



Let an ^pfrjkoq be formed by three semicircles on AB, AC, CB as diameters, and let a series of circles be described, the first of which touches all three semicircles, 
while the second touches the first and two of the semicircles forming one end of the ^pfrjkog, the third touches the second and the same two semicircles, and so on. Let 
the diameters of the successive circles be d \, ^ 2 , d 3 ,... their centres Op O 2 , O 3 ,... and 0\N\, O 2 N 2 , O 3 N 3 ,... the perpendiculars from the centres on AB. Then it is to 
be proved that 

0\N\= d\, 

OjN2T 2 ^ 2 ? 

°3 N 3 = 3 d 3’ 


O n A/ n 

* This proposition gives a method of reducing the triseotion of any angle, i.e. of any circular arc, to a problem of the kind known as vghafK;. Suppose that AE is the arc 
to be trisected, and that ED is the diameter through £ of the circle of which AE is an arc. In order then to find an arc equal to one-third of AE, we have only to draw 
through A a line ABC, meeting the circle again in B and ED produced in C> such that BC is equal to the radius of the circle . For a discussion of this and other v£ 
uofic; see the Introduction, Chapter V. 

* The figure of this proposition curiously recalls the figure of a problem given by Pappus (pp. 836—8) among his lemmas to the first Book of the treatise of Apollonius 
On Contacts{n£pi sna^v). The problem is, Given a circle and two points E, F(neither of which is necessarily, as in this case, the middle point of the chord of the circle 
drawn through E, F), to draw through E, F respectively two chords AD, AB having a common extremity A and such that DB is parallel to EF . The analysis is as 
follows. Suppose the problem solved, BD being parallel to FE. Let BT, the tangent at B , meet EF produced in T. ( T is not in general the pole of AB, so that TA is not 
generally the tangent at A.) 

Then l TBF~ 1 EDA, in the alternate segment* 

= l AET f by parallels* 

Therefore A, E, B, T are concyclic, and 

EF. FT = AF. FB. 

But, the circle ADB and the point F being given, the rectangle AF.FB is given. Also EF is given. 

Hence FT is known. 

Thus, to make the construction, we have only to find the length of FT from the data, produce EF to T so that FT has the ascertained length, draw the tangent TB, and 
then draw BD parallel to EF. DE, BF will then meet in A on the circle and will be the chords required. 

* TM is of course the polar of the intersection of PQ, AB, as it is the line joining the poles of PQ, AB respectively. 

t This proposition is of course true whether M, N lie on CD or on CD produced each way. Pappus proves it for the latter case in his first lemma (p. 788) to the second 
Book of Apollonius’ vgvoig. 

* For the explanation of this name see note attached to the remarks on the Liber Assumptorum in the Introduction, Chapter II. On the grounds there given at length I 
believe oahvov to be simply a Graecised form of the Latin word salinum, ‘salt-cellar.’ 

t Cantor ( Gesch . d. Mathematik, I. p. 280) compares this proposition with Hippocrates’ attempt to square the circle by means of lunes, but points out that the object of 
Archimedes may have been the converse of that of Hippocrates. For, whereas Hippocrates wished to find the area of a circle from that of other figures of the same sort, 
Archimedes’ intention was possibly to equate the area of figures bounded by different curves to that of a circle regarded as already known. 

* Pappus gives (p. 418) a proposition almost identical with this among the lemmas required for the comparison of the five regular polyhedra. His enunciation is 
substantially as follows. If DH be half the side of a pentagon inscribed in a circle, while DH is perpendicular to the radius OHA, and if HM be made equal to AH, then OA 
is divided at M in extreme and mean ratio, OM being the greater segment. 

In the course of the proof it is first shown that AD, DM, MO are all equal, as in the proposition above. 

Then, the triangles ODA, DAM being similar, 

OA : AD = AD : AM, 


or (since AD = OM) 


OA : OM = OM: MA. 









THE CATTLE-PBOBLEM 


It is required to find the number of bulls and cows of each of four colours, or to find 8 unknown quantities. The first part of the 
problem connects the unknowns by seven simple equations; and the second part adds two more conditions to which the 
unknowns must be subject. 

Let W, w be the numbers of white bulls and cows respectively, 



X t & 3, 

„ black 


y> y » 

„ yellow 


Z, z 

„ dappled 

First part. 

(I) 

r=a + i)x+ y . 

* * ** *.. 


X = (£ + i)2+F. 

. (0). 


Z^(i + i)W+Y . 

.(y)> 

(II) 

w = (i + £)(^ + *)■ 

.(a). 


+ i)(Z + z) . 

. & 


z = + +y) 

.(6X 


^ = + +w ) 

.. (v)‘ 


Second part. 


W + X — a square..(5), 

Y+ Z — a triangular number....(t). 


[There is an ambiguity in the language which expresses the condition (0). Literally the lines mean “When the white bulls 
joined in number with the black, they stood firm (gpKedov) with depth and breadth of equal measurement ( ioop&pox gig fidOoq 
&g ei'ipog re); and the plains of Thrinakia, far-stretching all ways, were filled with their multitude’ (reading, with Krumbiegel, 
nkrjOovg instead of n/dvOov). Considering that, if the bulls were packed together so as to form a square figure, the number of 
them need not be a square number, since a bull is longer than it is broad, it is clear that one possible interpretation would be to 
take the ‘square’ to be a square figure, and to understand condition (0) to be simply 

W + X= a rectangle (i.e. a product of two factors). 

The problem may therefore be stated in two forms: 

(1) the simpler one in which, for the condition (6), there is substituted the mere requirement that 

W + X= a product of two whole numbers; 

(2) the complete problem in which all the conditions have to be satisfied including the requirement (6) that 

W + X= a square number. 

The simpler problem was solved by M. Fr. Wurm and may be called 

Wurm’s Problem. 

The solution of this is given (together with a discussion of the complete problem) by Amthor in the Zeitschrift fur Math. u. 
Physik (Hist litt. Abtheilung), XXV. (1880), p. 156 sqq. 

Multiply (a) by 336, (f ) by 280, (y) by 126, and add; thus 


297TF = 742F, or 3M1F = 2.7.53F. W). 


Then from (y) and (f) we obtain 


891^=15807, or 3*. VIZ = 2 s . 5.79F .(£'), 













and 


99X — 178F, or 3*.11X = 2.89F.( 7 ). 

Again, if we multiply ( 8 ) by 4800, (e) by 2800, (Q by 1260, (r|) by 462, and add, we obtain 

4657w = 2800X+ 1260Z + 4627+ 143 If; 

and, by means of the values in (a'), (P'), (y'), we derive 

297.4657w = 24021207, 

or 3M1.4657w = 2 3 .5.7.23.373F ..(S'). 

Hence, by means of (ri), (Q, (e), we have 

3*. 11.4657^ = 13.46489 F...(<='), 

3®. 4657a = 2 s , 5.7,761F .(£'), 

and 3M1.4657a; = 2.17.15991F.(V). 

And, since all the unknowns must be whole numbers, we see from the equations (a'), (P'),... (if) that 7must be divisible by 
3 4 .11.4657, i.e. we may put 

7=3 4 . 11.4657m = 4149387n. 

Therefore the equations (a'), (P'),.. .(q') give the following values for all the unknowns in terms of m, viz. 

IF = 2,3.7.53.4657m - 10306482m\ 

X = 2.3*. 89.4657m_.= 7460514m, 

Y = 3M1.4657m = 4149387m 

Z^2\ 5.79.4657m = 7358060mi , A> 

w = 2 s . 3.5.7.23.373w = 7206360m' . 

x = 2.3\ 17.15991m = 4893246m 

y = 3*.13.46489m = 5439213m 

s = 2*. 3.5.7.11.761m - 3515820n, 

If now n = 1, the numbers are the smallest which will satisfy the seven equations (a), (/?),...(r|); and we have next to find 
such an integral value for n that the equation ( 1 ) will be satisfied also. [The modified equation ( 6 ) requiring that W + A must be 
a product of two factors is then simultaneously satisfied.] 

Equation ( 1 ) requires that 

z+ *_!d«+.y. 


where q is some positive integer. 

Putting for 7, Z their values as above ascertained, we have 

9 ) = {SMI + 2*. 5.79). 4657m 

= 2471.4657m 
= 7.353.4657m. 

Now q is either even or odd, so that either q = 2.v, or q = 2.s - 1, and the equation becomes 

s (2s ± 1) = 7 .353.4657m. 

As n need not be a prime number, we suppose n = wv, where u is the factor in n which divides s without a remainder and v 
the factor which divides 2s ± 1 without a remainder; we then have the following sixteen alternative pairs of simultaneous 
equations: 







(1) 

s~ 

U, 

2s + 1 = 7 

.353,4657m, 

(2) 

s = 

7u, 

2s +1 = 

353.4657*1, 

(3) 

s = 

353 u. 

2s +1 — 

7.4657m, 

<4) 


4657«, 

2s + 1 = 

7.353m, 

(5) 

s — 

7.353tt, 

2s± 1 = 

4657m, 

(6) 

& = 

7.4657w, 

2s±l = 

353m, 

CO 

S = 

353.4657 u, 

2s ± 1 - 


(8) 

s= 7 

,353.4657m, 

2 s + 1 = 

M. 


In order to find the least value of n which satisfies all the conditions of the problem, we have to choose from the various 
positive integral solutions of these pairs of equations that particular one which gives the smallest value for the product uv or n. 

If we solve the various pairs and compare the results, we find that it is the pair of equations 

s = lu, 2s - 1 = 353.4657v, 

which leads to the solution we want; this solution is then 

u = 117423, v=l, 

so that n = uv= 117423 = 3 3 .4349, 

whence it follows that 

5 = lu = 821961, 


and q = 2s -\ = 1643921. 

Thus Y+ Z = 2471.4657/1 


- 2471.4657.117423 


=1351233049081 

1643921.1643922 

2 

which is a triangular number, as required. 


The number in equation (8) which has to be the product of two integers is now 

W + X = 2.3.(7.53 1- 3.89). 4657n 

— 2 2 .3.11.29.4657b 

- 2 s . 8.11.29.4657.117423 
^ 2 s .3‘,11.29.4657.4349 

= (2*. ZY 4349). (11.29.4657) 
= 1400076.1485583, 

which is a rectangular number with nearly equal factors. 


The solution is then as follows (substituting for n its value 117423): 



W =1217263415886 
X = 876035935422 
Y - 487233460701 
Z = 864005479380 
w = 846192410280 
# = 574579625058 
638688708099 
412838131860 
and the sum — 5916837175680 


The complete problem. 

In this case the seven original equations (a), (/>),...(//) have to be satisfied, and the following further conditions must hold, 

W + X= a square number =p 2 , say, 

Y + Z = a triangular number = q (q + 1), say. 

2 

Using the values found above (A), we have in the first place 

p* — 2.3. (7.53 + 3.89). 4657« 

= 2 K . 3.11.29.4G57ra, 

and this equation will be satisfied if 

n = 3 . 11 . 29 . 4657^ 2 = 4456749 ^ 2 , 

where c, is any integer. 

Thus the first 8 equations (a), (/?),...(//), ( 6 ) are satisfied by the following values: 


r=2.3*.7.11.29.53.4657\f 
X-2.SM1.29.89.4657*.? 1 
7= 3M1V29.4657 s . 

Z= 2 a , 3.5.11.29.79.4657*. f 1 


- 46200808287018. 

- 33249638308986. 
--18492776362863. 
= 32793026546940. 


w = 2 s . 3*. 5.7,11.23.29.373.4657 . £* = 32116937723040. 
® = 2.3\ 11.17.29.15991.4657 . £* = 21807969217254. 

y = 3*. 11.13.29.46489.4657. ? = 24241207098537. 

* = 2\ 3*. 5.7.11 ! . 20,701.4657.f> =15669127269180. 


v 

V 

r 

r 

r 

e 

v 

r 


It remains to determine £, so that equation (i) may be satisfied, i.e. so that 


Y + Z = 


q($+l) 

2 


Substituting the ascertained values of Y, Z, we have 



q -^- * ^ = 51285802909803. f 2 


7.11.29.353.465V 2 .£*. 


Multiply by 8, and put 

2q + 1 = t, 2. 4657 . <f = w, 

and we have the “Pellian” equation 

t 2 — 1 =2.3.7. 11.29.353. w 2 , 

that is, t 2 - 4729494w 2 = 1. 

Of the solutions of this equation the smallest has to be chosen for which u is divisible by 2.4657. 

When this is done, 

t _ u and is a whole number; 

? 2.4657 

whence, by substitution of the value of C, so found in the last system of equations, we should arrive at the solution of the 
complete problem. 

It would require too much space to enter on the solution of the “Pellian” equation 

t 2 — 4729494 u 2 = 1, 

and the curious reader is referred to Amthor’s paper itself. Suffice it to say that he develops ^4729494 i 11 the form of a 
continued fraction as far as the period which occurs after 91 convergents, and, after an arduous piece of work, arrives at the 
conclusion that 


W = 1598 < 206541> . 

where < C206541^ > represents the fact that there are 206541 more digits to follow, and that, with the same notation, 

the whole number of cattle = 7766 < C20654Q . 

One may well be excused for doubting whether Archimedes solved the complete problem, having regard to the enormous 
size of the numbers and the great difficulties inherent in the work. By way of giving an idea of the space which would be 
required for merely writing down the results when obtained, Amthor remarks that the large seven-figured logarithmic tables 
contain on one page 50 lines with 50 figures or so in each, say altogether 2500 figures; therefore one of the eight unknown 
quantities would, when found, occupy 82^. such pages, and to write down all the eight numbers would require a volume of 660 
pages!] 



THE METHOD OF ARCHIMEDES 



INTRODUCTORY NOTE 


From the point of view of the student of Greek mathematics there has been, in recent years, no event comparable in interest 
with the discovery by Heiberg in 1906 of a Greek MS. containing, among other works of Archimedes, substantially the whole 
of a treatise which was formerly thought to be irretrievably lost. 

The full description of the MS. as given in the preface to \bl. I. (1910) of the new edition of Heiberg’s text of Archimedes 
now in course of publication is— 

Codex rescriptus Metochii Constantinopolitani S. Sepulcbri monasterii Hierosolymitani 355, 4to. 

Heiberg has told the story of his discovery of this MS. and given a full description of it*. His attention having been called 
to a notice in \bl. IV (1899) of the ‘I^poooXupmq fifihoOKrj of Papadopulos Kerameus relating to a palimpsest of 
mathematical content, he at once inferred from a few specimen lines which were quoted that the MS. must contain something by 
Archimedes. As the result of inspection, at Constantinople, of the MS. itself, and by means of a photograph taken of it, he was 
able to see what it contained and to decipher much of the contents. This was in the year 1906, and he inspected the MS. once 
more in 1908. With the exception of the last leaves, 178 to 185, which are of paper of the 16th century, the MS. is of parchment 
and contains writings of Archimedes copied in a good hand of the 10th century, in two columns. An attempt was made 
(fortunately with only partial success) to wash out the old writing, and then the parchment was used again, for the purpose of 
writing a Euchologion thereon, in the 12 th—13th or 13th—14th centuries. The earlier writing appears with more or less 
clearness on most of the 177 leaves; only 29 leaves are destitute of any trace of such writing; from 9 more it was hopelessly 
washed off; on a few more leaves only a few words can be made out; and again some 14 leaves have old writing upon them in 
a different hand and with no division into columns. All the rest is tolerably legible with the aid of a magnifying glass. Of the 
treatises of Archimedes which are found in other MSS., the new MS. contains, in great part, the books On the Sphere and 
Cylinder, almost the whole of the work On Spirals, and some parts of the Measurement of a Circle and of the books On the 
Equilibrium of Planes. But the important fact is that it contains (1) a considerable proportion of the work On Floating Bodies 
which was formerly supposed to be lost so far as the Greek text is concerned and only to have survived in the translation by 
Wilhelm von Morbeke, and (2), most precious of all, the greater part of the book called, according to its own heading, 
’'E (j)odoq and elsewhere, alternatively, ’E Qodiov or ’E </>oSik6v, meaning Method. The portion of this latter work contained in 
the MS. has already been published by Heiberg (1) in Greek* and (2) in a German translation with commentary by Zeuthenf. 
The treatise was formerly only known by an allusion to it in Suidas, who says that Theodosius wrote a commentary upon it; but 
the Metrica of Heron, newly discovered by R. Schone and published in 1903, quotes three propositions from itj, including the 
two main propositions enunciated by Archimedes at the beginning as theorems novel in character which the method furnished a 
means of investigating. Lastly the MS. contains two short propositions, in addition to the preface, of a work called Stomachion 
(as it might be “Neck-Spiel” or “Qual-Geist”) which treated of a sort of Chinese puzzle known afterwards by the name of 
“loculus Archimedius” ; it thus turns out that this puzzle, which Heiberg was formerly disinclined to attribute to Archimedes §, 
is really genuine. 

The Method, so happily recovered, is of the greatest interest for the following reason. Nothing is more characteristic of the 
classical works of the great geometers of Greece, or more tantalising, than the absence of any indication of the steps by which 
they worked their way to the discovery of their great theorems. As they have come down to us, these theorems are finished 
masterpieces which leave no traces of any rough-hewn stage, no hint of the method by which they were evolved. We cannot but 
suppose that the Greeks had some method or methods of analysis hardly less powerful than those of modern analysis; yet, in 
general, they seem to have taken pains to clear away all traces of the machinery used and all the litter, so to speak, resulting 
from tentative efforts, before they permitted themselves to publish, in sequence carefully thought out, and with definitive and 
rigorously scientific proofs, the results obtained. A partial exception is now furnished by the Method', for here we have a sort 
of lifting of the veil, a glimpse of the interior of Archimedes’ workshop as it were. He tells us how he discovered certain 
theorems in quadrature and cubature, and he is at the same time careful to insist on the difference between (1) the means which 
may be sufficient to suggest the truth of theorems, although not furnishing scientific proofs of them, and (2) the rigorous 
demonstrations of them by irrefragable geometrical methods which must follow before they can be finally accepted as 
established ; to use Archimedes’ own terms, the former enable theorems to be investigated (0ecop&v) but not to be proved 
( dnod&Kvuvcu ). The mechanical method, then, used in our treatise and shown to be so useful for the discovery of theorems is 
distinctly said to be incapable of furnishing proofs of them ; and Archimedes promises to add, as regards the two main 
theorems enunciated at the beginning, the necessary supplement in the shape of the formal geometrical proof. One of the two 
geometrical proofs is lost, but fragments of the other are contained in the MS. which are sufficient to show that the method was 
the orthodox method of exhaustion in the form in which Archimedes applies it elsewhere, and to enable the proof to be 
reconstructed. 


The rest of this note will be best understood after the treatise itself has been read; but the essential features of the 
mechanical method employed by Archimedes are these. Suppose X to be a plane or solid figure, the area or content of which 
has to be found. The method is to weigh infinitesimal elements of A (with or without the addition of the corresponding elements 
of another figure C) against the corresponding elements of a figure B, B and C being such figures that their areas or volumes, 
and the position of the centre of gravity of B, are known beforehand. For this purpose the figures are first placed in such a 
position that they have, as common diameter or axis, one and the same straight line; if then the infinitesimal elements are 
sections of the figures made by parallel planes perpendicular (in general) to the axis and cutting the figures, the centres of 
gravity of all the elements lie at one point or other on the common diameter or axis. This diameter or axis is produced and is 
imagined to be the bar or lever of a balance. It is sufficient to take the simple case where the elements of A alone are weighed 
against the elements of another figure B. The elements which correspond to one another are the sections of A and B respectively 
by any one plane perpendicular (in general) to the diameter or axis and cutting both figures; the elements are spoken of as 
straight lines in the case of plane figures and as plane areas in the case of solid figures. Although Archimedes calls the 
elements straight lines and plane areas respectively, they are of course, in the first case, indefinitely narrow strips (areas) and, 
in the second case, indefinitely thin plane laminae (solids); but the breadth or thickness ( dx , as we might call it) does not enter 
into the calculation because it is regarded as the same in each of the two corresponding elements which are separately weighed 
against each other, and therefore divides out. The number of the elements in each figure is infinite, but Archimedes has no need 
to say this; he merely says that A and B are made up of all the elements in them respectively, i.e. of the straight lines in the case 
of areas and of the plane areas in the case of solids. 

The object of Archimedes is so to arrange the balancing of the elements that the elements of A are all applied at one point 
of the lever, while the elements of B operate at different points, namely where they actually are in the first instance. He 
contrives therefore to move the elements of A away from their first position and to concentrate them at one point on the lever, 
while the elements of B are left where they are, and so operate at their respective centres of gravity. Since the centre of gravity 
of B as a whole is known, as well as its area or volume, it may then be supposed to act as one mass applied at its centre of 
gravity; and consequently, taking the whole bodies A and B as ultimately placed respectively, we know the distances of the two 
centres of gravity from the fulcrum or point of suspension of the lever, and also the area or volume of B. Hence the area or 
volume of A is found. The method may be applied, conversely, to the problem of finding the centre of gravity of A when its area 
or volume is known beforehand; in this case it is necessary that the elements of A, and therefore A itself, should be weighed in 
the places where they are, and that the figures the elements of which are moved to one single point of the lever, to be weighed 
there, should be other figures and not A. 

The method will be seen to be, not integration, as certain geometrical proofs in the great treatises actually are, but a clever 
device for avoiding the particular integration which would naturally be used to find directly the area or volume required, and 
making the solution depend, instead, upon another integration the result of which is already known. Archimedes deals with 
moments about the point of suspension of the lever, i.e. the products of the elements of area or volume into the distances 
between the point of suspension of the lever and the centres of gravity of the elements respectively; and, as we said above, 
while these distances are different for all the elements of B, he contrives, by moving the elements of A, to make them the same 
for all the elements of Ain their final position. He assumes, as known, the fact that the sum of the moments of each particle of 
the figure B acting at the point where it is placed is equal to the moment of the whole figure applied as one mass at one point, 
its centre of gravity. 

Suppose now that the element of A is u • dx, u being the length or area of a section of A by one of a whole series of parallel 
planes cutting the lever at right angles, x being measured along the lever (which is the common axis of the two figures) from the 
point of suspension of the lever as origin. This element is then supposed to be placed on the lever at a constant distance, say a, 
from the origin and on the opposite side ofit from5. If u’ ■ dx is the corresponding element of B cutoffby the same plane andx 
its distance from the origin, Archimedes’ argument establishes the equation 

f k f* 
a I udx — I xu'dx. 

Jh Jh 

Now the second integral is known because the area or volume of the figure B (say a triangle, a pyramid, a prism, a sphere, a 
cone, or a cylinder) is known, and it can be supposed to be applied as one mass at its centre of gravity, which is also known; 
the integral is equal to bU, where b is the distance of the centre of gravity from the point of suspension of the lever, and U is 
the area or content of B. Hence 

the area or volume of ^ _ bU 

a 

In the case where the elements of A are weighed along with the corresponding elements of another figure C against 
corresponding elements of B, we have, if v be the element of C, and V its area or content, 



and 


rk rk tk 

a I u<ix + a j vdx = I xu'dx 

Jh Jh Jh 

(area or volume of X + V) a = bU. 

In the particular problems dealt with in the treatise h is always = 0, and k is often, but not always, equal to a. 

Our admiration of the genius of the greatest mathematician of antiquity must surely be increased, if that were possible, by a 
perusal of the work before us. Mathematicians will doubtless agree that it is astounding that Archimedes, writing (say) about 
250 b.c., should have been able to solve such problems as those of finding the volume and the centre of gravity of any segment 
of a sphere, and the centre of gravity of a semicircle, by a method so simple, a method too (be it observed) which would be 
quite rigorous enough for us to-day, although it did not satisfy Archimedes himself. 

Apart from the mathematical content of the book, it is interesting, not only for Archimedes’ explanations of the course 
which his investigations took, but also for the allusion to Democritus as the discoverer of the theorem that the volumes of a 
pyramid and a cone are one-third of the volumes of a prism and a cylinder respectively which have the same base and equal 
height. These propositions had always been supposed to be due to Eudoxus, and indeed Archimedes himself has a statement to 
this effect*. It now appears that, though Eudoxus was the first to prove them scientifically, Democritus was the first to assert 
their truth. I have elsewhere f made a suggestion as to the probable course of Democritus’ argument, which, on Archimedes’ 
view, did not amount to a proof of the propositions; but it may be well to re-state it here. Plutarch, in a well-known passage J, 
speaks of Democritus as having raised the following question in natural philosophy (tfrvoiKWq) : “if a cone were cut by a plane 
parallel to the base [by which is clearly meant a plane indefinitely near to the base], what must we think of the surfaces of the 
sections? Are they equal or unequal? For, if they are unequal, they will make the cone irregular, as having many indentations, 
like steps, and unevennesses; but, if they are equal, the sections will be equal, and the cone will appear to have the property of 
the cylinder and to be made up of equal, not unequal, circles, which is very absurd.” The phrase “made up of equal... circles” 
{r.Q tocov ovyKgijuevog.. .kvkAcqv) shows that Democritus already had the idea of a solid being the sum of an infinite number of 
parallel planes, or indefinitely thin laminae, indefinitely near together : a most important anticipation of the same thought which 
led to such fruitful results in Archimedes. If then we may make a conjecture as to Democritus’ argument with regard to a 
pyramid, it seems probable that he would notice that, if two pyramids of the same height and with equal triangular bases are 
respectively cut by planes parallel to the base and dividing the heights in the same ratio, the corresponding sections of the two 
pyramids are equal, whence he would infer that the pyramids are equal because they are the sums of the same infinite numbers 
of equal plane sections or indefinitely thin laminae. (This would be a particular anticipation of Cavalieri’s proposition that the 
areal or solid contents of two figures are equal if two sections of them taken at the same height, whatever the height may be, 
always give equal straight lines or equal surfaces respectively.) And Democritus would of course see that the three pyramids 
into which a prism on the same base and of equal height with the original pyramid is divided (as in Eucl. XII. 7) satisfy, in 
pairs, this test of equality, so that the pyramid would be one third part of the prism The extension to a pyramid with a 
polygonal base would be easy. And Democritus may have stated the proposition for the cone (of course without an absolute 
proof) as a natural inference from the result of increasing indefinitely the number of sides in a regular polygon forming the base 
of a pyramid. 

In accordance with the plan adopted in The Works of Archimedes , I have marked by inverted commas the passages which, 
on account of their importance, historically or otherwise, I have translated literally from the Greek; the rest of the tract is 
reproduced in modern notation and phraseology. Words and sentences in square brackets represent for the most part Heiberg’s 
conjectural restoration (in his German translation) of what may be supposed to have been written in the places where the MS. 
is illegible; in a few cases where the gap is considerable a note in brackets indicates what the missing passage presumably 
contained and, so far as necessary, how the deficiency may be made good. 

T. L. H. 


7 June 1912. 


HE METHOD OF ARCHIMEDES TREATING OF MECHANICAL PROBLEMS 

—TO ERATOSTHENES 


“Archimedes to Eratosthenes greeting. 

I sent you on a former occasion some of the theorems discovered by me, merely writing out the enunciations and inviting 
you to discover the proofs, which at the moment I did not give. The enunciations of the theorems which I sent were as follows. 

1. If in a right prism with a parallelogrammic base a cylinder be inscribed which has its bases in the opposite 
parallelograms*, and its sides [i.e. four generators] on the remaining planes (faces) of the prism, and if through the centre of the 
circle which is the base of the cylinder and (through) one side of the square in the plane opposite to it a plane be dtawn, the 
plane so drawn will cut off from the cylinder a segment which is bounded by two planes and the surface of the cylinder, one of 
the two planes being the plane which has been drawn and the other the plane in which the base of the cylinder is, and the 
surface being that which is between the said planes; and the segment cut off from the cylinder is one sixth part of the whole 
prism 

2. If in a cube a cylinder be inscribed which has its bases in the opposite parallelogramsf and touches with its surface the 
remaining four planes (faces), and if there also be inscribed in the same cube another cylinder which has its bases in other 
parallelograms and touches with its surface the remaining four planes (faces), then the figure bounded by the surfaces of the 
cylinders, which is within both cylinders, is two-thirds of the whole cube. 

Now these theorems differ in character from those communicated before; for we compared the figures then in question, 
conoids and spheroids and segments of them, in respect of size, with figures of cones and cylinders: but none of those figures 
have yet been found to be equal to a solid figure bounded by planes; whereas each of the present figures bounded by two 
planes and surfaces of cylinders is found to be equal to one of the solid figures which are bounded by planes. The proofs then 
of these theorems I have written in this book and now send to you. Seeing moreover in you, as I say, an earnest student, a man 
of considerable eminence in philosophy, and an admirer [of mathematical inquiry], I thought fit to write out for you and explain 
in detail in the same book the peculiarity of a certain method, by which it will be possible for you to get a start to enable you to 
investigate some of the problems in mathematics by means of mechanics. This procedure is, I am persuaded, no less useful 
even for the proof of the theorems themselves; for certain things first became clear to me by a mechanical method, although they 
had to be demonstrated by geometry afterwards because their investigation by the said method did not furnish an actual 
demonstration. But it is of course easier, when we have previously acquired, by the method, some knowledge of the questions, 
to supply the proof than it is to find it without any previous knowledge. This is a reason why, in the case of the theorems the 
proof of which Eudoxus was the first to discover, namely that the cone is a third part of the cylinder, and the pyramid of the 
prism, having the same base and equal height, we should give no small share of the credit to Democritus who was the first to 
make the assertion with regard to the said figure* though he did not prove it. I am myself in the position of having first made the 
discovery of the theorem now to be published [by the method indicated], and I deem it necessary to expound the method partly 
because I have already spoken of it f and I do not want to be thought to have uttered vain words, but equally because I am 
persuaded that it will be of no little service to mathematics; for I apprehend that some, either of my contemporaries or of my 
successors, will, by means of the method when once established, be able to discover other theorems in addition, which have 
not yet occurred to me. 

First then I will set out the very first theorem which became known to me by means of mechanics, namely that 

Any segment of a section of a right-angled cone (i.e. a parabola) is four-thirds of the triangle which has the same base 
and equal height , 

and after this I will give each of the other theorems investigated by the same method. Then, at the end of the book, I will give 
the geometrical [proofs of the propositions]... 

[I premise the following propositions which I shall use in the course of the work.] 

1. If from [one magnitude another magnitude be subtracted which has not the same centre of gravity, the centre of gravity 
of the remainder is found by] producing [the straight line joining the centres of gravity of the whole magnitude and of the 
subtracted part in the direction of the centre of gravity of the whole] and cutting off from it a length which has to the distance 
between the said centres of gravity the ratio which the weight of the subtracted magnitude has to the weight of the remainder. 

[On the Equilibrium of Planes, I. 8] 

2. If the centres of gravity of any number of magnitudes whatever be on the same straight line, the centre of gravity of the 

magnitude made up of all of them will be on the same straight line. [Cf. Ibid. I. 5] 

3. The centre of gravity of any straight line is the point of bisection of the straight line. [Cf. Ibid. I. 4] 


4. The centre of gravity of any triangle is the point in which the straight lines drawn from the angular points of the triangle 

to the middle points of the (opposite) sides cut one another. [Ibid. I. 13, 14] 

5. The centre of gravity of any parallelogram is the point in which the diagonals meet. [Ibid. I. 10] 

6 . The centre of gravity of a circle is the point which is also the centre [of the circle]. 

7. The centre of gravity of any cylinder is the point of bisection of the axis. 

8 . The centre of gravity of any cone is [the point which divides its axis so that] the portion [adjacent to the vertex is] triple 
[of the portion adjacent to the base], 

[All these propositions have already been] proved*. [Besides these I require also the following proposition, which is 
easily proved: 

If in two series of magnitudes those of the first series are, in order, proportional to those of the second series and further] 
the magnitudes [of the first series], either all or some of them, are in any ratio whatever [to those of a third series], and if the 
magnitudes of the second series are in the same ratio to the corresponding magnitudes [of a fourth series], then the sum of the 
magnitudes of the first series has to the sum of the selected magnitudes of the third series the same ratio which the sum of the 
magnitudes of the second series has to the sum of the (correspondingly) selected magnitudes of the fourth series. [On Conoids 
and Spheroids, Prop. 1.]” 


Proposition 1. 

Let ABC be a segment of a parabola bounded by the straight line AC and the parabola ABC, and let D be the middle point of 
AC. Draw the straight line DBE parallel to the axis of the parabola and join AS, BC. 

Then shall the segment ABC be | of the triangle ABC. 

From A draw AKF parallel to DE, and let the tangent to the parabola at C meet DBE in E and AKF i n F. Produce CB to 
meet AF in K, and again produce CK to H, making KH equal to CK. 

Consider CH as the bar of a balance, A being its middle point. 

Let MO be any straight line parallel to ED, and let it meet CF, CK, AO in M, N, O and the curve in P. 

Now, since CE is a tangent to the parabola and CD the semi-ordinate, 

EB = BD; 

“for this is proved in the Elements [of Conics]*.” 

Since FA, MO are parallel to ED, it follows that 

FK = KA, MN = No. 

Now, by the property of the parabola, “proved in a lemma,” 

MO : OP = GA : AO [Cf. Quadrature of Parabola, Prop. 5] 

» OK : KN [Eucl. VI. 2] 

= BK: KN. 







Take a straight line TG equal to OP, and place it with its centre of gravity at H, so that TH= EG; then, since N is the centre 
of gravity of the straight line MO, 

and MO : TG = HK: KN, 

it follows that TG at H and MO at N will be in equilibrium about K. [On the Equilibrium of Planes, I. 6, 7] 

Similarly, for all other straight lines parallel to DE and meeting the arc of the parabola, (1) the portion intercepted between 
FO, AC with its middle point on KC and (2) a length equal to the intercept between the curve and AC placed with its centre of 
gravity at //will be in equilibrium about K. 

Therefore K is the centre of gravity of the whole system consisting (1) of all the straight lines as MO intercepted between 
FC, AC and placed as they actually are in the figure and (2) of all the straight lines placed at H equal to the straight lines as PO 
intercepted between the curve and AC. 

And, since the triangle CFA is made up of all the parallel lines like MO, 
and the segment CBA is made up of all the straight lines like PO within the curve, 

it follows that the triangle, placed where it is in the figure, is in equilibrium about K with the segment CBA placed with its 
centre of gravity at H. 

Divide KC at W so that CK = 3KW; 

then W is the centre of gravity of the triangle ACF; for this is proved in the books on equilibrium” ($v wig ioopponiKoiq). 

[Cf. On the Equilibrium of Planes I. 15] 


Therefore il A CF : (segment ARC) = HK : KW 

= 3 : 1 . 

Therefore segment ABC — £ A ACF* 

But &ACF= 4>AABC. 

Therefore segment A BC = § A A BC. 


“Now the fact here stated is not actually demonstrated by the argument used; but that argument has given a sort of indication 
that the conclusion is true. Seeing then that the theorem is not demonstrated, but at the same time that the conclusion is true, we 
shall have recourse to the geometrical demonstration which I myself discovered and have already published*.” 


Proposition 2. 

We can investigate by the same method the propositions that 

(1) Any sphere is {in respect of solid content) four times the cone with base equal to a great circle of the sphere and 
height equal to its radius; and 

(2) the cylinder with base equal to a great circle of the sphere and height equal to the diameter is 1 £ is times the 
sphere. 

(1) Let ABCD be a great circle of a sphere, and AC, BD diameters at right angles to one another. 

Let a circle be drawn about BD as diameter and in a plane perpendicular to AC, and on this circle as base let a cone be 
described with A as vertex. Let the surface of this cone be produced and then cut by a plane through C parallel to its base; the 
section will be a circle on EF as diameter. On this circle as base let a cylinder be erected with height and axis AC, and 
produce CA to H, making AH equal to CA. 

Let CH be regarded as the bar of a balance, A being its middle point. 

Draw any straight line MN in the plane of the circle ABCD and parallel to BD. Let MN meet the circle in O, P, the diameter 
AC in S, and the straight lines AE, AF in Q, R respectively. Join AO. 

Through MN draw a plane at right angles to AC; this plane will cut the cylinder in a circle with diameter MN, the sphere in 
a circle with diameter OP, and the cone in a circle with diameter QR. 

Now, since MB . iSQ — CA . AS 
= A0 2 
= OS* + SQ\ 



And, since HA = AC, 

HA : AS = CA : AS 
= MS : SQ 
=MS* : MS . SQ 
= MS S : (08* + SQ*), from above, 

-.(OP^ + QR*) 

= (circle, diam. MN) : (circle, diam. OP 

+ circle, diam. QR ). 


That is, 

HA : AS = (circle in cylinder): (circle in sphere + circle in cone). 

Therefore the circle in the cylinder, placed where it is, is in equilibrium, about A, with the circle in the sphere together 
with the circle in the cone, if both the latter circles are placed with their centres of gravity at H. 

Similarly for the three corresponding sections made by a plane perpendicular to AC and passing through any other straight 
line in the parallelogram LF parallel to EF. 

If we deal in the same way with all the sets of three circles in which planes perpendicular to AC cut the cylinder, the sphere 
and the cone, and which make up those solids respectively, it follows that the cylinder, in the place where it is, will be in 
equilibrium about A with the sphere and the cone together, when both are placed with their centres of gravity at H. 

Therefore, since K is the centre of gravity of the cylinder, 

HA : AK= (cylinder) : (sphere + cone AEF). 

But HA = 2AK; 

therefore cylinder = 2 (sphere + cone AEF). 

Now cylinder = 3 (cone AEF)', [Euclxii. 10] 

therefore cone AEF = 2 (sphere). 

But, since EF = 2BD, 

cone AEF = 8 (cone ABD)\ 
therefore sphere = 4 (cone ABD). 

(2) Through B, D draw VBW, XDY parallel to AC; and imagine a cylinder which has AC for axis and the circles on VX, 
WY as diameters for bases. 



Then cylinder VY = 2 (cylinder VD ) 

- 6 (cone ABD) [Eucl. xn. 10] 

= | (sphere), from above. 

Q.E.D. 

“From this theorem, to the effect that a sphere is four times as great as the cone with a great circle of the sphere as base and 
with height equal to the radius of the sphere, I conceived the notion that the surface of any sphere is four times as great as a 
great circle in it; for, judging from the fact that any circle is equal to a triangle with base equal to the circumference and height 
equal to the radius of the circle, I apprehended that, in like manner, any sphere is equal to a cone with base equal to the surface 
of the sphere and height equal to the radius*.” 


Proposition 3. 

By this method we can also investigate the theorem that 

A cylinder with base equal to the greatest circle in a spheroid and height equal to the acds of the spheroid is l£ times 
the spheroid', 

and, when this is established, it is plain that 

If any spheroid be cut by a plane through the centre and at right angles to the acds, the half of the spheroid is double of 
the cone which has the same base and the same axis as the segment (i.e. the half of the spheroid). 

Let a plane through the axis of a spheroid cut its surface in the ellipse ABCD, the diameters (i.e. axes) of which are AC, BD; 
and let K be the centre. 

Draw a circle about BD as diameter and in a plane perpendicular to AC; 

imagine a cone with this circle as base and A as vertex produced and cut by a plane through C parallel to its base; the 
section will be a circle in a plane at right angles to AC and about EF as diameter. 

Imagine a cylinder with the la'tter circle as base and axis AC; produce CA to H, making AH equal to CA. 

Let HC be regarded as the bar of a balance, A being its middle point. 

In the parallelogram LF draw any straight line MN parallel to EF meeting the ellipse in O, P and AE, AF, AC in Q, R, S 
respectively. 

If now a plane be drawn through MN at right angles to AC, it will cut the cylinder in a circle with diameter MN, the 
spheroid in a circle with diameter OP, and the cone in a circle with diameter QR. 

Since HA = AC 


HA : AS=CA : AS 
~EA\ AQ 
~HS : SQ. 


Therefore 


HA : AS = MS 2 : MS. SQ. 


H 



But, by the property of the ellipse, 

A$,SCxSO* = AK*: KB* 

= AS 3 :SQ a ; 

therefore SQ* : SO* — AS 1 : AS . SO 

= SQ 2 : SQ . QM, 

and accordingly SO 2 = SQ. QM. 

Add SQ 2 to each side, and we have 

SO 2 + SQ 2 = SQ. SM. 

Therefore, from above, we have 

HA: AS-MS* :( SO 2 + 8Q 2 ) 

= MN 2 i(QP* + QR t ) 

^(circle, diam. MN); (circle, diatn. OP + circle,diam. QR) 

That is, 

HA : AS = (circle in cylinder): (circle in spheroid + circle in cone). 

Therefore the circle in the cylinder, in the place where it is, is in equilibrium, about A, with the circle in the spheroid and 
the circle in the cone together, if both the latter circles are placed with their centres of gravity at H. 

Similarly for the three corresponding sections made by a plane perpendicular to AC and passing through any other straight 
line in the parallelogram LF parallel to EF. 

If we deal in the same way with all the sets of three circles in which planes perpendicular to AC cut the cylinder, the 
spheroid and the cone, and which make up those figures respectively, it follows that the cylinder, in the place where it is, will 
be in equilibrium about A with the spheroid and the cone together, when both are placed with their centres of gravity at H. 

Therefore, since K is the centre of gravity of the cylinder, 

HA : AK = (cylinder) : (spheroid + cone AEF). 

But HA = 2AK; 

therefore cylinder = 2 (spheroid + cone AEF). 

And cylinder = 3 (cone AEF); [Eucl. XII. 10] 

therefore cone AEF = 2 (spheroid). 

But, since EF = 2BD, 



cone AEF = 8 (cone ABD ); 
therefore spheroid = 4 (cone ABD), 

and half the spheroid = 2 (cone ABD). 

Through B, D draw VBW, XDY parallel to AC; and imagine a cylinder which has AC for axis and the circles on VX, WY as 
diameters for bases. 

Then cylinder VT = 2 (cylinder VD) 

= 6 (cone ABD) 

— f (spheroid), from above. 

Q.E.D. 

Proposition 4. 

Any segment of a right-angled conoid (i.e. a ‘paraboloid of revolution) cut off by a plane at right angles to the axis is 1 
| times the cone which has the same base and the same acds as the segment 

This can be investigated by our method, as follows. 

Let a paraboloid of revolution be cut by a plane through the axis in the parabola BAC; 
and let it also be cut by another plane at right angles to the axis and intersecting the former plane in BC. Produce DA, the axis of 
the segment, to H, making HA equal to AD. 



Imagine that HD is the bar of a balance, A being its middle point. 

The base of the segment being the circle on BC as diameter and in a plane perpendicular to AD, 
imagine (1) a cone drawn with the latter circle as base and A as vertex, and (2) a cylinder with the same circle as base and AD 
as axis. 

In the parallelogram EC let any straight line MN be drawn parallel to BC, and through MN let a plane be drawn at right 
angles to AD; this plane will cut the cylinder in a circle with diameter MN and the paraboloid in a circle with diameter OP. 

Now, BAC being a parabola and BD, OS ordinates, 

DA : AS = BD 2 : OS 1 , 

or HA : AS = MS 1 : SO 2 . 


Therefore 

HA : AS = (circle, rad. MS): (circle, rad. OS) = (circle in cylinder): (circle in paraboloid). 

Therefore the circle in the cylinder, in the place where it is, will be in equilibrium, about A, with the circle in the 
paraboloid, if the latter is placed with its centre of gravity at H. 

Similarly for the two corresponding circular sections made by a plane perpendicular to AD and passing through any other 
straight line in the parallelogram which is parallel to BC. 



Therefore, as usual, if we take all the circles making up the whole cylinder and the whole segment and treat them in the 
same way, we find that the cylinder, in the place where it is, is in equilibrium about A with the segment placed with its centre 
of gravity at H. 

If K is the middle point of AD, K is the centre of gravity of the cylinder; 
therefore HA : AK= (cylinder) : (segment). 

Therefore cylinder = 2 (segment). 

And cylinder = 3 (cone ABC); [Eucl. XII. 10] 

therefore segment = ^ (cone ABC). 


Proposition 5. 


The centre of gravity of a segment of a right-angled conoid (i.e. a paraboloid of revolution) cut off by a plane at right 
angles to the axis is on the straight Une which is the axis of the segment, and divides the said straight line in such a way 
that the portion of it adjacent to the vertex is double of the remaining portion. 

This can be investigated by the method, as follows. 

Let a paraboloid of revolution be cut by a plane through the axis in the parabola BAC; 
and let it also be cut by another plane at right angles to the axis and intersecting the former plane in BC. 

Produce DA, the axis of the segment, to H, making HA equal to AD; and imagine DH to be the bar of a balance, its middle 
point being A. 

The base of the segment being the circle on BC as diameter and in a plane perpendicular to AD, 
imagine a cone with this circle as base and A as vertex, so that AB, AC are generators of the cone. 

In the parabola let any double ordinate OP be drawn meeting AS, AD, AC in Q, S, R respectively. 



Now, from the property of the parabola, 

BD s :0S* = DA :AS 
= BD :QS 
= BD*:BD.QS. 


Therefore OS 2 = BD.QS, 

or BD : OS = OS: QS, 

BD : QS = OS 1 : QS 1 . 

BD : QS = AD : AS 
— HA: AS, 


whence 

But 



Therefore 


HA : AS = OS*:QS* 

= OP 3 : QR q . 

If now through OP a plane be drawn at right angles to AD, this plane cuts the paraboloid in a circle with diameter OP and 
the cone in a circle with diameter QR. 

We see therefore that 

HA : AS= (circle, diam, OP) : (circle, diam. QR) 

= (circle in paraboloid) : (circle in cone); 

and the circle in the paraboloid, in the place where it is, is in equilibrium about A with the circle in the cone placed with its 
centre of gravity at H. 

Similarly for the two corresponding circular sections made by a plane perpendicular to AD and passing through any other 
ordinate of the parabola. 

Dealing therefore in the same way with all the circular sections which make up the whole of the segment of the paraboloid 
and the cone respectively, we see that the segment of the paraboloid, in the place where it is, is in equilibrium about A with the 
cone placed with its centre of gravity at H. 

Now, since A is the centre of gravity of the whole system as placed, and the centre of gravity of part of it, namely the cone, 
as placed, is at H, the centre of gravity of the rest, namely the segment, is at a point K on HA produced such that 

HA : AK= (segment) : (cone). 

But segment = f (cone). [Prop. 4] 

Therefore HA = £ AK; 

that is, K divides AD in such a way that AK = 2KD. 

Proposition 6. 

The centre of gravity of any hemisphere [is on the straight line which] is its axis, and divides the said straight line in 
such a way that the portion of it adjacent to the surface of the hemisphere has to the remaining portion the ratio which 5 
has to 3. 

Let a sphere be cut by a plane through its centre in the circle ABCD; 
let AC, BD be perpendicular diameters of this circle, and through BD let a plane be drawn at right angles to AC. 

The latter plane will cut the sphere in a circle on BD as diameter. 

Imagine a cone with the latter circle as base and A as vertex. 

Produce CA to H, making AH equal to CA, and let HC be regarded as the bar of a balance, A being its middle point. 



C 



In the semicircle BAD, let any straight line OP be drawn parallel to BD and cutting AC in E and the two generators AB, AD 
of the cone in Q, R respectively. Join AO. 

Through OP let a plane be drawn at right angles to AC; this plane will cut the hemisphere in a circle with diameter OP and 
the cone in a circle with diameter QR. 

Now 

HA.AE~AG.AE 
= AO v :AE* 

~(OE*+AE*):AE* 

= {OE 3 + QE‘):QE a 

— (circle diam. OP + circle, diam. QJ?): (circle, diam. QR). 

Therefore the circles with diameters OP, QR, in the places where they are, are in equilibrium about A with the circle with 
diameter QR if the latter is placed with its centre of gravity at H. 

And, since the centre of gravity of the two circles with diameters OP, QR taken together, in the place where they are, is. 

[There is a lacuna here; but the proof can easily be completed on the lines of the corresponding but more difficult case in 
Prop. 8. 

We proceed thus from the point where the circles with diameters OP, QR, in the place where they are, balance, about A, the 
circle with diameter QR placed with its centre of gravity at H. 

A similar relation holds for all the other sets of circular sections made by other planes passing through points on AG and at 
right angles to AG. 

Taking then all the circles which fill up the hemisphere BAD and the cone ABD respectively, we find that the hemisphere 
BAD and the cone ABD, in the places where they are, together balance, about A, a cone equal to ABD placed with its centre of 
gravity at H. 

Let the cylinder M + N be equal to the cone ABD. 

Then, since the cylinder M + N placed with its centre of gravity at //balances the hemisphere BAD and the cone ABD in the 
places where they are, 

suppose that the portion M of the cylinder, placed with its centre of gravity at H, balances the cone ABD (alone) in the place 
where it is; therefore the portion N of the cylinder placed with its centre of gravity at H balances the hemisphere (alone) in the 
place where it is. 

Now the centre of gravity of the cone is at a point V such that AG = 4GV; 
therefore, since M at //is in equilibrium with the cone, 

M : (cone) = | AG : HA = | AC : AC, 

whence M= g (cone). 

But M + N= (cone); therefore N= g(cone). 

Now let the centre of gravity of the hemisphere be at W, which is somewhere on AG. 

Then, since N at //balances the hemisphere alone, 

(hemisphere) : N = HA : AW. 

But the hemisphere BAD = twice the cone ABD; 

[On the Sphere and Cylinder 1. 34 and Prop. 2 above] and N = g. (cone), from above. 

Therefore 2 : | = HA : A W 

= 2 AG : A W, 

whence AW = gdG, so that W divides AG in such a way that 

AW: WG = 5: 3.] 


Proposition 7. 


We can also investigate by the same method the theorem that 



[Any segment of a sphere has] to the cone [with the same base and height the ratio which the sum of the radius of the 
sphere and the height of the complementary segment has to the height of the complementary segment .] 



[There is a lacuna here; but all that is missing is the construction, and the construction is easily understood by means of the 
figure. BAD is of course the segment of the sphere the volume of which is to be compared with the volume of a cone with the 
same base and height.] 

The plane drawn through MN and at right angles to AG will cut the cylinder in a circle with diameter MN, the segment of 
the sphere in a circle with diameter OP, and the cone on the base EF in a circle with diameter QR. 

In the same way as before [cf. Prop. 2] we can prove that the circle with diameter MN, in the place where it is, is in 
equilibrium about A with the two circles with diameters OP, QR if these circles are both moved and placed with their centres 
of gravity at H. 

The same thing can be proved of all sets of three circles in which the cylinder, the segment of the sphere, and the cone with 
the common height AG are all cut by any plane perpendicular to AC. 

Since then the sets of circles make up the whole cylinder, the whole segment of the sphere and the whole cone respectively, 
it follows that the cylinder, in the place where it is, is in equilibrium about A with the sum of the segment of the sphere and the 
cone if both are placed with their centres of gravity at H. 

Divide AG at W, V in such a way that 

AW = WG, AV=3VG. 

Therefore W will be the centre of gravity of the cylinder, and V will be the centre of gravity of the cone. 

Since, now, the bodies are in equilibrium as described, 

(cylinder) : (cone A EF + segment BAD of sphere) 

= HA : AW. 


[The rest of the proof is lost; but it can easily be supplied thus. 
We have 

(cone AEF + segmt. BAD ) : (cylinder) = A W : AG 

— AW. AC : AC*. 

But (cylinder): (cone AEF) = AC 2 : 

= AC 3 : %AQ\ 


Therefore, ex aequali, 











(cone AEF + segmt. BAD) : (cone AEF ) = AW. AC : %AG 2 

= %AG:$AG, 

whence (segmt. BAD ) : (cone AEF) = (j^AC- ^ AG): ^ AG. 

Again (cone AEF) :(cone ABD) = EG 2 : DG 2 

- AG S : AG . GC 
= AG : GC 
= $AG: $GC. 

Therefore, ex aequali, 

(segment BAD) :(cone ABD) = (%AC — ^ AG) : $GC 

= (§AC-AG) : GC 
= QAC + GC) : GG 

Q.B.D.] 


Proposition 8. 

[The enunciation, the setting-out, and a few words of the construction are missing. 

The enunciation however can be supplied from that of Prop. 9, with which it must be identical except that it cannot refer to 
“any segment,” and the presumption therefore is that the proposition was enunciated with reference to one kind of segment 
only, i.e. either a segment greater than a hemisphere or a segment less than a hemisphere. 



Heiberg’s figure corresponds to the case of a segment greater than a hemisphere. The segment investigated is of course the 
segment BAD. The setting-out and construction are self-evident from the figure.] 

Produce AC to H, O, making HA equal to AC and CO equal to the radius of the sphere; and let HC be regarded as the bar of 
a balance, the middle point being A. 

In the plane cutting off the segment describe a circle with G as centre and radius (GE) equal to AG; and on this circle as 
base, and with A as vertex, let a cone be described. AE, AF are generators of this cone. 

Draw KL, through any point Q on AG, parallel to EF and cutting the segment in A', L, and AE, AF ini?, P respectively. Join 
AK. 







Now 


HA :AQ~CA : AQ 

= AK*: AQ* 

= (KQ>+QA*)tQA> 

= (KQ* + PQ>):PQ> 

= (circle, diam. KL 4- circle, diam. PR) 

: (circle, diam. PR). 

Imagine a circle equal to the circle with diameter PR placed with its centre of gravity at H\ 
therefore the circles on diameters KL, PR, in the places where they are, are in equilibrium about A with the circle with 
diameter PR placed with its centre of gravity at H. 

Similarly for the corresponding circular sections made by any other plane perpendicular to AG. 

Therefore, taking all the circular sections which make up the segment ABD of the sphere and the cone AEF respectively, we 
find that the segment ABD of the sphere and the cone AEF, in the places where they are, are in equilibrium with the cone AEF 
assumed to be placed with its centre of gravity at H. 

Let the cylinder M + N be equal to the cone AEF which has A for vertex and the circle on EF as diameter for base. 

Divide AG at V so that AG = 4VG; 

therefore V is the centre of gravity of the cone AEF “for this has been proved before*.” 

Let the cylinder M + N be cut by a plane perpendicular to the axis in such a way that the cylinder M (alone), placed with its 
centre of gravity at H, is in equilibrium with the cone AEF. 

Since M +N suspended at H is in equilibrium with the segment ABD of the sphere and the cone AEF in the places where 
they are, 

while M, also at H, is in equilibrium with the cone AEF in the place where it is, it follows that 
N at H is in equilibrium with the segment ABD of the sphere in the place where it is. 

Now (segment ABD of sphere): (cone ABD) = OG: GO, 

“for this is already proved” [Cf. On the Sphere and Cylinder II. 2 Cor. as well as Prop. 7 ante]. 

And (cone ABD ) : (cone AEF) 

= (circle, diam. BD) : (circle, diam. EF) 

= BD *: EF* 

= BG *: GE* 

= CG.GA:GA* 

= CG : GA. 

Therefore, ex aequali, 

(segment ABD of sphere) : (cone AEF) = OG: GA. 

Take a point W on AG such that 

AW: WG = (GA + 4GC) : (GA + 2GC). 

We have then, inversely, 

GW: WA = (2GC + GA) : (4GC + GA), 

and, componendo, 

GA : AW= (6GC + 2GA) : (4GC + GA). 

But GO = i (6GC + 2GA), [for GO - GC = | (CG + GA)] 
and CV= i (4GC + GA); 

therefore GA : AW = OG: CV, 

and, alternately and inversely, 

OG : GA = CV: WA. 


It follows, from above, that 


(segment ABD o f sphere) : (cone AEF) = CV: WA. 

Now, since the cylinder M with its centre of gravity at H is in equilibrium about A with the cone AEF with its centre of 
gravity at V, 

(cone AEF) : (cylinder M) — HA : A V 

= CA ; A V; 

and, since the cone AEF = the cylinder M + N, we have, dividendo and invertendo, 

(cylinder M) : (cylinder N) = AV: CV. 

Hence, componendo, 

(cone AEF) : (cylinder N) = CA ; 0 V* 

= HA : CV. 

But it was proved that 

(segment ABD of sphere) : (cone AEF) = CV: WA ; therefore, ex aequali, 

(segment ABD of sphere) : (cylinder N) = HA : AW. 

And it was above proved that the cylinder N at H is in equilibrium about A with the segment ABD, in the place where it is; 
therefore, since H is, the centre of gravity of the cylinder N, W is the centre of gravity of the segment ABD of the sphere. 


Proposition 9. 


In the same way we can investigate the theorem that 

The centre of gravity of any segment of a sphere is on the straight line which is the axis of the segment, and divides this 
straight line in such a way that the part of it adjacent to the vertex of the segment has to the remaining part the ratio which 
the sum of the axis of the segment and four times the axis of the complementary segment has to the sum of the axis of the 
segment and double the axis of the complementary segment 

[As this theorem relates to “any segment” but states the same result as that proved in the preceding proposition, it follows 
that Prop. 8 must have related to one kind of segment, either a segment greater than a semicircle (as in Heiberg’s figure of 
Prop. 8) or a segment less than a semicircle; and the present proposition completed the proof for both kinds of segments. It 
would only require a slight change in the figure, in any case.] 


Proposition 10. 

By this method too we can investigate the theorem that 

[A segment of an obtuse-angled conoid (i.e. a hyperboloid of revolution) has to the cone which has] the same base [as 
the segment and equal height the same ratio as the sum of the acds of the segment and three times] the “annex to the axis ” 
(i.e. half the transverse axis of the hyperbolic section through the aoois of the hyperboloid or, in other words, the distance 
between the vertex of the segment and ike vertex of the enveloping cone) has to the sum of the axis of the segment and 
double of the “annex ”* [this is the theorem proved in On Conoids and Spheroids , Prop. 25], “and also many other theorems, 
which, as the method has been made clear by means of the foregoing examples, I will omit, in order that I may now proceed to 
compass the proofs of the theorems mentioned above.” 


Proposition 11. 

If in a right prism with square bases a cylinder be inscribed having its bases in opposite square faces and touching 
with its surface the remaining four parallelogrammic faces, and if through the centre of the circle which is the base of the 
cylinder and one side of the opposite square face a plane be drawn, the figure cut off by the plane so drawn is one sixth 
part of the whole prism. 

“This can be investigated by the method, and, when it is set out, I will go back to the proof of it by geometrical 
considerations.” 

[The investigation by the mechanical method is contained in the two Propositions, 11,12. Prop. 13 gives another solution 


which, although it contains no mechanics, is still of the character which Archimedes regards as inconclusive, since it assumes 
that the solid is actually made up of parallel plane sections and that an auxiliary parabola is actually made up of parallel 
straight lines in it. Prop. 14 added the conclusive geometrical proof.] 

Let there be a right prism with a cylinder inscribed as stated. 

Let the prism be cut through the axis of the prism and cylinder by a plane perpendicular to the plane which cuts on the 
portion of the cylinder; let this plane make, as section, the parallelogram AB, and let it cut the plane cutting off the portion of 
the cylinder (which plane is perpendicular to AB) in the straight line BC. 



Let CD be the axis of the prism and cylinder, let EF bisect it at right angles, and through EF let a plane be drawn at right 
angles to CD; this plane will cut the prism in a square and the cylinder in a circle. 

Let MN be the square and OPQR the circle, and let the circle touch the sides of the square in O, P, Q, R [ F , E in the first 
figure are identical with O, Q respectively]. Let//be the centre of the circle. 



Let KL be the intersection of the plane through EF perpendicular to the axis of the cylinder and the plane cutting off the 
portion of the cylinder; KL is bisected by OHQ [and passes through the middle point of HQ]. 

Let any chord of the circle, as ST, be drawn perpendicular to HQ, meeting HQ in W; 
and through ST let a plane be drawn at right angles to OQ and produced on both sides of the plane of the circle OPQR. 

The plane so drawn will cut the half cylinder having the semicircle PQR for section and the axis of the prism for height in a 
parallelogram, one side of which is equal to ST and another is a generator of the cylinder; and it will also cut the portion of the 
cylinder cut off in a parallelogram, one side of which is equal to ST and the other is equal and parallel to UV (in the first 
figure). 

UV will be parallel to BY and will cut off, along EG in the parallelogram DE, the segment El equal to QW. 

Now, since EG is a parallelogram, and VI is parallel to GC, 

EG : (?/= TO ; CV 
— BY: UV 

= (0 in half cyl.) : (O in portion of cyl.). 

And EG = HQ, GI = HW, QH = OH; 










therefore OH: HW= (jrj in half cyl.) : (£7 in portion). 

Imagine that the parallelogram in the portion of the cylinder is moved and placed at O so that O is its centre of gravity, and 
that OQ is the bar of a balance, H being its middle point. 

Then, since W is the centre of gravity of the parallelogram in the half cylinder, it follows from the above that the 
parallelogram in the half cylinder, in the place where it is, with its centre of gravity at W, is in equilibrium ab>ut H with the 
parallelogram in the portion of the cylinder when placed with its centre of gravity at O. 

Similarly for the other parallelogrammic sections made by any plane perpendicular to OQ and passing through any other 
chord in the semicircle PQR perpendicular to OQ. 

If then we take all the parallelograms making up the half cylinder and the portion of the cylinder respectively, it follows 
that the half cylinder, in the place where it is, is in equilibrium about H with the portion of the cylinder cut off when the latter is 
placed with its centre of gravity at O. 


Proposition 12. 


Let the parallelogram (square) MN perpendicular to the axis, with the circle OPQR and its diameters OQ, PR, be drawn 
separately. 

Joi n HG, HM, and through them draw planes at right angles to the plane of the circle, producing them on both sides of that 
plane. 
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This produces a prism with triangular section GHM and height equal to the axis of the cylinder; this prism is 1 of the 
original prism circumscribing the cylinder. 

Let LK, UT be drawn parallel to OQ and equidistant from it, cutting the circle in K, T, RP in S, F, and OH, HM in W, V 
respectively. 

Through LK, UT draw planes at right angles to PR, producing them on both sides of the plane of the circle; these planes 
produce as sections in the half cylinder PQR and in the prism GHM four parallelograms in which the heights are equal to the 
axis of the cylinder, and the other sides are equal to KS, TF, LW, UV respectively. 


[The rest of the proof is missing, but, as Zeuthen says*, the result obtained and the method of arriving at it are plainly 
indicated by the above. 

Archimedes wishes to prove that the half cylinder PQR, in the place where it is, balances the prism GHM, in the place 
where it is, about //as fixed point. 

He has first to prove that the elements (1) the parallelogram with side = KS and (2)the parallelogram with side = LW, in the 
places where they are, balance about S, or, in other words that the straight lines SK, LW, in the places where thev are, balance 
about S. 

Now (radius of circle OPQR) 2 = SK 2 + SH 2 , 

or SL 2 = SK 2 + SW 2 . 

ls 2 -sw 2 = sk 2 , 

(LS + SW) . LW = SK 2 , 


Therefore 
and accordingly 









whence 


£ (LS + SW) :%SK = SK: LW. 

And i is the distance of the centre of gravity of LW from S, 
while | is the distance of the centre of gravity of SK from S. 

Therefore SK and LW, in the places where they are, balance about S. 

Similarly for the corresponding parallelograms. 

Taking all the parallelogrammic elements in the half cylinder and prism respectively, we find that the half cylinder PQR 
and the prism GUM, in the places where they are respectively, balance about H. 

From this result and that of Prop. 11 we can at once deduce the volume of the portion cut off from the cylinder. For in Prop. 
11 the portion of the cylinder, placed with its centre of gravity at o, is shown to balance (about H) the half-cylinder in the place 
where it is. By Prop. 12 we may substitute for the half-cylinder in the place where it is the prism GHM of that proposition 
turned the opposite way relatively to RP. The centre of gravity of the prism as thus placed is at a point (say Z) on HQ such that 
HZ = \HQ. 

Therefore, assuming the prism to be applied at its centre of gravity, we have 

(portion of cylinder): (pripm) = %HQ : OH 

— 2:3; 

therefore (portion of cylinder) = |. (prism GHM) = i. (original prism). 


Note. This proposition of course solves the problem of finding the centre of gravity of a half cylinder or, in other wwds, of 
a semicircle. 

For the triangle GHM in the place where it is balances, about H, the semicircle PQR in the place where it is. 

If thenX is the point on HQ which is the centre of gravity of the semicircle, 

\HO . (A GHM) =HX. (semicircle PQR), 

or | HO. HO 2 =HX.^n. HO 2 -, 

that is, HX-~.RQ.] 


Proposition 13. 


Let there be a right prism with square bases, one of which is ABCD) in the prism let a cylinder be inscribed, the base of 
which is the circle EFGH touching the sides of the square ABCD in E, F, G, H. 



Through the centre and through the side corresponding to CD in the square face opposite to ABGD let a plane be drawn; 
this will cut off a prism equal to i of the original prism and formed by three parallelograms and two triangles, the triangles 
forming opposite faces. 

In the semicircle EFG describe the parabola which has FK for axis and passes through E, G; draw MN parallel to KF 
meeting GE in M, the parabola in L, the semicircle in O and CD in N. 



Then MN. NL = NF 2 ; 

“for this is clear.” [Cf. Apollonius, Conics I. 11 ] 

[The parameter is of course equal to GK or KF.] 

Therefore MN: NL = GK 2 : LS 2 . 

Through MN draw a plane at right angles to EG; this will produce as sections (1) in the prism cut off from the whole prism 
a right-angled triangle, the base of which is MN, while the perpendicular is perpendicular at N to the plane ABCD and equal to 
the axis of the cylinder, and the hypotenuse is in the plane cutting the cylinder, and ( 2 ) in the portion of the cylinder cut off a 
right-angled triangle the base of which is MO, while the perpendicular is the generator of the cylinder perpendicular at O to the 
plane KN, and the hypotenuse is. 


[There is a lacuna here, to be supplied as follows. 

Since MN : NL — GK 2 : LS 2 

- AIN 2 : L8\ 

it follows that AIN : ML = AIN 2 : (MN 2 — LS 2 ) 

= AIN 2 : (MN 2 - MK 2 ) 

= AIN 2 : MO 2 . 

But the triangle (1) in the prism is to the triangle (2) in the portion of the cylinder in the ratio of MN 2 : MO 2 . 
Therefore 

(A in prism) : (A in portion of cylinder) 

= MN: ML 


= (straight line in rect. DG ): (straight line in parabola). 

We now take all the corresponding elements in the prism, the portion of the cylinder, the rectangle DG and the parabola 
EFG respectively;] 
and it will follow that 

(all the A in prism) : (all the A in portion of cylinder) = (all the str. lines in DG) : (all the straight lines between parabola 
and EG). 

But the prism is made up of the triangles in the prism, [the portion of the cylinder is made up of the triangles in it], the 
parallelogram DG of the straight lines in it parallel to KF, and the parabolic segment of the straight lines parallel to KF 
intercepted between its circumference and EG; 

therefore (prism) : (portion of cylinder) = (fy GD) : (parabolic segment EFG). 

But £7 GD = 4 (parabolic segment EFG); 

“for this is proved in my earlier treatise.” 

[(Quadrature of Parabola\ 

Therefore prism = | (portion of cylinder). 

If then we denote the portion of the cylinder by 2, the prism is 3, and the original prism circumscribing the cylinder is 12 
(being 4 times the other prism); 

therefore the portion of the cylinder = ^ (original prism). 

Q.E.D. 

[The above proposition and the next are peculiarly interesting for the fact that the parabola is an auxiliary curve introduced 
for the sole purpose of analytically reducing the required cubature to the known quadrature of the parabola.] 

Proposition 14. 

Let there be a right prism with square bases [and a cylinder inscribed therein having its base in the square ABGD and 
touching its sides at E, F, G, H; 





let the cylinder be cut by a plane through EG and the side corresponding to CD in the square face opposite to ABCD ]. 

This plane cuts off from the prism a prism, and from the cylinder a portin of it. 

It can be proved that the portion of the cylinder cut off by the plane the is of the whole prism 

But we will first prove that it is possible to inscribe in the portion cut off from the cylinder, and to circumscribe about it, 
solid figures made up of prisms which have equal height and similar triangular bases, in such a way that the circumscribed 
figure exceeds the inscribed by less than any assigned magnitude. 

But it was proved that 

(prism cut off by oblique plane) < 4 (figure inscribed in portion of cylinder). 

Now 

(prism cut off): (inscribed figure) = j~j DG : ( /- 7 s inscribed in parabolic segment); 
therefore £7 DG < 4 ( rj s in parabolic segment): 

which is impossible, since “it has been proved elsewhere” that the parallelogram DG is 4 of the parabolic segment. 
Consequently.not greater. 

And (all the prisms in prism cut off) : (all prisms in circumscr. figure) 


= (all £ 7 S in £7 DG) 


: (all £ 7 S in fig. circumscr. about parabolic segmt.); therefore 
(prism cut off) : (figure circumscr. about portion of cylinder) 

= (£7 DG ): .(figure circumscr. about parabolic segment). 

But the prism cut off by the oblique plane is > 1 of the solid figure circumscribed about the portion of the 
cylinder. 


[There are large gaps in the exposition of this geometrical proof, but the way in which the method of exhaustion was 
applied, and the parallelism between this and other applications of it, are clear. The first fragment shows that solid figures 
made up of prisms were circumscribed and inscribed to the portion of the cylinder. The parallel triangular faces of these 
prisms were perpendicular to GE in the figure of Prop. 13; they divided GE into equal portions of the requisite smallness; each 
section of the portion of the cylinder by such a plane was a triangular face common to an inscribed and a circumscribed right 
prism The planes also produced prisms in the prism cut off by the same oblique plane as cuts off the portion of the cylinder 
and standing on GD as base. 

The number of parts into which the parallel planes divided GE was made great enough to secure that the circumscribed 
figure exceeded the inscribed figure by less than a small assigned magnitude. 

The second part of the proof began with the assumption that the portion of the cylinder is > | of the prism cut off; and this 
was proved to be impossible, by means of the use of the auxiliary parabola and the proportion 

MN: ML = MN 2 : MO 2 


which are employed in Prop. 13. 

We may supply the missing proof as follows*. 
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In the accompanying figure are represented (1) the first element-pnsm circumscribed to the portion of the cylinder, (2) two 
element-prisms adjacent to the ordinate OM, of which that on the left is circumscubed and that on the right (equal to the other) 
inscribed, (3) the corresponding element-prisms forming part of the prism cut off ( CC'OEDD) which is i of the original prism. 



In the second figure are shown element-rectangles circumscribed and inscribed to the auxiliary parabola, which rectangles 
correspond exactly to the circumscribed and inscribed element- prisms represented in the first figure (the length of OM is the 
same in both figures, and the breadths of the element-rectangles are the same as the heights of the element-prisms); the 
corresponding element-rectangles forming part of the rectangle GD are similarly shown. 

For convenience we suppose that GE is divided into an even number of equal parts, so that GK contains an integral number 
of these parts. 

For the sake of brevity we will call each of the two element-prisms of which OM is an edge “el. prism (o)” and each of the 
element-prisms of which MAW' is a common face “el. prism (W)” Similarly we will use the corresponding abbreviations “el. 
rect. (Z,)” and “el. rect. (N)” for the corresponding elements in relation to the auxiliary parabola as shown in the second figure. 

Now it is easy to see that the figure made up of all the inscribed prisms is less than the figure made up of the circumscribed 
prisms by twice the final circumscribed prism adjacent to FKt i.e. by twice “el. prism (AO”; and, as the height of this prism 
may be made as small as we please by dividing GK into sufficiently small parts, it follows that inscribed and circumscribed 
solid figures made up of element-prisms can be drawn differing by less than any assigned solid figure. 

(1) Suppose, if possible, that 

(portion of cylinder) > | (prism cut off), 
or (prism cut off) < 4 (portion of cylinder). 

(prism cut off) = 4 . (portion of cylinder -X), say. 


Let 






Construct circumscribed and inscribed figures made up of element-prisms, such that 

(circumscr. fig.) - (inscr. fig.) < X. 


Therefore (inscr. fig.) > (circumscr. fig. -X), 

and a fortiori > (portion of cyl. -X). 

It follows that 

(prism cut off) < 4 (inscribed figure). 


Considering now the element-prisms in the prism cut off and those in the inscribed figure respectively, we have 

el. prism (AO : el, prism (0) = MN* : MO* 

— MN : ML [as in Prop. 13] 

= el. reet. (N) : el. rect. (L). 


It follows that 

% {el. prism (N)} : S {el. prism (0)) 

= £ [el rect, (A r )| : S {el. rect. (Z)j. 


(There are really two more prisms and rectangles in the first and third than there are in the second and fourth terms 
respectively; but this makes no difference because the first and third terms may be multiplied by a common factor as n/(n - 2 ) 
without affecting the truth of the proportion. Cf. the proposition from On Conoids and Spheroids quoted on p. 15 above.) 

Therefore 


(prism cut off) : (figure inscr. in portion o fcyl.) = (rect. GD ) : (fig. inscr. in parabola). 
But it was proved above that 

(prism cut off) < 4 (fig. inscr. in portion of cyl.); 

therefore (rect. GD) < 4 (fig. inscr. in parabola), 
and, a fortiori, 

(rect. GD) < 4 (parabolic segmt.): 

which is impossible, since 

(rect. GD) = 1 (parabolic segmt.). 

Therefore 


(portion of cyl.) is not greater than (prism cut off). 

(2) In the second lacuna must have come the beginning of the next reductio ad absurdum demolishing the other possible 
assumption that the portion of the cylinder is |. of the prism cut off. 

In this case our assumption is that 

(prism cut off) > 4 (portion of cylinder); 

and we circumscribe and inscribe figures made up of element-prisms, such that 

(prism cut off) > 4 . (fig. circumscr. about portion of cyl.). 

We now consider the element-prisms in the prism cut off and in the circumscribed figure respectively, and the same arguent 
as above gives 

(prism cut off) : (fig. circumscr. about portion of cyl.) = (rect. GD) : (fig. circumscr. about parabola), 
whence it follows that 

(rect. GD) > 4 (fig. circumscribed about parabola), and a fortiori, 

(rect. GD) > 4 (parabolic segment): 

which is impossible, since 



(rect. GD ) = (parabolic segmt.). 

Therfore 

(portion of cyl.) is not less than (prism cut off). 

But it was also proved that neither is it greater; 
therefore (portion of cyl,) — $ (prism cut off) 

— ^ (original prism),] 


[Proposition 15.] 

[This proposition, which is lost, would be the mechanical investigation of the second of the two special problems 
mentioned in the preface to the treatise, namely that of the cubature of the figure included between two cylinders, each of which 
is inscribed in one and the same cube so that its opposite bases are in two opposite faces of the cube and its surface touche the 
other four faces. 

Zeuthen has shown how the mechanical method can be applied to this case*. 

In the accompanying figure VWYX is a section of the cube by a plane (that of the paper) passing through the axis BD of one 
of the cylinders inscribed in the cube and parallel or two opposite faces. 

The same plane gives the circle ABCD as the section of the other inscribed cylinder with axis perpendicular to the plane of 
the paper and extending on each side of the plane to a distance equal to the radius of the circle or half the side of the cube. 

AC is the diameter of the circle which is perpendicular to BD. 

Join AB, AD and produce them to meet the tangent at C to the circle in E, F. 

Then EC = CF = CA. 

Let LG be the tangent at A, and complete the rectangle EFGL. 


H 



Draw straight lines from/I to the four comers of the section in which the plane through BD perpendicular to AK cuts the 
cube. These straight lines, if produced, will meet the plane of the face of the cube opposite to A in four points forming the four 
comers of a square in that plane with sides equal to EF or double of the side of the cube, and we thus have a pyramid with A 
for vertex and the latter square for base. 

Complete the prism (parallelepiped) with the same base and height as the pyramid. 

Draw in the parallelogram LF any straight line MN parallel to EF, and through MN draw a plane at right angles to AC. This 
plane cuts— 

(1) the solid included by the two cylinders in a square with side equal to OP, 

(2) the prism in a square with side equal to MN, and 











(3) the pyramid in a square with side equal to QR. 

Produce CA to H, making HA equal to AC, and imagine HC to be the bar of a balance. 
Now, as in Prop. 2, since MS = AC, QS = AS, 


MS . SQ = CA . AS 
= AO* 

= OS' 1 + SQ 1 , 


Also 


HA : AS=CA : AS 
= MS : SQ 
— MS 3 : MS. SQ 

= MS * : (OS 2 + SQ 3 ), from above, 

= MN 3 : (OP* + QR 3 ) 

— (square, side MP ): (sq., side OP + sq., side QR). 

Therefore the square with side equal to MN, in the place where it is, is in equilibrium about A with the squares with sides 
equal to OP, QR respectively placed with their centres of gravity at H. 

Proceeding in the same way with the square sections produced by other planes perpendicular to AC, we finally prove that 
the prism, in the place where it is, is in equilibrium about A with the solid included by the two cylinders and the pyramid, both 
placed with their centres of gravity at H. 

Now the centre of gravity of the prism is at K. 

Therefore HA : AK = (prism) : (solid + pyramid) 
or 2:1= (prism): (solid +1 prism). 

Therefore 2 (solid) + (prism) = (prism). 

It follows that 


(solid included by cylinders) = | (prism) 

- | (cube), Q.E.D, 

There is no doubt that Archimedes proceeded to, and completed, the rigorous geometrical proof by the method of 
exhaustion. 

As observed by Prof. C. Juel (Zeuthen l.c.), the solid in the present proposition is made up of 8 pieces of cylinders of the 
type of that treated in the preceding proposition. As however the two propositions are separately stated, there is no doubt that 
Archimedes’ proofs of them were distinct. 

In this case AC would be divided into a very large number of equal parts aild planes would be drawn through the points of 
division perpendicular to AC. These planes cut the solid, and also the cube VY, in square sections. Thus we can inscribe and 
circumscribe to the solid the requisite solid figures made up of element-prisms and differing by less than any assigned solid 
magnitude; the prisms have square bases and their heights are the small segments of AC. The element-prism in the inscribed and 
circumscribed figures which has the square equal to OP 2 for base corresponds to an element-prism in the cube which has for 
base a square with side equal to that of the cube; and as the ratio of the element-prisms is the ratio OS 2 : BK 2 , we can use the 
same auxiliary parabola, and work out the proof in exactly the same way, as in Prop. 14.] 

* Hermes XLII. 1907, pp. 285 sq. 

* Hermes XLII. 1907, pp. 243—297. 

f Bibliotheca Mathematica VII 3 , 1906-7, pp. 321—363. 

{ Heronis Alexandrini opera , Vol III. pp. 80, 17; 130, 25. 

§ Vide The Works of Archimedes , p.xxii. 

* On the Sphere and Cylinder , Preface to Book I. 

t The Thirteen Books of Euclid’s Elements , Vol. III. p. 368. 

{ Plutarch, De Comm. Not. adv. Stoicos XXXIX. 3. 


* The parallelograms are apparently squares. 

f i.e. squares. 

* 7i£pi zou gipqpsvov oyiqpazoq, in the singular. Possibly Archimedes may have thought of the case of the pyramid as being the more fundamental and as really 
involving that of the cone. Or perhaps “fifure” may be intended for “type of figure.” 

f Cf. Preface to Quadrature of Parabola. 

* The problem of finding the centre of gravity of a cone is not solved in any extant work of Archimedes. It may have been solved either in a separate treaties, such as 
the 7 rgy oi &yWv, which is lost, or perhaps in a larger mechanical work of which the extant books On the Equilibrium of Planes formed only a part. 

* i.e. the works on conics by Aristaeus and Euclid. Cf. the similar expression in On Conoids and Spheroids , Prop. 3, and Quadrature of Parabola , Prop. 3. 

* The word governing zrjv ygojpgzpovpsvqv anoS^iv in the Greek text is za&pgv, a reading which seems to be doubtful and is certainly difficult to translate. Heiberg 
translates as if zd^op^v meant “we shall give lower down” or “later on,” but I agree with Th. Reinach ( Revue generale des sciences pures et appliquees , 30 November 
1907, p. 918) that it is questionable whether Archimedes would really have written out in full once more, as an appendix, a proof which, as he says, had already been 
published (i.e. presumably in the Quadrature of a Parabola), zdfopgv if correct, should apparently mean “we shall appoint,” “prescribe” or “assign.” 

* That is to say, Archimedes originally solved the problem of finding the solid content of a sphere before that of finding its surface, and he inferred the result of the 
latter problem from that of the former. Yet in On the Sphere and Cylinder I. the surface is independently found (Prop. 33) and before the volume, which is found in 
Prop. 34: another illustration of the fact that the order of propositions in the treatises of the Greek geometers as finally elaborated does not necessarily follow the order of 
discovery. 

* Cf. note on p. 15 above. 

* Archimedes arrives at this result in a very roundabout way, seeing that it could have been obtained at once convertendo. Of. Euclid x. 14. 

* The text has “triple” (ipmAolav) in the last line instead of “double.” As there is a considerable lacuna before the last few lines, a theorem about the centre of gravity 
of a segment of a hyperboloid of revolution may have fallen out. 

* Zeuthen in Bibliotheca Mathematica VII 3 , 1906-7, pp. 352-3. 

* It is right to mention that this has already been done by Th. Beinach in his version of the treatise (“Un Traite de Geometric inedit d’Archimede” in Revue generale 
des sciences pures et appliquees , 30 Nov. and 15 Dec. 1907); but 1 prefer my own statement of the proof. 

* Zeuthen in Bibliotheca Mathematica VII3, 1906-7, pp. 356-7. 


